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PREFACE 

This book deals with the theory of sampled-data systems, a subject 

which has been of increasing interest and importance to engineers and 

scientists for the past decade. The science and art of communications 

have: profited from the realization and application of the fact that 

intelligence can be transmitted and stored in discrete pieces or as a 

sequence of numbers spaced in real time. As we hope to have shown 

in this book, the control systems field can similarly benefit by the utiliza- 

tion of this concept. Even though we treat sampled-data systems 

primarily from the viewpoint of the control function, it is not surprising 

that many concepts have been borrowed from the communications field. 

Control systems are essentially power devices which respond to intelli- 

gence that has been processed in subsystems similar to those in the 

communications field. Furthermore, the same body of theory can be 

used to describe the over-all performance of the control system, even 

though its primary function is the controlled actuation of power elements 

and processes. 

Sampled-data systems are characterized by the fact that the signal 

data appear at one or more points in the system as a sequence of pulses 

or numbers. A central problem in the theory of such systems is that of 

describing the response of linear continuous elements, or pulsed filters, 

as they are sometimes called, to pulse sequences applied to their input. 

The use of the z transformation and the all-important pulse transfer 

function of the pulsed filter makes this problem relatively straight- 

forward. A unique component found in sampled-data control systems 

is the digital controller, which is a computer that accepts a sequence of 

numbers at its input, processes it in accordance with some logical pro- 

gram, and applies the resultant sequence to the controlled element. In 

view of the operation of this type of controller, it is possible to implement 

it by means of a conventional digital computer or its equivalent in the 

form of a mixed or wholly analogue computer. If the numerical process 

programmed in the computer is linear, it can be expressed mathematically 

in terms of a recursion formula which is transformed into a generating 

function having similarity to the pulse transfer function of a pulsed 
linear filter. It is not unexpected to find the same general theory apply- 

* ; 



vi PREFACE 

ing equally well to pulsed linear filters and to the description of linear 

numerical processes. Sampled-data theory which is developed in this 

book serves as a common base for the analysis and synthesis of linear 

digital systems, pulsed continuous systems, and their combinations often 

found in practice. 

Contributions to the theory of sampled-data systems have been made 

by scientists, mathematicians, and engineers throughout the world. 
An examination of the list of references and bibliography in this book 
will reveal papers from many countries, including England, France, the 
U.S.S.R., and the United States. As in the case of all new fields, the 
research papers listed are not equally significant. The philosophy we 

have used in writing this book is that a major responsibility of the author 

is to sift, evaluate, and interpret the significant contributions. This 

is particularly important when a book is among the first, if not the first, 

in its field, for all too often its coverage tends to set the pattern for sub- 

sequent books. It would have been far easier for us to write a book 

which is merely an organized compendium of the papers in the field. 

It has been much more difficult to be selective, and we fully expect that 

others who are well-versed in this field may not agree with our choice of 

material. 
As a result of the application of this philosophy, this is a rather short 

book. We have tried to avoid overwhelming our readers with verbiage 

or confusing them with a large number of disconnected items which 

might have been included for the sake of completeness. We have 

directed this book to readers who are mature technically and who are 

capable of referring to the literature when necessary. To make this 

easier, the book is documented as fully as possible. 

This is not a book for beginners in the field of control systems. It is 

assumed that the reader is a graduate student, practicing engineer, or 
scientist who has had a thorough training in differential equations, the 

Laplace transformation and its applications, linear feedback control 

theory, and the elements of probability and statistics. On the other 

hand, it is an introductory text, and the reader need have had no prior 

contact with the theory of sampled-data systems or numerical processes. 

While specifically directed to control systems, there is much material 

in this book which has general application. This includes the z trans- 

formation, data-reconstruction theory, applications of transform methods 
to numerical processes, and the theory of sampled random time functions. 

The level of presentation is such that the book can be used as a text 

for a graduate course on the subject. Depending on the preparation of 

the students, this could be a one-semester course of three hours per week 

or a two-semester course of two hours per week. In exceptional cases, 

where the students have had a thorough grounding in linear systems, 
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feedback control, and the Laplace transformation, it is possible to use 

this book in a senior course. The material has also been used as the 

basis of a seminar in which literature study was the main element of the 

course. 
The authors have been engaged in the study of sampled-data systems 

for a number of years and have supervised doctoral research in this 

field at Columbia University and presently at Stanford University as 

well. A strong impetus to the advancement of this activity was and is 

now provided by the United States Air Force Office of Scientific Research, 

under whose auspices much of the research in sampled-data systems 

was done at Columbia University. This support is gratefully acknowl- 

edged by us, our colleagues, and graduate students. 

An attempt to list all those individuals who have been of assistance to 
us in one way or another would surely lead to the embarrassment of 

having omitted some. Risking this, however, we shall mention a few 
and recognize their many suggestions with thanks. Included are 

Professors Lotfi A. Zadeh, John E. Bertram, George M. Kranec, and 

Bernard Friedland, Dr. Rudolph E. Kalman, and the many graduate 

students and research assistants with whom we have been associated. 

JoHN R. RAGAZZINI 

GENE F, FRANKLIN 
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CHAPTER 1 

INTRODUCTION 

The trend of the past few decades has been toward dynamical systems 

that operate with variables which are in the form of a sequence of num- 

bers. These variables are generally quantized in amplitude and are 

available only at specified instants of time, which are usually equally 

spaced. By contrast, a continuous, or analogue, system has variables 

which are continuous functions of time, that is, their values are known 

at all instants of time. Both types of system can have imperfections 

in the amplitude of the signal variables. For instance, the discrete 

system, in which the variables are sequences of numbers, may operate 

with these variables quantized so that even if there is no other source 

of amplitude error, there is the uncertainty in the magnitude equal to one 

quantum. In continuous systems, imperfections in the data-transmis- 
sion and transducing devices, as well as unwanted noise, produce uncer- 
tainties in the amplitude of the system variables which are similar to 

those of the discrete systems. The major point of difference between 

analogue and discrete systems lies in the fact that analogue, or continu- 

ous, systems have variables which are known at all instants of time, 

whereas discrete systems have variables which are known only at sam- 

pling instants. 

A system in which the data appear at one or more points as a sequence 

of numbers or as pulses is known as a sampled-data system. A system in 

which the data are everywhere known or specified at all instants of time 

is known as a continuous, or analogue, system. This book deals with 

sampled-data systems, the theory underlying their operation, and the 

synthesis of systems of this type which fulfill certain practical objectives. 

1.1 The Sampling Operation 

In any dynamical system found in nature, there exist dependent and 

independent variables which are related to each other by linear or non- 

linear differential equations. In the systems approach, independent 

variables are referred to as inputs and dependent variables as outputs. 

In complex systems there are also intermediate variables, which are 
considered as being internal in the system, although they can be brought 

1 
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out as outputs should the necessity arise. Assuming for purposes of 
discussion that f(t) is a variable of interest, it is plotted in Fig. 1.1 asa 

continuous function of time. The plot or some analytic expression for 

f(t) will describe the function completely as a function of time. 
If, now, the value of f(¢) is read or sampled at equal intervals of time T 

so that the function is described by the sequence of numbers 

$0), (1), f2T), FBT), ... , fT), ... (1.1) 

it is seen that a limited description of the function f(é) has been given. 

For instance, the value of f(¢) at (1.57) is not available, so that a certain 

Fig. 1.1. The sampling operation. 

amount of information has been lost in the process of expressing f(t) 

as a number sequence given by (1.1). On the other hand, if the function 

is well-behaved, the intermediate values of f(t) can be interpolated 

between samples with acceptable accuracy. If the function is not well- 
behaved, it means that large and unpredictable variations in f(é) have 

occurred between sampling instants. The number sequence such as that 

of (1.1) then gives only a poor approximation of the variable. 

It is seen from this simple qualitative discussion that the sampling 

frequency must be related to the characteristics of the function being 

sampled, lest important information be lost in the sampling process. 

At the same time, if the sampling frequency is well chosen relative to the 

characteristics of the time function being sampled, only negligible 

information is lost in the sampling process. In the latter circumstance, 

the use of more samples would merely burden the system by carrying 

unessential information that could have been obtained by the simplest of 

interpolative processes. 

Considerations such as these suggest that continuous systems are 

capable of carrying and transmitting far more information than is 

required or justified by the dynamical-system characteristics. In the 

frequency domain, this is equivalent to stating that a capability of some 

components of the system to carry and transmit excessively large band- 
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widths is not justifiable if some of the cascaded components transmit 

restricted bandwidths. If there are practical advantages to be gained 

by transmitting and processing only a sequence of numbers as opposed 

to a continuous variable, then a proper selection of sampling frequency 
and the use of a sampled-data system seems desirable. 

There are situations when the data-gathering devices themselves are 

capable of producing only discrete sets of numbers rather than a con- 
tinuous variable. For instance, a scanning search radar will generate a 

fix on a target only once every scan. In some large-scale radars, this 

might occur only once every 10 or 15 sec. Between. these scans, or 
“‘looks,”’ no information exists as to ‘the variations in target position. 
Another possibility is the use of time-shared data links in which informa- 

tion can be transmitted only once every cycle time. In such situations, a 

system which incorporates one of these devices as an element is, of neces- 

sity, a sampled-data system. On the other hand, it will be shown later 

that there are certain advantages to be gained by deliberately converting 

a continuous feedback control system into a sampled-data system. The 

use of sampled-data controllers results in systems having dynamical 

performance which cannot be matched by the continuous system from 
which they are derived. 

1.2 Data Reconstruction 

It was stated in the previous section that the continuous function 

from which the number sequence is obtained can be reconstructed by 

processes of interpolation or extrapolation. In numerical computation, 
this is done by using many samples obtained before or after the region 

of interest. On the other hand, real-time dynamical systems can use 

only past samples since the future samples are not known. Thus, data 

reconstruction must be a process of extrapolation using only the preced- 

ing set of samples. This process is sketched in Fig. 1.2, where a continu- 

ous function is being extrapolated from the latest sampling instant at nT. 

The extrapolation in real-time systems is carried out for only one sampling 

interval, extending from n7 to (n + 1)T. Since the value of the function 

is known exactly at the next sampling instant (n + 1)7, this most recent 

value can be used as the base for an extrapolation into the next sampling 

interval. Thus, the extrapolation process is reiterated as each new 

sample becomes available. There are a number of techniques and 

extrapolation formulas which can be used to implement this process. 

In all cases, the objective is to reproduce as well as possible a reasonable 

facsimile of the actual time function from which the sample or number 

sequence was derived. 

The reason why data reconstruction is important in the field of dynam- 
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ical sampled-data systems is that physical plants and dynamical devices 
are basically analogue, or continuous, inform. For instance, in a control 
system, the actuator may be an electric motor which responds to a con- 
tinuous signal input and delivers a continuous output. If such a motor 
is incorporated into a sampled-data feedback control system, continuous 
signal at its input must somehow be reconstructed to obtain satisfactory 

Previous Extrapolated 
extrapolations. ih function 

ee Exact 
value 

nT (2+1)T 

Time 

Fia. 1.2. Data reconstruction process. 

operation. The devices which reconstruct continuous data from a 
sequence of samples or numbers are generally called data holds, extrapo- 

lators, desampling filters, or some similar descriptive name. They all 

have the same function and, from the practical viewpoint, they are made 

as simple as possible. In obtaining this physical simplicity, accuracy of 

extrapolation is often sacrificed. 

1.3 Open-loop Sampled-data Systems 

A sampled-data system is an interconnected group of dynamical 

elements in which the signal data appear at one or more points in the 

system as a sequence of numbers. Figure 1.3 shows the simplest form of 

Continuous Sampled | | | | Output 
input input Data Continuous 

reconstruction element 

Fia. 1.3. Typical open-cycle sampled-data system. 

open-cycle sampled-data system. As a result of a sampling operation, - 
the continuous input signal is converted into a sequence of numbers 
equally spaced in time by a sampling interval 7. The operation of 

sampling is shown schematically by a switch which is presumed to close 
momentarily at each sampling instant. The sequence of samples 

emerging from the switch is reconstructed into an approximation of the 
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input function before being applied to the continuous element. The 

output of this element is the useful output of the system. 

The schematic representation of Fig. 1.3 is intended to show only a 

possible sequence of operations, not necessarily the physical elements 

themselves. For instance, this system could represent a pulse-code 

communications system in which the sampling and coding operation 

is symbolized by the switch. The quantizing aspect of the operation is 

ignored here, since it is assumed that the input is quantized infinitely fine. 
Thus, the input amplitude is presumed to be perfect in this representa- 
tion. The data-reconstruction element reconstructs a continuous signal 

from the sequence of samples as well as is practical. Usually, this can be 

relatively crude, and the physical device takes the form of a simple 

clamp or boxcar circuit. The continuous element is the device which is 

being driven by the reconstructed signal, and its output is the useful 

signal. 

The theory which underlies the performance of this system should 

take into account two deteriorating aspects: the quantizing effect and 

the sampling effect. Both of these tend to distort or deteriorate the 

signal in some way. It is much easier to take into account the effect of 

sampling since it will be shown that this can be described by means of 

linear difference equations. On the other hand, the quantizing effect is 
much more difficult to account for, since it is described by nonlinear 
equations. All the theory in subsequent sections will deal with the linear 

problem, on the assumption that the quantization of the variables is 
made fine enough to produce negligible effect. Generally, the theoretical 

objectives which apply to systems of the type shown in Fig. 1.3 are to 

obtain the output sequence or continuous output in terms of the input 

sequence and the system parameters. 

1.4 The Sampled-data Feedback System 

If the system configuration includes elements which feed the output 

variable back to the input and if a sampling operation is included, the 

system is referred to as a sampled-data feedback system. If the objective 

of the system is to control one or more variables in the system so that 

they have a desired functional relationship with the inputs and disturb- 

ances, the qualifying term control is included in the name. 

A simple sampled-data feedback control system is shown in Fig. 1.4. 

In this system the error signal is sampled and is reconstructed before 
being applied to the continuous element. The latter may be the plant 

or process which is being controlled, including amplifiers, instruments, and 

actuators. This error-sampled system can be compensated by the addi- 

tion of networks in the continuous element, just as in the case of ordinary 
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continuous feedback systems. The problem of designing such networks 

is considerably more complex, however, because of the presence of the 

sampling operation. 

A configuration which is unique to sampled-data systems is one in 

which a digital controller is used, as shown in Fig. 1.5. In this system, 

the controller accepts a sequence of numbers and processes them, usually 

linearly, to produce an output number sequence. The latter sequence is 

Continuous Sampled 
error error 

Output 
Data 

reconstruction 
Continuous 
element 

Fia. 1.4. Typical error-sampled feedback control system. 

reconstructed into a continuous command signal and is applied to the 
plant. If the linear program of the digital controller is properly designed, 

the over-all system can be stabilized and its dynamical performance 
made to conform to fairly rigid specifications. The digital controller 

Data 
Sampled reconstruction 

Output 

Input i Bie 

Digital nen 
controller Sequence 

Continuous 
element 

Fic. 1.5. Sampled-data feedback control system using digital controller. 

may be implemented by digital-computer techniques or it may employ 

a mixture of analogue and digital components. Its main requirement 

is that it be capable of receiving a sequence of numbers equally spaced 

in time and of processing them in real time into a command signal. It 

will be shown later that controllers of this type can produce systems 

whose performance cannot be duplicated by all-continuous systems. 

The problems which must be studied in sampled-data feedback control 

systems include all those encountered in continuous systems. First, a 

criterion for stability must be derived and adapted for application to 

physical problems. Second, a means for relating the input and output 

which is as direct and simple as the Laplace transform in continuous 

systems must be developed, along with a means for shaping and compen- 

sating the system. A unique property of sampled-data systems is that 

the output will contain a small periodic output component which is the 

result of intermittency in the signal within the system caused by the 

sampling operation. This periodic variation is known as ripple, and 

methods for analyzing this component and reducing or controlling its 

magnitude are required. 
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There are many possible configurations possible in addition to those 

shown in Figs. 1.4 and 1.5. Sampled signals may exist at several points 

in the system as well as in the error line. There may be dynamical 

elements in the feedback line, and there may be multiple loops. The 

transform methods for sampled-data systems must be applicable to all 

possible configurations. 

1.5 The Z Transformation 

Continuous linear dynamical systems are described mathematically 

by a set of linear differential equations. While their solution can be 

carried out by classical methods, the use of the Laplace transformation 

organizes and simplifies the process. What is even more important, 

inversion of the transform of the variable of interest is rarely necessary 

in order to deduce the important characteristics of the system and their 

relation to the system constants. Mapping techniques on the complex 

plane in the form of transfer loci or root loci further clarify the properties 
of the system. Certainly, the value of the Laplace transform as a tool 

for the analysis and synthesis of linear continuous systems is indisputable. 

Linear sampled-data dynamical systems are shown to be described 

by a set of linear difference equations, provided that all the samplers 

in the system are synchronous, that is, their sampling periods are equal 

or related by integers. Some of this earlier work, as reported by Olden- 

bourg and Sartorius,4® was motivated by the use of intermittent error- 

sensing devices such as the chopper-bar galvanometer, shown sche- 

matically in Fig. 1.6. In this type of device, a small error voltage or 

current is applied to the galvanometer coil. While the chopper bar is 

raised, the sensitive galvanometer movement is free and the coil responds 

with a large displacement in response to the weak signal. Periodically, 

the chopper bar is lowered and the projecting galvanometer needle causes 

a bell crank to be rotated more or less proportionately to the deflection 

angle 6. The bell crank causes the output shaft to rotate with a torque 

capacity determined by the chopper-bar drive rather than the galva- 

nometer-coil drive. 
The main point of interest here is that a datum is stored in the output 

shaft just once per cycle of the chopper-bar drive. In a sense, the inter- 

mittency of the output signal has been accepted in return for a high 

sensitivity of the system. The early work by Oldenbourg and Sartorius 

generalized systems of this type into the form of the sampled-data block 

diagrams of Figs. 1.4 and 1.5. It was shown that these systems could be 

described by a set of linear difference equations whose solution could be 

obtained by classical methods. The linear sampled-data system was 

therefore placed in the same status as the continuous system, using 

classical methods to solve the differential equations. 
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In the field of mathematics, Demoivre and Laplace? developed a 

form of transform calculus which could be applied to the solution of 

linear difference equations. ‘This approach was adapted to the solution 
of pulsed filters and sampled-data systems by Hurewicz,!7 who laid much 

Galvanometer 

Movement 

Chopper bar 

Bell crank 

Follower — 

cam 

Fic. 1.6. Sketch of chopper-bar galvanometer. 

of the basic groundwork for the transform method of analysis of sampled- 

data systems. Subsequent investigations! **47 further extended this 

initial work. The result of these efforts was the development and 

refinement of the so-called z transformation and its application to the 

analysis and synthesis of sampled-data systems. 
The z transformation is entirely analogous to the Laplace transforma- 

tion and its application to continuous systems. It turns out that, for 

systems having lumped constants, that is, those which are described by 

linear difference equations with constant coefficients, the z transformation 

gives expressions which are rational polynomial ratios in the variable z. 
This variable is complex and is related to the complex frequency s used 

in the Laplace transform by the relation z = e7*. In z-transform theory, 

such concepts as the transfer function, mapping theorems, combinatorial 
theorems, and inversion bear the same powerful relation to sampled-data 
systems as does the Laplace transformation to continuous systems. 

Without going into detail at this point, the general concept of the 

z transformation as applied to systems is shown in Fig. 1.7. Here the 
output number sequence of the system is related to the input number 

sequence by a linear difference equation. If the sampled output is c*(¢) 
and the input is r*(¢), and if the z transforms of these sequences are 
C(z) and R(z), respectively, a pulse transfer function G(z) can be found 

_which relates them in the following manner: 

C2) = G2) R(2) (1.2) 
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The form and constants of the pulse transfer function G(z) are a property 

of the system and can be found in terms of the system constants. These 

relations will be rigorously derived in later chapters. 

The relation expressed in (1.2) is dependent on the fact that the 

input and output samples are taken with the same sampling instants. 

en ae LORE nee IEE 
\ \ 

\ Ge 
\ \ 

: ~~ _ Rez) S Cle] 
Input Sampled Sampled 

input Linear output 
system 

Fia. 1.7. The pulse transfer function G(z). 

It is possible to extend the concepts of the z transformation to include 
the case where the output and input samples are taken at some integral 

multiple of a basic sampling rate. For instance, if the basic rate is 
taken as unity, the input and output sampling operations can take place 
at two and three times the basic rate, respectively. Such systems are 

referred to as multirate sampled-data systems, and suitable modifications 

in z-transform theory can be made to cover these cases. A typical system 

is shown in Fig. 1.8, where the input sampler operates with a sampling 

Gi(z,) 

Th R(z) T/n Clz ) 

Input Sampled Multi-rate 
input Linear sampled 

system output 

Fic. 1.8. Multirate sampled-data system. 

interval 7, while the output sampler has a sampling interval T/n. The 

pulse transfer function relating these sequences at input and output is the 
multirate pulse transfer function G(z,). If R(z) is the z transform of the 

input sequence and C(z,) is the multirate z transform of the output, then 

they are related as follows: 

C(én) = Glen) RZ) (1.3) 

Inversion of (1.3) will yield the multirate output sequence. 

Sampled-data systems are often subjected to inputs or disturbances 

which are random. To handle this situation analytically, a number of 

concepts and definitions analogous to those for continuous systems must 

be devised. Such terms as auto- and cross-correlation function of sample 

sequences, sampled power spectra, and cross spectra are used. Relations 

which give the shaping effects of a linear sampled-data system can be 
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found, just as in the case of continuous systems. Techniques are avail- 

able to optimize the performance of sampled-data systems based on 

mean-square criteria used in the design of sampled-data feedback control 

systems and filters. 

1.6 Miscellaneous Uses of Sampled-data Theory 

If a linear system contains variables which are actually sampled, analy- 
sis by use of the z transformation is exact. Interestingly enough, the 

same theory can be applied approximately to models of continuous sys- 

tems in which sampling of the variable is introduced artificially as an 

aid to analysis. For instance, with the continuous feedback control 

system shown in Fig. 1.9a, it is often desired to obtain the response of the 

Data 
reconstruction 

(a) (b) 

Fria. 1.9. (a) Continuous feedback system. (b) Sampled model of feedback system 
for computation. 

system to an input in the time domain using ordinary inversion of the 

Laplace transform of the output variable. In principle, this is very 

simple and straightforward, but if an accurate solution is desired, the 
process can be quite laborious, requiring the use of calculating machines. 

It so happens that one of the techniques for inversion of the z transform 

is directly accomplished by routine numerical processes. This advantage 

can be applied to continuous systems by constructing a sampled model 

which gives solutions with tolerable error. Such a model for feedback 

systems often takes the form shown in Fig. 1.9b. By selecting the 

sampling rate high enough and using a sufficiently sophisticated data- 

reconstruction element, acceptable accuracy can be achieved. As a 

matter of comparison, the sampling interval is exactly analogous to the 

quadrature interval which would be selected in the numerical integration 

of a differential equation. The sampled-data approach has the advan- 

tage, however, that a physical interpretation of the process is readily 

seen. Having selected the sampled model of the continuous system, its 

analysis becomes one of numerical methods simply carried out by a desk 

calculator or digital-computer program. 
The use of a sampled model in this as well as other applications has 

the advantage of making clear just where the sampler should be placed 
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to improve accuracy. For instance, in a low-pass system, the output 

contains only a few high-frequency terms, so that the use of output 

sampling as shown in Fig. 1.96 results in less error than with the sampler 

at the error line. In this manner, the numerical method is related to the 

physical system more closely, and the theory applicable to sampled-data 

systems can be used directly. 

1.7 Summary 

The theory of sampled-data systems deals with linear systems in 

which the data appear at one or more points as a pulse sequence or a 

sequence of numbers. The analysis of such systems requires a mathe- 

matical description of the sampling process, of the data-reconstruction 

process, and of the relation between input and output variables, using a 

form of transform calculus known as the z transformation. The latter 

is completely analogous to the Laplace transform as applied to continuous 

systems, and the various theorems, rules, and restrictions are very similar. 

An important advantage of the z transform is that its inversion can be 
carried out directly by means of desk calculators. 

An important feature of sampled-data systems is that they can be 

compensated by means of digital controllers which process number 

sequences rather than continuous time functions. It is possible to obtain 

transient performance whose quality cannot be matched by fully con- 

tinuous systems. The subsequent chapters will be devoted to a develop- 

ment of the underlying theory and application to sampled-data systems, 

particularly feedback systems. The synthesis of sampled-data systems 

which fulfill some specified performance will be an important aspect of 

this development. 



CHAPTER 2 

THE SAMPLING PROCESS 

The characterizing feature of a sampled-data system is the fact that 

data appear at one or more places in the system as a sequence of pulses or 

numbers. The process which converts continuous data into such a 

sequence is called the sampling process. In view of its importance, the 

process must be thoroughly understood and represented mathematically. 
Fortunately, there exists a considerable body of literature in the field of 

communications theory where this problem has been considered. Before 

introducing some of this theory, a few concepts of sampling will be 

considered qualitatively, with particular emphasis on their application 

to control systems. 

A schematic representation of the sampling process is given in Fig. 2.1, 

where it is seen that a continuous time function f(t) is observed by 

means of a switch which closes briefly every 

a T sec. The mechanical device implied by 
this representation is not binding and is 

t) +z used only for pictorialsimplicity. Thesam- 

eee ida deal pling of the time function f(t) may be 
Fic. 2.1. Schematic represen- carried out by electronic devices or may 
a i aaa Bg CS ag only implicit in that the data exist 

only as a sequence of samples to begin with. The closure of the switch 

is of very short duration compared with the time between closures. 

This means that the value of the function at the output of the switch 

is the instantaneous value of the function f(¢) at the particular instant of 

time when the switch closes. The output of the switch is a sequence of 

pulses or numbers whose values are f(71), f(T), . - . , f(T), where 

T1, Tz, ..., Tn are the instants of time when the switch has closed. 
It is clear that some information has been lost in the process, since the 

output sequence contains no data in the interval between sampling 

instants. 
While theory has been developed to handle the case where the intervals 

between sampling instants are not equal, the majority of practical situ- 

ations in control systems have equal or quasi-equal sampling intervals. 

In this case, the output of the sampling switch produces a sequence of 
numbers f(T), f(27), . . . , f(nT’), where T is the sampling interval and 

12 
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T,2T, ...,nT are the sampling instants. ‘The sampled time function 

f(t) appearing at the output of the sampling switch, or sampler, as it is 
usually called, is referred to as f*(t), where the asterisk implies the 

sampled version of a function of time f(t). A graphical representation 
of f*(é) is shown in Fig. 2.2. In order to develop analytical approaches 

f*(t) 

SO yen Oa 

—-3T -2T -T 0 aed, She AT 

Time ——> 

Fic. 2.2. Sampled time function. 

to the sampled-data control-system problem, a mathematical description 

of this process must be obtained. 

2.1 Mathematical Description of Sampling Process 

A practical sampling operation cannot ignore the fact that the sampler 

remains closed for a finite, though short, length of time. For this 

condition, the ‘‘samples”’ are elements of finite duration y whose ampli- 

tudes during the closure interval follow the amplitude variations of the 

time function f(é) and are zero at all other times. This type of sampling 

operation is shown graphically in Fig. 2.3. 

The sampled function f*(£) appears here as a sequence of samples of 

finite duration y. The process may be thought of as being the result 

of multiplying a sampling function p(é) and a data-carrying function f(t), 

as shown in Fig. 2.3. This is a process of modulation, where a “‘carrier”’ 
p(t) is being modulated by a signal function f(t). Mathematically, the 

process may be represented by the expression 

FO = fOr) (2.1) 
In view of the fact that the sampling interval T is constant, thus making 
p(t) a periodic function, it is possible to expand p(t) into a Fourier series 

+0 

p=) Cee (2.2) 
k=—o0 
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where the various C;’s are the Fourier coefficients of the exponential 
series. Substituting (2.2) back in (2.1), there results a representation 

of the sampling process which is useful in giving an insight into its 

characteristics and implications. The expression so obtained is 

+ 0 

OS elie (2.3) 
k=—o 

It is of interest to observe the Fourier transform of the sampled 

function f*(¢) and to contrast it with the Fourier transform of the con- 

(a) 

(b) Time 

(c) 

Fic. 2.3. Finite pulse sampling operation. 

tinuous function f(¢) from which the sequence was obtained. Recalling 

the shifting theorem which states that 

S[e“fO] = FGw — d) (2.4) 

where F(jw) is the Fourier transform of f(é), and applying this relation- 
ship to the expression (2.3), there results the infinite summation 

i} 

F*(ju) = dor |; (. 2 ae (2.5) 

where F*(jw) is the Fourier transform of the sampled sequence f*(t). 

This expression is very important in determining the effects of sampling 
on the information content of the original signal f(t). F*(jw) is seen to 
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consist of a summation of weighted spectra, each of which is the same 

as the central term except for the weighting constant C;, and the shifted 

argument j(w — 2rk/T). 

The sampled spectrum F'*(jw) is sketched in Fig. 2.4. The original 

spectrum F(jw), from which the sampled signal spectrum F*(jw) is 

derived, is shown in this figure. The effect of the sampling process is to 

introduce a succession of spurious spectra which are proportional to the 

signal spectrum and which are shifted periodically by a frequency separa- 

[FUw)l 

0 

Frequency (w) 

(a) 

|F*(jw)| 

Frequency (w) 

(b) 

Fia. 2.4. Spectrum of finite-width sampled function. 

tion 2rk/T. It is evident that this spectrum bears little resemblance 

to that of the original signal and that means must be found to recover 

the original information in any useful application. 

The central signal spectrum can be extracted by rejecting the spurious 
higher-frequency spectra by means of a low-pass wave filter. It is evi- 

dent that even if this filter were “‘ perfect,’’ in the sense of passing perfectly 

a given spectrum and rejecting perfectly an unwanted spectrum, the 
signal spectrum could never be fully extracted unless it were band- 

limited, that is, unless it contained no components above a given fre- 

quency. The “spillover”’ effect produced by an infinite spectrum such 
as that shown in Fig. 2.4 always produces distortion in any recovered 

signal. Sampled-data systems are subject to a signal-recovery problem 

of this type, and imperfect signal recovery always produces ripple effects 

on the output of such a system. Basic limitations on the information 
capacity of sampled-data systems result from the information loss 
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brought about by the sampling process. For this reason, a good under- 

standing of the phenomenon is required by a study of the sampling 
theorem. 

2.2 The Sampling Theorem 

Insight into the limitations imposed by the sampling operation in 

sampled-data systems can be obtained by consideration of the sampling 

theorem developed by Shannon.*” Essentially, this theorem states that, 

for signals having a finite bandwidth, including frequency components 

Frequency (w) 

Fig. 2.5. Finite bandwidth signal spectrum. 

up to but not beyond a frequency of W radians/sec, a complete descrip- 

tion of that signal is obtained by specification of the values of the signal 

at instants of time separated by 4(27/W) sec. The converse of this 

theorem is particularly useful in sampled-data systems, where a signal 

must be reconstructed from samples separated by a particular sampling 

interval. The converse can be stated that, for a band-limited signal 
which contains no frequency components beyond W radians/see, it is 

theoretically possible to recover completely the signal from a sequence of 

samples which are separated by time intervals of 4(27/W) sec. In 

view of the basic importance of the theorem, a proof will be given. 

The Fourier spectrum Fy(w) of the signal f(¢) is plotted as a solid line 
in Fig. 2.5. It is noted that the spectrum contains no frequencies higher 

than W radians/sec. A convenient representation of this spectrum is by 

means of a Fourier series whose fundamental period is 2W. This repre- 

sentation produces additional spectra shown by dashed lines in Fig. 2.5, 

but these are of no consequence if it is recalled that the representation is 

valid only over a frequency range of from —W to W radians/sec. The 

periodic spectrum can be represented by means of a Fourier series in w 

with a fundamental frequency of 2W as follows: 

ar ner 

Pylo)= ) Cie ae NN (2.6) 
n=—o 

4 
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where the C,’s are the various Fourier coefficients of the exponential 

series are defined by 
1 +W jm 

Cn = 2W Ie Fy(w)e W' dw (2.7) 

The significance of this representation is that, if all the values of C, 
can be obtained, the Fourier spectrum Fy(w) is fully defined and the 
signal is thereby fully specified. Thus, if information is available which 

permits the evaluation of the coefficients as expressed in (2.7), the Fourier 
transform of the signal—and, consequently, the signal itself—is fully 
specified. ‘Turning one’s attention to the time function f(¢) and its 

Fourier transform Fyw(w), the following inverse transform relationship 

exists: 
+W 

Wo = = es Fur (w)et** de (2.8) 

where the finite limits are justified by the fact that the Fourier spectrum 

Fy(w) is band-limited at —W and +W radians/sec. Now, if the time 

in (2.8) is set to a specific value nz/W, then the integral (2.8) becomes 

+W nm 

f(ne/W) = = iy Fy(we” dw (2.9) 

It is seen that, except for a constant, the integral (2.9) is identical to 
that in (2.7), which is required to specify the Fourier coefficients in (2.6). 

The significance of this result is that a specification of the time function 

only at instants of time nz/W is required to specify the Fourier transform 

of that signal and, therefore, the signal itself. 

The implications of this result are that for the class of signals whose 

Fourier spectra are finite, that is, are zero for frequencies above a specified 

value W, the function is completely described by a set of samples whose 

interval is 7/W sec. This corresponds to one-half the highest frequency 

content of the signal. Thus, for band-limited signals whose highest 

frequency component is W radians/sec (or F cps), no loss of information 
is experienced if that signal is sampled at a frequency of W/z (or 2F) 

samples/sec. In sampling such signals, the sampling frequency must 

be two or more times the highest frequency contained in the signal to 

ensure no loss of information. For reasons that will become more evident 

later, practical considerations dictate a sampling frequency considerably 

higher than this theoretical minimum. 

The converse of this theorem can be readily understood by referring to 

(2.5), which gives the Fourier spectrum of a signal f(¢) which has been 

sampled by a periodic sampling function p(t). Figure 2.6 shows a finite 
spectrum Fy(w) and the repeated spectra F*,(w) which result from the 
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sampling process. While the amplitude of the various repeated spectra 

depends on the switching function p(t), their respective bandwidths are 

unaffected by this function. The figure shows the condition for a 

sampling frequency which is twice the maximum frequency content W 

of the signal. Itis seen that there is no spectrum overlap, as had been the 

case for infinite spectra illustrated in Fig. 2.4. 

If it is desired to recover the original signal from the sampled sequence, 

it is necessary to separate the signal frequency spectrum from the infinite 

Fy iw) 

Frequency (w) 

Fic. 2.6. Sampled signal spectrum. 

repeated spectra by means of a low-pass wave filter. If this filter were 

ideal, that is, if its passband produced zero attenuation while perfect 

cutoff was produced outside this band, it would be possible to extract 
perfectly the original signal spectrum Fy(w). This shows that, for signals 
having finite spectra, it is possible to extract without distortion the 

original signal from a pulse sequence provided that the sampling fre- 

quency is twice the maximum frequency contained in that signal. It 

should be recognized that this result is based on an idealization of both 

the signal spectrum and the filter response. 

Practical considerations will show that signals generally do not have 
finite spectra nor do filters have perfect response characteristics. For 
that reason, the signal which is recovered from a sample sequence always 

has a certain amount of distortion, even though the sampling frequency 
is high relative to the signal frequencies. This distortion is roughly at 

sampling frequencies and their harmonics and is referred to as ‘‘ripple”’ 

in the recovered signal. In sampled-data feedback control systems, 
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ripple is a form of noise which is superimposed on the desired output and 
must be considered in the over-all design problem. 

2.3 The Impulse Sampling Approximation 

Except for the fact that it was periodic, the sampling or switching 

function p(t) used in the previous section was completely general. In 

practice, it is generally true that the elements comprising p(t) have a 

very small duration time y relative to the sampling interval T. In 

fact, in digital systems where the sample is in the form of a number whose 

magnitude represents the value of the function f(t) at a particular sam- 

pling instant, the switching-function elements have, in effect, an infinitely 

small duration time y. Because an extremely narrow pulse represents 

the physical situation accurately and also because of the resultant 

mathematical simplifications, a common form of switching-function 

element is an impulse, or Dirac, delta function, 6(é). This treatment 

of the sampling process !7*8-4° has been successfully applied to the analysis 
and synthesis of sampled-data svstems. 

The assumption of impulse sampling causes the expression for p(é) to 
become 

+ 

p(t) = ) 6(t — nT) (2.10) 
n=—o 

where 6(t — nT) represents an impulse of unit area at a time n7. In 

view of its extensive use in subsequent chapters, the impulse switching 
function is abbreviated to 

+0 

» (¢ — nT) & br(Z) (2.11) 

When the switching function is assumed to be an impulse train, the 

sampling operation may be thought of as impulse modulation and has 

been so referred to in the literature.® 

If the signal function is f(t), then the output of the impulse modulator 
may be expressed as 

FO = for (2.12) 
It is noted that since the impulse is infinitely narrow in the limit, the 

only significant value of f(t) is f(n7’), the value of the function at the 

instant of time when the impulse function appears. Thus, (2.12) may 
be rewritten 

FO = fT )ér(t) (2.13) 
The impulse sequence may now be interpreted as being a sequence of 
delta functions whose respective areas are equal to the magnitude of the 
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function f(¢) at that instant. In other words, the analogue of the signal 
datum is the area of the impulse, and if properly used and interpreted, 
this should cause no difficulties. In some applications where the area 

of the actual sampling pulse is finite, say y, the only modification made 

in the impulse approximation is to replace the unit-area impulse sequence 

with one whose areas are y._ These cases will be taken up when the par- 

ticular situation applies. 

|F*(jw)| 

2a 
T 0 ip 

Frequency 

Fia. 2.7. Spectrum of impulse-sampled function. 

The implications of the impulse approximation in the frequency domain 
will now be considered. This can be studied by using the form given in 
(2.3) by computing the various Fourier coefficients C;, by evaluating 

these coefficients in the integral 

Sy ae jet 
Ce. =F if dr(t)e ? dt (2.14) 

T J-T2 

Since the area of the impulse at the origin is unity, the integral has a 
value of unity, so that the Fourier coefficients are all equal regardless of 

the value of k and are given by 

C. = (2.15) 
Sle 

Thus, from (2.5), the Fourier transform of the impulse-modulated func- 

tion f*(t) is given by 
+o 

G2) = - » Flj(@ — kwo)] (2.16) 
k=—o 

where wo is 27/T’. 

Thus, when impulse sampling is used, the repeated spectra which 

result from the sampling process are all equal in relative magnitude and 

are separated by a frequency wo. The main difference between this 

spectrum and that obtained with a finite-width sampling function is that 

the repeated spectra are all equal, instead of diminishing, as is the case 

with finite sampling function. These repeated spectra are plotted in 

Fig, 2.7: 

/ 



THE SAMPLING PROCESS 21 

- Without. attempting an exhaustive discussion of the problem, the 
applicability of the impulse approximation to the special case of feedback 

control systems will be discussed. The transfer functions of the elements 
of such systems are generally low-pass in frequency response. The essen- 

tial requirement in determining the validity of the impulse approxima- 

tion is that the impulse response of the feedforward (or any other transfer 

functions to which the pulses are applied) be acceptably equivalent to the 

pulse response. For low-pass systems this condition is usually satisfied 

if the pulse duration is small compared with the time constants of the 

nT nT+y¥ Time 

Fig. 2.8. Finite-width pulse. 

system. Although a pulse sequence would rarely be applied directly 

to the plant or continuous element of the control system without some 

form of data reconstruction, the impulse approximation can be assumed 

as being adequate if the condition mentioned above is met. On the 

other hand, in most practical systems the plant is preceded by a data- 

reconstruction component which is even less sensitive to pulse width 

than the plant, as will be seen later. 

In order to obtain a quantitative estimate of the error introduced by 

the impulse approximation, one can assume that the actual pulse is a 

flat-topped pulse whose amplitude is that of the sampled function f(t) 

at the sampling instant »7 and whose duration is y, as illustrated in 

Fig. 2.8. As seen in the figure, the pulse may be thought of as being the 

sum of a step function at the time n7 and a delayed negative step func- 

tion at a time (n7J’+ vy). Thus, 

p(nT) = f(nT)[u(t — nT) — ult — nT — y)] (2.17) 

where p(nT) is the pulse initiated at the sampling instant n7J and f(nT) 

is the value of f(t) at the same instant. The Laplace transform of this 
pulse, P,(s), is given by 

P,(s) = f(nT) (<7 as | | (2.18) 
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By expanding the exponential e-7* into a power series in s, P,»(s) becomes 

Ps) = f@l) vex" (1 — a a5 os SS? ‘ (2.19) 

This result shows that the response of a linear system to a finite-width 

pulse is the sum of the impulsive response of the system and its various 
derivatives. Thus, if the pulse is applied to a relaxed system whose 

transfer function is G(s) and whose impulsive response is g(¢), the output 

of this system, c(t), to a pulse given by (2.17) becomes 

c(t) = fn Tv | 9 -~t7O@+4e'@--- | (2.20) 
It is important to note that if the various derivatives of the impulsive 
response are small, as is usually the case in low-pass systems, all but the 
first term of (2.20) may be negligible. In applying the impulse approxi- 

mation, this assumption is made. An estimate of the error so introduced 
may be obtained by evaluating some of the terms in (2.20) which are 

neglected. 

EXAMPLE 

The system transfer function G(s) is 1/(s + a), and the impulsive 
response is e~“. The various terms in (2.20) are 

git) =e 
OND) a 
g(t) = ave 

etc. 

From (2.20), the output of the system in response to a finite-width 
pulse is 

—at 272 p—at 

c(t) = f(nT)y (« ao ate er +7 = aia ) 

The summation is factored and cara to the following: 

c(t) = yf(nT)e +s soy aa aaa ep .) 

The first term of the series is the ae response of the system to an 

impulse whose area is equal to that of the actual pulse. The remain- 
ing terms are corrections to this first estimate. For instance, it is 
readily seen that if ay is 0.1, that is, if the duration of the pulse is 
10 per cent of the time constant of the system, 1/a, the response differs 
from the impulsive response by about 5 per cent. 

The approach used in the preceding discussion and example assume 
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that the pulse resulting from a finite sampling time is flat-topped. It is 
recognized that this characterization is not precise since the actual pulse 
would have a top which follows the actual function being sampled. The 
effects produced by non-flat-topped pulses are of second order in so far 

as low-pass system are concerned and are of little consequence in prac- 

tical problems. 

While the details of data reconstruction are discussed in the next 
chapter, certain preliminary considerations should be reviewed as to their 
effect on the assumption of impulse sampling. In practice the more 

common situation is that the pulse sequence is applied to some type of 
“data hold.” The function of such an element is to reconstruct, in so far 

as possible, the original continuous function from which the pulse 
sequence was derived. Typical of such a device is the simple clamp 
circuit which accepts a short pulse and “‘stretches”’ it to a duration equal 

to the sampling interval. The effect of such a clamp can be reproduced 

mathematically using the impulse approximation by assuming that the 

clamp circuit responds to the area of the impulse rather than the magni- 

tude of the pulse. This simple mathematical strategem introduces no 

error and makes possible the simplifications of the impulse approximation 

with little or no loss of accuracy. For this reason, the impulse approxi- 

mation is almost always used in the analysis and synthesis of sampled- 

data feedback control systems. 

2.4 Laplace Transform of the Impulse Sequence 

As in the case of the continuous system, the Laplace transform finds 
considerable utility in sampled-data systems. As a result it is desirable 

to consider the Laplace transform of an impulse-modulated function 

f*(t). If it is assumed that the function f(¢) from which f*(é) is derived 

is Laplace transformable, and it is zero for negative time then f*(t) is 

iO = ) fr) — n7) (2.21) 
n=0 

where f(n7) is the value of f(t) at the sampling instant nT. Thus a 

typical term of the sequence is an impulse at time nZ’ whose area is 

f(nT). The Laplace transform of this typical term is 

L[f(nT)6¢ — nT)] = f(nT)e?s (2.22) 

The Laplace transform of the impulse sequence F'*(s) is thus 

+o 

F*(s) = » f(nT)e*?s (2.23) 
n=0 
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For practical problems, it would be awkward if the Laplace transform 
were an infinite summation which could not be expressed in closed form. 

Fortunately, this is not the case for those time functions f(t) whose 

Laplace transform can be expressed as a ratio of polynomials ins. This 

will be proved in later chapters but will be demonstrated with a simple 

example here. 

EXAMPLE 

The function f(t) is the unit step function u(t). This means that 

all values of f(n7’) are equal to unity for positive n and the Laplace 

transform F'*(s) given in (2.23) is simply 

+00 

Pi) = » e77Ts 

n=0 

The infinite summation is recognized as a geometric progression in 

e-Ts whose sum is 

1 
* = 

F (s) = quater: 

It is seen in this example that F*(s) could be readily expressed in 

closed form in terms of e-7*. This simplification was in consequence 

of the assumption of impulse sampling, with the result that the Laplace 

transform of each term of the sequence was simply the value f(n7’) and 
a delay factor e~"?*. Had the switching function p(t) been of different 

form, the Laplace transform of the typical term of the sequence would 

have contained contributions of the switching pulses themselves and the 

resultant expressions would have been much more complex. Another 

point which is brought out in this simple example is the mathematical 

desirability of having all equal sampling intervals. Had they been 

unequal, the infinite series would not have been a simple geometric 

progression with a constant ratio and its summation could not have been 

expressed in closed form. Fortunately, the assumptions which had to be 

made are also representative of the practical situation. 

An alternate form of Laplace-transform representation of the impulse 

sequence can be obtained by using the form for f*(¢) given in (2.12): 

FQ = fe)sr() (2.24) 
Since 67(t) is a periodic function, it is expressed in terms of a Fourier 

series, all of whose coefficients are equal to 1/7’, as shown in (2.14) and 
(2.15). Thus (2.20) can be written as 

+ 

$0) =), Mee (2.25) 
n=—0 
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where wo is the sampling frequency and is equal to 27/T. Taking the 

Laplace transform of each term in the series and making use of the 
shifting theorem, the Laplace transform of f*(¢) becomes 

+ 0 

F*(s) = . » iG ae aed) (2.26) 
nrn=—o 

where F'(s) is the Laplace transform of the continuous function f(é) from 
which the sequence was obtained. 

It is of interest to note the equivalence between the expressions for 
F*(s) as given in (2.26) and (2.23): 

+0 + 0 

rd, Feet niw) = )) sore (2.27) 
n=0 n=—-—-o 

This equivalence was discovered more than a century ago by Poisson 

and is essentially equivalent to the Poisson summation rule.4? To 

illustrate the form in which Laplace transforms of impulse-sampled 
sequences appear using this form of transform, an example will be used. 

EXAMPLE 

The function f(t) will be taken as the unit step u(¢) as in the pre- 

ceding example. The Laplace transform of the unit step is 1/s, so 
that the Laplace transform of the impulse sequence obtained from 

sampling a unit step is 
+o 

SQ) a BUBB 
eS aac, » 8 + njwo 

n=—o 

Unlike the previous example, this infinite summation cannot be readily 

expressed in closed form in terms of rational polynomials in s. 

The fact that the infinite summation in this example cannot be ex- 

pressed in closed form limits the usefulness of the form of F*(s) as given 

in (2.26). On the other hand, it shows much more clearly some of the 

periodic properties of the Laplace transform of a pulse sequence. F*(s) 

is seen to be periodic in jwo, a fact which is useful in establishing many 

of the theorems governing the manipulation of pulse transforms. In 

many cases, only a few of the terms of (2.26) produce significant effects 

in a linear system, and by taking into account only the first few terms of 

the series, applications to the synthesis of sampled-data systems can 

readily be made. It is true, nevertheless, that in most sampled-data- 

system problems, the form of F*(s) given in (2.23) finds more application. 
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Much more will be said on the subject in later chapters dealing with the 
z transformation. 

2.6 Comparison with Carrier-modulation System 

In previous sections the process of sampling has been treated as a 

form of modulation in which the switching or sampling function p(f) is a 

periodic pulse train. The unusual feature of sampled signals of the type 

described is that the signal spectrum can be recovered by a linear filter. 

For instance, in the case of signals having finite spectra, a perfect low- 

|Flju)| 

-—w 0 @ —> We 

(b) 

Fia. 2.9. (a) Spectrum of signal. (b) Carrier-modulated signal. 

pass filter whose bandwidth extends from zero to half the sampling 

frequency can recover the signal perfectly, provided that the sampling 

rate is sufficiently high. It is of interest to compare this type of sampling 

with the more usual form employed in a-c feedback control systems. 

In the usual carrier system, the signal modulates a sinusoidal carrier 
whose expression is 

p(t)= E, cos wet (2.28) 

The expression for this carrier-modulated signal is thus 

f*(t) = Bf COS wet (2.29) 

Expressing the cosine in its exponential form, f*(t) becomes 

F(t) = fafQhe* + gfe] BE. (2.30) 
Obtaining the Fourier transform of f*(¢) by application of the shifting 

theorem, F'*(jw) is 

F* (jw) = [$F (go + joc) + $F (jw — jw.) |H. (2.31) 
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This spectrum is plotted in Fig. 2.9, where the familiar sideband spectra 

in the signal at the output of the modulator are seen. This form of 

modulation is the one found in most carrier-suppressed data systems used 

in feedback control devices. 
The important characteristic to note is that the total spectrum does 

not contain the signal spectrum, so that no linear filter can possibly 

extract the signal by frequency discrimination or rejection. Demodula- 

tion schemes employing nonlinear devices such as the standard phase 

detector are used to translate the modulated signal spectra. The 

spectrum of a carrier-suppressed modulated signal should be contrasted 
to that obtained with pulse or impulse modulation, as illustrated in 

Figs. 2.6 and 2.7, respectively. The distinctive feature here is that these 

spectra contain the signal spectrum as one of their components, and if 

conditions are correct, a linear wave filter can extract the signal with 

little or no distortion. 
The important difference between the modulated functions p(?) in 

pulse and carrier modulation is that the former function is periodic and 

contains among its various Fourier components a zero-frequency, or d-c, 

term, whereas the carrier function does not. In this manner, the pulse- 
modulation system contains a spectral component which is the unshifted 

signal component resulting in the recoverable signal spectrum. Despite 

these differences, carrier-modulated systems using phase detectors can 

be treated as sampled systems from the point at which demodulation 

takes place and beyond. The phase detector operates on the basis that 

once (or twice) each cycle of the carrier a linear detector charges a load 

condenser to a peak voltage proportional to the amplitude of the latest 

carrier cycle. In this manner, a signal datum is produced once (or twice) 
per cycle of carrier and, in effect, a sampling process of the usual form 

results. The sampling frequency can be considered equal to the carrier 

frequency or twice the carrier frequency, depending on whether a half- or 

full-wave detector is used. 

2.6 Summary 

The sampling operation consists of examining a continuous signal at 

intervals equal to a time 7. The resultant information is a sequence of 

pulses or numbers, each of which gives the value of the signal at a par- 

ticular sampling instant. This sampling process can be considered as a 

modulation process in which the switching function p(t) is a sequence 

of very narrow pulses. For mathematical convenience these pulses can 

be approximated by impulses of the same area for the class of problems 

encountered in feedback control. Properly used, this approximation 

results in mathematical simplifications which are extremely useful in the 

analysis and synthesis of sampled-data systems. 
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The sampling frequencies which must be used are based on an applica- 
tion of the sampling theorem. While, ideally, signals having limited 

spectra may be sampled at a frequency equal to twice the highest fre- 

quency contained in the signal with no loss of information, practical 
systems always employ much higher sampling frequencies. This is 

necessitated because practical signal spectra are not finite and signal 

recovery filters are not perfect. The practical problem is to select 

sampling frequencies which produce acceptable amounts of distortion 

or ripple. 

The Laplace transform of sampled signals F*(s) can be expressed in 

two general forms. One of these forms can generally be reduced to the 

ratio of finite polynomials in e7:. The other form is an infinite series of 

terms in (s + jwo) and cannot be reduced to a closed expression. Both 

forms find application in the study of sampled-data feedback con- 

trol systems. One of the characteristics of the pulse sequences used in 
sampled-data systems is that signal can be recovered by means of a linear 

filter. This contrasts with carrier systems employed in the field of 

servomechanisms, where nonlinear devices must be used to recover the 

signal. Such systems can be treated as sampled-data systems only after 

the detection process. 



CHAPTER 3 

DATA RECONSTRUCTION 

A sampled time function bears little resemblance to the original func- 
tion from which it is derived. While the envelope of the sampled func- 

tion corresponds to the values of the continuous function at sampling 

instants and may appear to be similar on cursory examination, the wide 

divergence between the two functions becomes more evident on the basis 

of frequency spectra. The sampled function contains spurious side 

spectra introduced by the sampling process. A linear low-pass wave 

filter can be used to extract the signal spectrum to a certain degree of 

accuracy. The errors are caused by the overlapping frequency spectra 

and by the nonideal filtering characteristics of practical filter networks, 
which do not completely attenuate the side spectra. 

In this application, a filter which extracts the signal spectrum may be 

thought of as a data-reconstruction device or data extrapolator. In 

effect, the filter does extrapolate a continuous time function into a 

sampling interval based on the weighted average effects of previous 

samples. The deviations of this extrapolated time function from the 

actual function from which the samples were derived is called the “‘ripple”’ 

in the output. From a practical viewpoint, there are good reasons why 

Fig. 3.1. Typical error-sampled feedback control system. 

the ripple must be maintained below a certain level. The plant in a 

system is subjected to command signals which contain ripple components. 

If they are excessive, the plant components are subject to wear, noise, and 

unnecessary wastage of control effort. For this reason, the study of data 

holds used for signal reconstruction must consider this effect as an 

important engineering design factor. 
In typical feedback control systems, the data-reconstruction element is 

generally referred to as the ‘data hold,” “‘desampling filter,” or “data 
29 s 
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extrapolator.”’ Figure 3.1 shows a sampled-data feedback control system 

in which the data-hold element is located immediately after the sampler. 

The signal is reconstructed from the sampled data into a continuous 

signal before being applied to the plant. In this context, the effective- 

ness of the data hold is measured by the difference between the recon- 

structed time function e,(t) and the actual error function e(t). In a 

later chapter, where digital compensation of sampled-data systems is 

considered, it will be shown that e,(t) is not necessarily an approximation 

of e(t) but rather of a modified error function so computed that it produces 

a desired compensating effect. In this chapter, only those aspects of 

the problem dealing with the reconstruction of the function without 
modification are considered. 

3.1 The Cardinal Data Hold 

In the previous chapter, it was shown that the signal is completely 

recoverable, provided that the Fourier transform spectrum terminates 

at a frequency equal to one-half the sampling frequency. An ideal 

filter which has unity transmission from zero frequency to one-half the 

sampling frequency and zero transmis- 

sion everywhere else is known as the 

cardinal data hold. Figure 3.2 shows 

the frequency response of such a filter 

which can be expressed by 

| Fjw)| 

F(jw) = 1.0 —W See (3.1) 
F(jw) = 0 —-W202W ; 

That such a filter is not physically 

realizable can be shown by inverting 

Fic. 3.2. Frequency response of cardi- vine Hommes transform eee 
a oltnicen! the impulsive response as follows: 

= ee cist df (3.2) 

Integrating this expression and simplifying, the impulsive response 

becomes 

-W=-7/T 0 +W=r/T 

Frequency, radians per sec. 

=o (3.3) 
Tv 

This impulsive response is plotted in Fig. 3.3, where it is seen that the 

filter is physically unrealizable because there is a finite response prior 

to the application of the exciting impulse at ¢ = 0. 
The significance of this result is that, even for those time functions 

which have a finite spectrum, it is not practical to expect a perfect 
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recovery of the original signal from a sample pulse sequence. There 

will always be a ripple component, as well as a certain amount of dis- 

tortion. In addition, the types of signal spectra found in practice are 

rarely limited in frequency content, so that the assumption of a finite 

spectrum is not usually met. Under these circumstances, even a cardinal 

Time, sec. 

Fic. 3.3. Impulsive response of cardinal hold filter. 

data hold will not reproduce the original signal perfectly. For these 
reasons, the cardinal data hold is only of academic interest and will not 

be considered further in the study of practical systems. 

3.2 Polynomial Extrapolation Systems 

As mentioned previously, the process of data reconstruction may be 

viewed as one of extrapolating a signal during a sampling interval, based 

on information given only at past sampling instants. The latter restric- 

tion is necessitated because the input data are samples or values at 

sampling instants only and only past data samples may be used, as 

required by considerations of physical realizability. In carrying out the 

extrapolation of the time function into a sampling interval, it is necessary 

to make an a priori assumption of the form of the function itself. For 

instance, if it is assumed that the function is composed of exponentials, 

then it follows that the extrapolation should be in the form of exponentials 

and that the data-hold system must determine the relative magnitudes 
and exponents which must be used in the particular sampling interval 

under consideration. 
A particular form of extrapolation commonly used in feedback control 

systems is the one which assumes that the original function can be 

approximated by a polynomial in time. The decision which must be 

made a priori is the highest order which is required for an adequate 
extrapolation. Having set this order, the data hold must compute the 

best fit to the past data by adjustment of the coefficients of the various 

terms of the polynomial. If the actual function being reconstructed 
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is a polynomial in time whose order is equal to or lower than the assumed 
order, the reconstruction will be perfect. On the other hand, if the actual 

function is some other form, the polynomial extrapolation will be an 

approximation whose accuracy must be reviewed from the standpoint of 

engineering considerations. 

A theoretical basis for the polynomial extrapolation based only on 

samples taken at equally spaced prior sampling instants is the Gregory- 

Newton extrapolation formula®4 used in the numerical integration of 
differential equations. In view of the practical importance of the 

Gregory-Newton formula in the design of sampled-data systems, its 

derivation will be given. 
A convenient technique for the derivation of the formula is to employ 

the expression for prediction in the frequency domain. The transfer 

function of a system whose output is the value of the input 7 sec in the 

future is 
Fis) =e" (3.4) 

This expression may be rearranged in the following manner: 

Puls) (l=) = e-yhee (3.5) 

Expanding the expression enclosed in the brackets by means of the 

binomial expansion, there results 

fly 

ze mre (T + 

di 2 Pe te a Us 0 es 

As will be shown later, the number of terms which are used depends on 
the order of polynomial which is to be extrapolated. 

The transfer function /’;,(s) expresses the transfer function of a device 

whose output is the future value of the input, provided that an infinite 

number of terms are taken. The Laplace transform of this output C(s) 

is given by 
C(s) = F,(s) R(s) (3.7) 

where R(s) is the Laplace transform of the input. Substituting for F;,(s) 

the series form of (3.6), C(s) becomes 

— tS — e-Ts)\2 (T 

C@) = 2) + RQ = 1 + kOe 

Inverting (8.8), the output of the extrapolator becomes 

r(é + 7) — r(t) plate, 

ns r(t) — 2r(t — T) + r(t — 27) (T + or) eee — tar + (3.9) 
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To be exact, an infinite number of terms of (3.9) must be taken. 

Adapting (3.9) to the case of the data hold used in sampled-data 
reconstruction, it is seen that the time ¢ is taken at a particular sampling 

instant nT and the prediction time 7 is the time measured from this 

instant. Thus, taking 
= poll (3.10) 

substitution in (3.9) results in the expression 

r(nT +7) =r(nT) + = {r(nT) — r[(n — 1)T]}7 

+ aa (r(nP) — 2rl(m — 17) + ohm — 27) FSO 4 --- Bay) 

where it is understood that the extrapolation is taken from the time nT 

onward. It is seen that the data which are needed to implement the 

extrapolation are the values of the function r(¢) at sampling instants nT, 

(n — 1)T, (n — 2)T, etc., only. These are the values of the function 

which are available in a sampled-data system, and for this reason the 

Gregory-Newton extrapolation formula is very useful. 

The polynomial in 7 which is generated by (3.11) is seen to contain 

elements that are recognized as the various back differences of the 

sampled function. For instance, the second term contained in the 

(3.11) is the first back difference; the third term, the second back differ- 

ence; etc. The expression may be written in the form 

(GR 0) = eam EE ee T+ (8.12) 

where the various V"r(n7') are the back differences of nth order. Several 
practical conclusions can be drawn from the extrapolation formula in 

the form given in (3.12). First, to generate an extrapolated function 

which is derived from a completely general r(¢) containing finite back 

differences of all orders, an infinite number of back samples must be 
taken into account. On the other hand, if the original r(t) had been an 

nth order polynomial in time containing only a finite number of terms, the 

extrapolation would be perfect with only n + 1 prior samples taken into 

account. This is in consequence of the fact that a finite polynomial 

contains only n finite back differences, where n is the order of the poly- 

nomial, all others being zero. If an extrapolator is used which contains 

an insufficient number of back differences, the extrapolated function 
will be in error, and the problem of the designer is to keep the magnitude 

of this error within acceptable bounds. 
Equation (3.12) suggests a method of classification for data-hold 

systems of this type depending on the number of terms contained therein. 
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For instance, if a very simple form of data extrapolation in which only 
the first term, r(n7'), is taken, the extrapolator is referred to as a zero-order 

hold since the polynomial generated by this system is of zero order. 

Similarly, if the first two terms are implemented, the classification is 

first-order since the polynomial which will be extrapolated is of first order. 

It is recognized that the zero-order data hold is also known as a data clamp 

and that it operates on the assumption that the value of the function 

in a given sampling interval is equal to the function at the beginning of 

that interval. This extrapolation is perfect only for functions which are 

constants. Practical systems rarely employ data extrapolators which 

are beyond first order, both for reasons of economy and because if too 

many back differences are taken, an excessive settling time results and 

noise effects are increased. These points will be discussed later in more 

detail. 

3.3 The Zero-order Data Hold 

As indicated in the previous section, the zero-order data hold includes 

only the first term of the series as expressed in (3.12). This form of 

data hold is important from a practical point of view because of its 

simplicity and the fact that it is readily implemented. A standard 

electronic clamp circuit will set its output at a level equal to or propor- 

tional to the magnitude of an input pulse and then reset itself when a 

new pulse is applied. Such circuits maintain a constant output between 

pulses and thus implement the zero-order-hold relationship. Similarly, a 

digital register will hold a number until a reset pulse is applied and a new 

number set up. In all cases, the output of the device essentially assumes 

that the continuous function within a sampling interval is constant and 

equal to the value of the function at the preceding sampling instant. 

The form of the reconstructed function at the output of a zero-order 

hold is shown in Fig. 3.4. The extrapolation in each case is a constant 

and is refreshed at each sampling instant. Because of the appearance 

of the reconstructed function, the data hold is sometimes referred to as a 

“staircase” or “‘boxcar’’ data system. 
In order to include the effects of a zero-order data hold in a dynamical 

system, it is necessary that a mathematical description of its effect be 

obtained and, if possible, a transfer function derived. It is recalled that 

the transfer function of a linear system is the Laplace transform of the 

impulsive response of the system. In the case of a zero-order data hold, 

it is assumed that the short pulse which is applied to its input is approxi- 

mated by an impulse of an area equal to the magnitude of the pulse. 

If an impulse of unit area is applied to the data hold, its response should 
be a unit-magnitude continuous function which is maintained until 
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refreshed by the next impulse. In view of the assumption that the 

sampling intervals are all equal to 7’, the extrapolated value of the func- 

tion should fall to zero 7 sec after the application of the unit impulse 

in order that the next impulse may restore the data hold to its new value. 

r(t), Tp (E) 

Fia. 3.4. Reconstruction of r(¢) by a zero-order data hold. 

The impulsive response of the zero-order data hold should therefore 

appear as shown in Fig. 3.5. 

To obtain the transfer function of this system, the impulsive response 

&,(t) 
&)(\t) : 

1.0 +1,0 

T Time 

—1.0 

0 T 

Time 

Fic. 3.5. Impulsive response of a zero- Fic. 3.6. Step-function components of im- 
order data hold. pulsive response of zero-order data hold. 

can be decomposed into two unit step functions, as shown in Fig. 3.6. 
The impulsive response is given by 

g(t) = u(t) — u(t — T) (3.13) 

where u(t) is the unit step function. The Laplace transform of g;(é) is 

1 Geom - — lem (3.14) 

This transfer function is useful in the analysis of systems which include 
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the zero-order data hold. As will be seen later, it can be approximated 
by rational polynomials in s, but this procedure is not necessary in the 

theory of sampled-data systems, and the exact form will be used. 

It is of interest to compare the frequency response of a zero-order data 

hold with that of the cardinal hold as shown in Fig. 3.2. The frequency 
response is obtained by substituting jw for s in (3.14), resulting in G,(jw) 

as follows: 
He 

Gaaye en (3.15) 
qw 

By rearranging the terms of (3.15), G,(jw) can be expressed as 

Seven ge Sine / 2 

The amplitude and phase of G,(jw) are plotted in Fig. 3.7. 

The frequency response of the zero-order data hold is low pass with 

full cutoff occurring at frequencies of n/7' cps, where n is an integer. 

4m br 
T 

Frequency, radians per sec. 

Ang G, (ju) 

Fia. 3.7. Amplitude and phase frequency response of zero-order data hold. 

By contrast, the cardinal data hold has a frequency response which is 
unity in the passband with perfect cutoff at all frequencies beyond 

1/2T cps. In the frequency domain, the imperfections of the zero-order 

hold are seen to be the result of gradual cutoff up to 1/2T cps, as well as 
response, though at attenuated levels, beyond this frequency. The trans- 

mission of the higher-frequency components of the sampled signal 
accounts for the ripple in the time domain, as seen in Fig. 3.4. 

The phase shift introduced by G,(jw) is of interest to the designer of a 

control system incorporating a zero-order data hold. Since most control 

systems are low-pass in frequency response and lagging phase angles 

contribute to the instability of the system, the phase lag of Gr(jw) 

complicates the problem of stabilization of feedback control systems. 

As will be shown later, systems which are stable in the continuous 
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organic form can be unstable when a sampled-data link is introduced in 
the closed loop. 

3.4 The First-order Data Hold 

The first-order data hold is a device which implements the first two 

terms of (3.11) or (8.12). Using the form of (8.11), the output of a first- 

order data-hold device is 

nie 5, Ss ata) 2) he ie T T (Gale) 

This expression shows that the extrapolated function in a particular 

sampling interval is linear and that the slope of the extrapolated function 

r(t), p(t} 

r(t) 

Fic. 3.8. Reconstruction of r(¢) by a first-order data hold. 

is equal to the first back difference. Figure 3.8 illustrates the recon- 

structed time function r,(¢) produced by such an extrapolation. The 

imperfections result from the fact that (3.17) omits the higher-order back 

differences, which, if nonzero in the original function, can produce con- 

siderable error. 

As in the case of the zero-order hold, it is desirable to obtain the 

transfer function of such a device by taking the Laplace transform of the 

impulsive response. It should be noted that the slope of the straight-line 

extrapolation is equal to the difference between the most recent sample 

and the previous sample divided by the sampling time interval. Thus, 

to obtain correctly the slope within an interval, the impulsive response 

of the hold in any given interval must contain the effect from the previous 

interval. Figure 3.9 shows the impulsive response of the first-order hold. 

In determining the correctness of this response, it is seen that at the 

onset of a pulse, the output rises immediately to the value of the pulse. 

A straight line is then generated whose slope is equal to the value of the 

sample at that instant divided by the sampling interval 7. It should 

be recalled that in its application, the first-order hold is actually sub- 
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jected to a pulse train, so that preceding the pulse applied at zero time 
there had been another pulse applied 7 sec earlier. This prior pulse 

generated an impulsive response which contributed a negative slope in 
the interval under consideration equal to the previous sample divided 
by the sampling interval 7. In this manner, the slope of the extrapolated 

signal has the correct slope as re- 

quired by (38.17). 

The impulsive response shown in 
Fig. 3.9 can be decomposed into a 
set of component step and ramp func- 
tions, as shown in Fig. 3.10. It is 

readily verified that the sum of these 

components produces the correct 
form for g,(t). The Laplace trans- 

form of the impulsive response is the 

sum of the Laplace transforms of the 
Fic. 3.9. Impulsive response of a first- 
order data hold. components as follows: 

= 1 xls = 2 —Ts __ Za —Ts 1 —2Ts a —2T's Gis) = + TO ee 73 ¢ + ee = T° (3.18) 

Combining terms, 
— p—Ta\2 

Gi(s) = Td + Ts) = (8.19) 

This transfer function may be used in the analysis of systems incorporat- 

ing this type of hold system. 
It is of interest to obtain the frequency response of the first-order hold 

by replacing s by jw. Doing so and simplifying the resulting expression, 

this response is given by 

G(jo) = PJD oT ie ae 
wT /2 

2 

) /-wT + tan“! wT (38.20) 

This response is sketched in Fig. 3.11, where it is seen that the frequency 

passband from zero to the first zero-transmission frequency is 2/T, 

which is the same as that of the zero-order hold. The major difference 

between the two frequency-response characteristics is that the first-order 

hold accentuates some of the frequencies in the passband excessively. 

In addition, the transmission of the higher-frequency components is 

greater and is reflected in the time domain by higher-ripple components 
under certain circumstances. On the other hand, the first-order hold 

is capable of reproducing a ramp function perfectly, as contrasted to the 
zero-order hold, which can reproduce only a step function or constant 

signal perfectly after a transient period. 
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An important factor which affects the performance of systems which 

include a first-order data hold is the phase shift. As stated before, 
feedback control systems generally are low-pass, and instability is the 

result of excessive lagging phase shifts in the control loop. It is noted 

that the average phase shift of the zero-order hold is approximately half 

Fie. 3.10. Component functions of first-order data hold. 

a 
T 

Frequency, radians per sec. 

tan-1 (2 
Ang G, (jw) aa 

Fig. 3.11. Amplitude and phase frequency response of first-order data hold. 

the average phase shift of the first-order hold. For instance, at a fre- 

quency of 27/T radians/sec, the phase shift of the former is —z radians, 
while that of the latter is (—2r + tan! 27) radians, or about —280°. 
For this reason, the inclusion of such a data hold in a feedback control 

system generally complicates the problem of stabilization, so first-order 

holds are not commonly employed in practical feedback control systems. 
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3.5 Partial-velocity-correction First-order Hold 

A cursory examination of the function which is reconstructed by a 
first-order data hold as illustrated in Fig. 3.8 will show that under some 

circumstances, the amount of ripple content may be excessive. For 

instance, if the function from which the pulse train is derived contains 
sizable higher-order derivatives, the underlying assumption implied in a 

first-order data hold that all differences other than the first are zero can 

Full velocity correction 

Z _Partial velocity correction 
r(t) 

— Zero velocity correction 

r(t) 

Fic. 3.12. Partial-velocity-correction data hold. 

be seriously misleading. Heuristically, a means for reducing this error 
is that of extrapolating the function in any given sampling interval with 

only a fraction of, rather than the full, first difference. The process is 
illustrated in Fig. 3.12 in the first sampling interval from 0 to T sec. 

Here the extrapolated function is a straight line whose slope is only k 

times the first difference, where k is a number less than unity. 
It is difficult to arrive at a par- 

ticular value of k except for specific 

cases. ‘The frequency response can 

be used to estimate the value of k 

which will, on the average, result in 

extrapolations having least error. 

It is recalled that the frequency 

response of a full-velocity-correction 

zero-order hold showed an excessive 

transmission of components in the 

higher range of the passband from 0 
to 2r/T radians/sec. A criterion 

which can be applied to the choice of the velocity extrapolation constant k 

is that the frequency response in the passband be maximally flat. 

In order to set the value of k, it is necessary to obtain the transfer 

function of the partial-velocity data hold in a manner similar to that 

employed in the previous section. Figure 3.13 shows the impulsive 

response which will produce an extrapolation like that of Fig. 3.12. The 

Fic. 3.13. Impulsive response of partial- 
velocity-correction data hold. 



DATA RECONSTRUCTION 41 

dashed lines show the full-velocity-correction impulsive response from 

Fig. 3.9. The impulsive response can be decomposed into a number of 

elementary step and ramp functions, as shown in Fig. 3.14. The Laplace 

transform of the partial-velocity hold is the sum of the Laplace trans- 
forms of the components as follows: 

My ese OR bk Qk I 
s 

pa Ee = p—2Ts RBI GSI porn RATE BAS, fee —2Ts 

Ga(s) s 7 sh a Ts? Ts? ° a Ts? G* 

which, after combination and simplification, becomes 

G(s) = - (1 — es) E — ke-Ts + = (1 — ar) | G22) 

It is noted that when k is unity, (3.22) becomes identical with (3.19). 

Replacing s by jw in (3.22) the frequency response of the partial-velocity 

hold is obtained. This becomes, after some simplification, 

Giga) = 1 — HT (ene unr) [ ene 

Sina Zee. 

The frequency response G;,(jw) 1s plotted for three values of k in Fig. 3.15. 

It is seen that for full velocity correction (k = 1), the frequency response 

Fra. 3.14. Component functions of partial-velocity-correction data hold. 

in the passband is characterized by an overshoot of about 50 per cent. 

On the other hand, with partial-velocity correction of 0.5 and 0.3, the 
frequency response has an overshoot of 20 per cent and 0, respectively. 

It is seen, therefore, that in order to pass frequency components in the 

passband without overemphasis, a partial velocity correction of about 
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30 per cent is required. When the velocity correction is zero, the 

extrapolator becomes the zero-order hold and the frequency response in 

the passband is monotonic, as seen in Fig. 3.7. 

While frequency-response characteristics of the data-hold systems 

provide only an indirect indication of performance in the time domain, 

it is generally true that a flat frequency 

response in the region containing the 

significant components produces a bet- 

ter reproduction of the signal than 

does a frequency response which is 

either peaked or excessively drooping. 

Time-domain analyses will confirm 

the results indicated by the frequency- 

response characteristics. Full veloc- 

ity correction produces accurate repro- 

duction of signal only when the input 

signal is a constant or a ramp function. 

If the function being reproduced con- 

tains significant higher-order back differences the errors introduced by using 

a first-order data hold can be reduced by partial velocity correction. <A 

suggested value for this partial correction is about 30 to 50 per cent of the 

velocity as measured by the first back difference. 

Frequency, radians per sec. 

Fig. 3.15. Frequency response of par- 
tial-velocity-correction data hold. 

3.6 Higher-order Data Holds 

Higher-order data holds implement more terms of the Gregory-Newton 

extrapolation formula than the first one or two as described in the previ- 

ous sections. Such systems are potentially capable of reproducing 

higher-order polynomials perfectly after a settling time which depends on 

the number of past samples included in the approximation formula. 

Feedback control systems do not generally utilize these higher-order 

systems, mostly because their excessive phase lags introduce difficulties 

in stabilization of the loop. Even with more effective digital controllers 
the requirement that a number of past samples be received before the 

hold system settles affects the settling time of the entire system adversely. 

Another pertinent factor is that of random noise which may be super- 

imposed on the input data samples to the data hold. Practical systems 

are always subject to random noise, whether it be introduced by external 

influences or by quantization effects in the digital data. If the random 

uncertainties in the value of the data samples are linearly independent, 

then the noise at the output of the data extrapolator is increased as a 

larger number of samples are used in the computation of its output. 

For this reason, higher-order data-hold systems have considerably more 
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noise in their outputs than do the lower-order systems. This effect 

militates against the use of higher-order data-hold systems in situations 

where the magnitude of the random noise is significant. 

The fact that the plant in control systems is usually low-pass in fre- 
quency response makes the use of overly complex data-hold systems 

unnecessary. The inaccuracies in data extrapolation have been referred 

to as ripple whose frequency components are at sampling frequency and 

higher. For instance, in a zero-order data hold, the staircase approxima- 

tion is seen to differ from the actual continuous function from which the 

pulse sequence is derived by an amplitude-modulated periodic ripple 

component whose fundamental frequency is the sampling frequency. 

While the ripple may cause an undesirable amount of shock at the input 

of the plant, it is nevertheless true that if the plant is low-pass in fre- 

quency response, little of this component appears in the output. For 

this reason, the choice of data hold is largely dictated by the form of the 

function which is to be reconstructed and the capability of the plant to 

accept ripple components at the input without adverse effects. Generally 

speaking, the zero-order data hold is found to be adequate for most 

systems found in practice. In feedback instrumentation devices whose 

major purpose is the reproduction of a signal at low power levels, first- 

order data holds with partial or full velocity correction find application. 

For process-control systems, however, the usual form of data hold used is 

of the zero-order variety. 

3.7 Implementation of Polynomial Extrapolators 

The implementation of polynomial extrapolators generally requires 

the use of devices which are capable of integrating in the time domain. 

The simplest form, the zero-order data hold, can consist of a digital 

register with analogue-to-digital and digital-to-analogue circuits included. 

Other forms include the use of diodes included in circuits known as clamp 

circuits. It is only when first- and higher-order data holds are employed 

that integrators are included as recognizable system elements. As will 

be shown later, higher-order data holds are best implemented with feed- 

back configurations, although it is possible to design open-cycle systems 

also. Because of their simplicity, these will be considered first. 

A block diagram which will implement a first-order hold is shown in 

Fig. 3.16. Here the data samples r(n7) are derived from a function r(¢) 

and are applied to a data clamp, which is, in fact, a zero-order data hold. 
In order to generate the second term of the extrapolation as given in 

(3.17), a ramp function whose slope is the difference between the present 

value, r(nT), and the previous value, r(n — 1)7, must be generated. 

‘The constant k is unity for full velocity correction and less than unity for 
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partial velocity correction. The integrator implements this part of the 

process, and its output, when added to the held value r;(nT), produces the 

reconstructed function g(t). Itis seen that a control function is necessary 

in the system because as each sampling instant passes, the stored datum 

in the memory r(n7’) must be transferred to the status of a past sample 

r(n — 1)T. In addition, the integrator must be cleared to zero initial 

condition to be capable of generating a new ramp function for the next 
sampling interval. 

Control function 

Fic. 3.16. Open-cycle first-order data-hold system diagram. 

Data extrapolators of higher complexity than first order can be 

devised, based on this open-cycle system, by the addition of more 

integrators and a memory of more capacity to hold the past samples 

required for the computation. An important point to be noted is that 

the output of the extrapolator depends on the stability of the various 

elements. For instance, if there is a drift component in the integrator, 

it will appear directly in the output. Another complication is the rela- 
tive complexity of the control function which must clear integrators 

and transfer data samples from one position to another in order to main- 

tain the correct ‘“‘age”’ for each sample. The use of feedback methods 

reduces the complexity of this function and results in considerable 

economies, especially for higher-order systems. 

Weighting 
unit 

Fic. 3.17. Porter-Stoneman polynomial extrapolator. 

6(t) 

pe Polynomial 
[> | generator 

e*(t) Q(t) 

The feedback technique was first studied by Porter and Stoneman* in 
connection with problems of tracking radar targets. The essential 
principle of the feedback data extrapolator is shown in Fig. 3.17. A 

polynomial generator is incorporated in the system, and its output is 

compared at sampling instants to the input. A prediction error sequence 

e*(t) is generated and applied to a weighting unit. The latter generates 
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a number of outputs so computed that the output of the polynomial 

generator is corrected for the next interval. The nature of this correction 

is such that the polynomial for the interval in question passes through the 
previous number of samples equal to the order of the polynomial being 

generated. For lower-order holds, such as the first-order hold, this 
process is fairly evident. The full-velocity-correction system extrapo- 

lates a line which passes through the most recent data sample and the 

previous data sample. In the case of higher-order systems, the process is 
not as evident but will be clarified in subsequent discussions. 

r*(t) 

_{ orn+1)T 

e(n+1)T 

i rp(n+1)T 

(n—3)T (n—-1)T (n41)T 

(n—2)T nT 

Time 

Fic. 3.18. Porter-Stoneman polynomial extrapolation. 

Referring to Fig. 3.18, the objective of the extrapolator is to accept a 

sequence of pulses, r(n7’), and to fit a polynomial of appropriate order 

to these samples. This polynomial is called Q(t), will be assumed to pass 

through the point U, V, W, and X, and can be expressed as follows: 

Qt) = a+ a(t — nT) + a(t — nT)? + a3:(¢ — nT)? +--+ (8.24) 

where the various a’s are constants and the extrapolation holds for the 
interval from n7 to (n + 1)7. The dashed line in this interval is the 

extrapolated polynomial, which reaches a value r,(m + 1)T at the end of 

the pertinent sampling interval. The actual value of the sample at this 

instant is r(v + 1)7, and the difference between the actual and predicted 

samples at this instant is an error e(n + 1)7. If the predicted poly- 

nomial were exactly the same as the actual polynomial, this error would 

be zero and no alteration of the coefficients of (8.24) would be necessary. 

On the other hand, if there is an error e(n + 1)7, it shows that a correc- 

tion must be made on the various coefficients of (3.24) to cause the poly- 

nomial to fit the previous sample points during the next interval. 

Assuming that there is an error e(n + 1)T, a new polynomial P(t) 

must be generated to fit the function at the previous points now listed as 

V,W, X, Y, ete. This new polynomial is given by 

P(t) = bo + bit — (n + 1)T] + Bo[t — (n+ 1)TP? 

are Wal = (@ sede ae 2 (Gem) 
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where the various b’s are constants which differ from the various a’s 

of (3.24). In the feedback implementation indicated by Fig. 3.17, a 

correction or difference polynomial 6@(¢) must be generated and added to 
Q(t) to obtain P(t). This difference polynomial 6(¢) may be written as 

follows: 

O(t) = Ado + Aailt — (n + 1)T] + Aa,[t — (n + 1)T]? 

+ Aa,[t —(n+1)T]? +--+ (8.26) 

The various Aa’s are coefficients which are so chosen that when Q(t) 

and 6(¢) are added they result in P(é). It is recalled that the requirement 

on P(t) is that it pass through the latest number of data samples equal 

to the order of P(t). This requirement is satisfied if the added poly- 

nomial @(t) is such that at a time [t — (n + 1)7] equal to zero, 6(¢) has a 

value equal to e(n + 1)T and has zero value for all previous instants 

since Q(t) already passes through these points. Summarizing, the 

requirements on 6(t) are that 

at t—(n+1)T=0 6(t) = e(n+1)T 

t—(n+1)T = —-T Ay = 0 

t—(n+1)T = —2T 8) —) 

etc. (3.27) 

It is evident by inspection that a polynomial having zeros at —7T, —2T, 

ete., will satisfy the zero conditions of (3.27) and that the form of this 

polynomial is 

A(t) =e(n + 1)T iE a0 Scileg 1 a oe 

E ate gt ae | (3.28) 

It is seen that when [t — (n + 1)T] is zero, the value of @(¢) is e(n + 1)T. 

To illustrate the evaluation of the various coefficients of (8.26), a 

third-order polynomial will be considered. In this case, P(t), Q(¢), and 

6(¢) are third-order polynomials, and (3.28) will contain all three of the 

factors explicitly stated. Including these factors and multiplying the 

polynomial out, there results the following: 

Wi = @-+- 1)7] 

67 

[se UMP 
[2 

[Gus Uae 
ot ete 

Now, if 6(t), as given by (3.29), is added to the polynomial Q(¢) at the 
sampling instant (n + 1)T, the new polynomial so generated, P(t), 

will pass through four sample points, ranging from the most recent at 

a(t) =e(n+1)T {1+ 

(3.29) 
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(n + 1)T back to the point at (n — 2)T. Generalizing the result to an 

nth order polynomial, this form of correction will cause the newly gener- 

ated polynomial to fit the n + 1 most recent samples. 

The implementation of a scheme employing this principle is essentially 

that shown in Fig. 3.17, and the detailed technique for accomplishing 

Fic. 3.19. Generation of third-order polynomial. 

the result will now be considered. First, the polynomial generator is a 
cascaded number of integrators, as shown in Fig. 3.19 for the third-order 

case. To understand its operation, let it be assumed that the output 

of the last integrator, f(t), is a third-order polynomial given by 

ft) = Go + aut + gol? + gal? (3.30) 

where the various q’s are constants. The function f’(¢) appearing at the 

input of the last integrator is the derivative of (3.30) and is 

fO) = a + 2qat + 3qst? (3.31) 

and similarly, the inputs to the two preceding integrators, f’(¢) and 

jf (@), are 
f° O) = 22 + baat 
f''O = 64s (3.32) 

Thus, to generate a polynomial whose coefficients are the various q’s 

given in (3.30), it is necessary to apply steady signals whose values are 

Fig. 3.20. Porter-Stoneman-type polynomial data hold. 

63, 2q2, qi, and qo at the points in the integrator chain shown in Fig. 3.19. 
This simple concept can be used to generate the correction polynomials 

which are added to Q(t) to generate a sequence of corrected polynomials 
which fit the requisite number of past input samples. The block diagram 
of such a system is shown in Fig. 3.20, which contains the required number 
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of integrators to generate a third-order polynomial. The additional 

element which requires explanation is the first integrator which precedes 
the zero-order hold. It is noted that this integrator has samplers pre- 
ceding and following it. In effect, this causes the element to act as a 

summing device which adds all the past error samples in ef(t). This 

element is necessary when it is considered that the error at any particular 

sampling instant n7' is actually the result of the summation of effects 

of all previously generated correction polynomials and not just the 

difference between the most recent error polynomial contribution and 

the input. The zero-order hold is required to convert the pulse at any 

instant n7' into a constant signal for the following interval as required 

in the generation of the error polynomial. Thus, the signals applied to 

the various integrators of the chain are the summation of effects of the 
previous error polynomials in addition to the changes required for the 

most recent error polynomial. 

The system shown in Fig. 3.20 fulfills the objectives of the extrapolation 

by inserting weighted components of the error as required by (3.29) 

in the manner shown in Fig. 3.19. If the input were actually a third- 

order polynomial and if there were no noise or drift in the system, the 

output Q(t) would be an exact replica of the input polynomial after a 

fixed settling time has elapsed. This would mean that the error sequence 

er(t) is zero at all times and that the signals which would be applied 
to the various summing points in the integrator chain would be the 

constants required to generate the polynomial. On the other hand, if the 

input were not a polynomial, the system would generate an approximation 

to the input signal and at each sample time an error pulse e:1(m7’) would 
appear and alter the output polynomial accordingly. 

In some applications considered by Porter and Stoneman‘*® it was 

considered undesirable for the output to experience sudden changes or 
steps. The system illustrated in Fig. 3.20 would act in this manner. 

This can be seen when it is considered that the presence of an error 

pulse e:(n7’) causes a sudden change in the output of the zero-order hold 

and that this change is applied directly to the output at the last summing 

point in the chain. One way of avoiding this effect is to apply this 

component of the signal to the next-to-last summing point, that is, pre- 

ceding the final integrator. In this manner, the output of the system 

gradually changes to the required value and the complete correction 

takes place at the end of the sampling interval under consideration rather 

than at the beginning. The polynomial so generated does not close out 

the error instantly, but the output is considerably smoother and is often 

more desirable as a result. 
The feedback implementation of higher-order holds is only slightly 

more complex than the open-cycle implementation illustrated in Fig. 3.16. 
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It is characterized, however, by one important advantage. It is seen 

that the feedback system does not require a memory or storage device 

which holds past samples required to generate the higher-order differences 

required for extrapolation. The storage is implicit in the integrators, 

which also serve the purpose of generating the elements of the extrapo- 

lated polynomial. 

3.8 Exponential Extrapolation 

It was stated previously that in an extrapolation or data-reconstruction 

process, it was necessary to make an a priori assumption as to the form 
of the original function. In previous sections, it was assumed that the 

function either was actually a polynomial or could be adequately approxi- 

mated by one. Another viewpoint is that in which it is assumed that the 

original function is composed of exponentials in time or that it can be 

reconstructed by a set of exponentials. In view of the fact that a passive 

network has an impulsive response which is the sum of exponentials if its 

structure includes only lumped elements, it follows that the use of 

passive networks of this type in data reconstruction implies exponential 

extrapolation. 

There exists a large body of theory relating to the approximation and 

design of passive networks and filters. In their applications to sampled- 

data systems as data holds, however, only relative simple forms are used. 

This arises from the fact that the frequency range at which the networks 

are operated is so low that only a small number of components is usually 

tolerated and, further, that the ripple requirements are generally not too 

rigid. An approach to the selection of passive data-hold networks is that 
of approximating one of the polynomial extrapolators described previously 

by passive elements. Take as an example the zero-order hold whose 

transfer function is, from (3.14), given by 

Gi(s) = — he (3.33) 

This expression may be rearranged as follows: 

1 1 
Gr(s) = ie (1 = =) (3.34) 

The procedure is to expand the exponential term into an infinite series 

in s and simplifying the expression to the following: 

1+ Ts/2+7??/6+--- 
1+ Ts + Ts?/2 + T?s?/6 + -- - 

For an exact reproduction of the impulsive response of a zero-order hold, 

G(s) = 9) (3.35) 
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an infinite number of terms of (3.35) would be required. However, an 
approximation to the result may be obtained by taking only a finite 

number of terms in the expansion of e7*. For instance, if only the first 

two terms of the expansion are taken, G(s) becomes 

IL 

Gils) Teor (8.36) 

A simple resistance-capacitance network can be used to obtain this 

impulsive response. As matter of fact, in many applications, particularly 

those where the sampling frequency is high, simple RC networks of this 

type are used as data holds. From the frequency-response point of view, 

the network is low pass, with a half-power frequency of 2r/T radians/sec. 

This should be compared with the response of a zero-order data hold, as 

shown in Fig. 3.7. 

By taking additional terms in the expansion of e7’, a better approxima- 

tion to the zero-order data hold may be obtained. Taking an additional 

term, there results the approximation 

1G teetligy 2 
EAC) ts + Ts + T?s?/2 

(3.37) 

This transfer function can be realized by passive elements, but it can be 

readily verified that the poles of the transfer function are complex and 

that the physical implementation of the network requires inductive, 

capacitative, and resistive elements. While this is no serious theoretical 

obstacle, the need for passive elements of impractical dimensions often 

results in feedback control systems having sampling periods measured in 

seconds and minutes. For this reason, the use of passive networks of 

any but the simplest form, such as that given in (3.36), are not common. 

3.9 Summary 

The data hold may be regarded as an element which reconstructs the 
continuous function from which a sequence of data samples is obtained. 

Except for certain cases, this reconstruction is approximate at best, and 

the difference between the output of the data hold and the actual function 

from which the sequence of samples was derived is known as ripple. 

Since data samples are available at each sampling instant, the output 

of the data hold for a particular sampling interval is readjusted as each 

data sample is received. In view of the requirement of physical realiz- 

ability, only past data samples can be used in estimating the output 

of the data hold. From the viewpoint of the frequency domain, data 

holds are low-pass filters which pass the signal spectrum and reject the 

spurious side spectra which result from the sampling process. 
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As in all extrapolation processes, an a priori assumption is made as to 

the class of function which best fits the input function. For instance, 
one of the most common forms of extrapolation used in sampled-data 

systems is one which assumes that the input function is or can be approxi- 
mated by a polynomial in time. For practical reasons, this polynomial 

contains a finite number of terms whose coefficients are computed within 

the data-hold element. The zero-order data hold uses only the zeroth- 
order term of the polynomial, thereby deriving its name. In practice, 

it is rare to find data holds which implement anything higher than the 

first-order term. Aside from the question of complexity, the reason for 

this is that feedback systems are usually low pass, and their stability is 

adversely affected by the increased phase lags found in the frequency 
response of higher-order data holds. 

The use of a feedback implementation for polynomial data holds has a 

number of advantages, the most important of which is that it does not 

require the storage of data samples in elements such as tapes or drums, 

as would be the case with open-cycle implementations. The feedback 

extrapolator can be implemented using only continuous integrators of 

the electronic or mechanical variety. In the case of the zero-order data 

hold, implementation by simple elements such as diodes and capacitors 
is possible. It is only in higher-order systems that the more complex form 
of implementation must be used. 

Low-pass passive networks can be used as data holds. A simple resist- 
ance-capacitance network is shown to approximate the zero-order data 

hold. Even better approximations can be obtained by the use of more 

passive elements, including inductances as well as resistances and capaci- 

tances. The criteria which govern the degree of complexity which is used 

in feedback control applications are generally the amount of ripple which 

the plant can accept without damage to itself and the amount of jitter 

at ripple frequencies which can be tolerated in the controlled variable. 

It is true, however, that relatively unsophisticated methods of data recon- 
struction are adequate in most practical control-systems applications. 



CHAPTER 4 

THE Z-TRANSFORM ANALYSIS OF LINEAR 

SAMPLED-DATA SYSTEMS 

It has been stated that linear difference equations relate the variables 
in linear sampled-data dynamical systems as do differential equations in 

linear continuous systems.‘® While classical methods can be employed 

to obtain the solution of difference equations, the use of transform 

methods results in considerable simplification and understanding of the 
problems associated with the analysis and synthesis of sampled-data 
systems. A form of transform calculus now known as the “‘z transforma- 
tion’’ has been available in one form or other for many years.**> Recent 

work has been directed toward the organization and unification of the 

theory. !7/1:5?,36,49,19,ete. Tt is now possible to apply z-transform techniques 

directly to the problem of sampled-data systems and, more particularly, 

feedback systems. The z transformation can be studied as a modifica- 

tion of the Laplace transformation or approached directly as the opera- 

tional calculus of number sequences. In some cases one approach is 

better than the other, but the resulting theory is the same and various 

theorems and rules can be derived readily. 

4.1 Introduction to the Z Transform 

It has been shown in Chap. 2 that the Laplace transform of an impulse 

sequence f*(t) has a Laplace transform F'*(s) which is given by the infinite 

summation 

F*(s) = > f(nT)e-"?s (4.1) 
n=0 

where f(nT) is the value of the function f(é) at sampling instants and 

for the condition that the impulse approximation is acceptable. It was 

also stated and demonstrated by example that infinite sequences like 

that of (4.1) could be expressed in closed form provided that the Laplace 

transform F’(s) of the original function f(¢) from which the sample sequence 

f*() was obtained is the ratio of polynomials in s. This will be proved 
rigorously in the next section. The important point here is that whether 

52 
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it is in closed or open form, the Laplace transform contains the complex 
frequency s as an exponent in e7*. This suggests the use of an auxiliary 

variable to replace e7*, the one chosen being z.!7_ Thus, if the change of 

variable is made such that 

B= GE (4.2) 

the transform of a sampled sequence can be expressed in terms of the 

auxiliary variable z. 

The transform given in (4.1) is expressed as a power series in 2 as 

follows: 

F*(s) = F(z) = > f(nT)e- (4.3) 
n=0 

where F(z) is known as the ‘‘z transform” of f*({). The variable z may 

be thought of either as e7*, as defined in (4.2), or as an ordering variable 

whose exponent represents the position of the particular pulse in the 

sequence f*(t). When viewed in the latter light, F(z) is a ‘‘ generating 

function”” and may be treated without identification with a Laplace 
transform. 

In studying the z transform, use is made of the complex z plane, just 
as in the case of Laplace transforms the complex s plane is used. In 

view of the relationship between the z transform and the Laplace trans- 

form, a brief review of common characteristics of the two planes will be 

given. Referring to Fig. 4.1, the standard s plane and the z plane are 

illustrated side by side. All the points comprising the imaginary axis 

of the s plane lie on the unit circle of the z plane because, for s = ju, 

B= Go (4.4) 

which is a complex number whose magnitude is unity and whose phase 
angle iswT’. Thus, the z plane reflects the periodicity of e7* by repeating 

the same values every time the angle w7’ advances 27 radians. The 

z plane may be thought of as an infinite series of planes overlaid on each 

other, or, more formally, as a Riemann surface. 

When applied to the sampled-data systems, this apparently ambiguous 

medium for representation of the properties of F(z) presents no difficulties. 
It is recalled that 

+2 

7 > F(s + njwo) = > f@M)E 24 (4.5) 

n=—2 n=0 

and that F*(s) is periodic in jwo. The poles and zeros of F*(s) are those 
of F(s), with infinite repetitions displaced by jw». The poles and zeros 
of F*(s) repeat themselves in each of the strips of the s plane, as sketched 
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in Fig. 4.1. Because points similarly located in each of the strips plot 

as the same point in the z plane, each pole of F(s) produces one pole in 

F(z), and the singularities of F(s) and F*(s) are represented as a finite 

number of poles (and zeros) in the z plane. This makes the use of the 

z plane very desirable and is only one of many reasons why the use of the 

auxiliary variable z is desirable. 

Strip 1 

s-plane z-plane 

Fia. 4.1. Relation between s plane and z plane. 

It is noted that all points in the right half of the s plane map in the 
region of the z plane outside the unit circle, while those points in the left 

half of the s plane map into the region inside the unit circle. This simple 

observation indicates that, if a system is being examined for stability 

as evidenced by the presence of poles in the right half of the s plane, this 

condition could be studied by testing for the presence of poles of F(z) 

outside the unit circle of the z plane. 

4.2 Mathematical Derivation of the Z Transform 

The characteristics of the z transformation can be obtained on a more 

rigorous basis by the use of contour integration. Using the impulse 

approximation, the sampled function f*(¢) has been expressed as 

HO = fOorO (4.6) 

where it is recalled that 67(¢) is an infinite impulse sequence with a 

sampling period of 7. As expressed in (4.6), the sampled time function 

is represented as the product of two time functions whose Laplace trans- 

form is obtained by a process of complex convolution. The complex- 

convolution integral is given by 

c+jo 

eth] = gh [ F@MGEs - P) ap (4.7) 
where h(t) is a time function which is the product of f(‘) and g(t), F(p) 

is the Laplace transform of f(t), and G(p) is the Laplace transform of 
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g(t). The constant c is so chosen that all the poles of F(p) lie to the left 

of the imaginary axis displaced by c. 

The complex-convolution integral can be applied to the case where 

the two time functions involved are those given in (4.6). In this case, 

F(p) is the Laplace transform of the function f(t) being sampled. The 

Laplace transform of the impulse sequence 67(¢) is given by the following: 

++ 2 

sm) Ss > e-nT(s—p) (4.8) 
n=0 

This infinite summation can be expressed in closed form by using the 

formula for the sum of a geometric series. The expression (4.8) is seen 

to be an infinite geometric progression with a ratio of e-7°-»), Thus, 

G(s — p) can be written 
1 

G(s = Dp) — 1 — e-fG=>) (4.9) 

The integral giving the Laplace transform of f*(¢) can thus be expressed 

in the following form 
e+jo 

off] = 5 i _ Oya ® (4.10) 
Evaluation of (4.10) is accomplished through contour integration by 

closing the path of integration along the imaginary axis to encompass 

either the left or right half planes and evaluating the residues at the 

various poles enclosed. It is noted that, for stable systems, all the poles 

of F(p) lie in the left half of the s plane, as shown in Fig. 4.2. On the 
other hand, the poles of the second term in the integrand of (4.10) are 

infinite in number, occurring at the complex frequency pn, for which the 

angle of the exponential term is m2z, where m is an integer. The con- 

dition for the angle of the exponential term to be a multiple of 27 is that 

.2rm 
Dm = 8 —j a (4.11) 

for all integral values of m. Thus the second function in (4.10) has an 

infinite number of poles separated by 727/T along the displaced imaginary 

axis, as shown in Fig. 4.2. The path of integration is along the imaginary 

axis displaced by the constant c and is shown in the figure with c so chosen 

that all the poles of F(p) lie to the left of this line. 

To apply the method of residues, a closed contour of integration is 

formed by closure either to the right or the left of c, resulting in the 

contours marked T; or Tz. It is seen that if closure is effected to the 

right, there will be an infinite number of poles enclosed, whereas if 

closure is effected to the left, only the finite number of poles contained 
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in F(p) will be enclosed. This condition results in an infinite number 

or a finite number of residues, depending on the choice. Using the 

right-hand enclosure, it is readily seen that the residues which result at 
the various poles described by (4.11) will be 

+o 

F*(s) = 7 D F (s - 7) (4.12) 

This expression cannot be reduced to closed form and is seen to be 

identical with (2.26), which was arrived at by a different procedure. 

| 
Poles of i 

/ i oe ee 
—e i (s—P) / 

Fic. 4.2. Contours used in evaluation of complex-convolution integral. 

If, now, the path of integration is closed to the left, it is seen from 

Fig. 4.2 that only the finite number of poles of F(p) will be enclosed and 

that there will be a finite number of residues to evaluate. If the various 

poles of F(p) are designated as p;, then the value of the integral is given 

by 277 times the residues at these poles: 

E*(s) = > res. Fo) a (4.13) 

poles of 
F(p) 

Now, if e”* is replaced by the auxiliary variable z, (4.13) can be rewritten 
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as follows: 

F(Z) = » res. Fe) a | (4.14) 

poles of 
F(p) 

This expression shows clearly that for all systems whose Laplace trans- 

form F(p) has a finite number of poles, the z transform is a finite poly- 

nomial in z or z~!. Also noted is that the order of the polynomial in z is 

no higher than the order of the polynomial in p. 

The result obtained in (4.14) is the same as that which is obtained by 

expanding F(p) into partial fractions and then applying the simple pro- 

cedure outlined in the example in Sec. 2.4, term by term. As a matter 
of fact, as a working method, expansion into partial fractions is often a 

more direct technique than the formal application of the residue formulas 

indicated by (4.14). Tables of z transforms are available,!4*13 and one 

is reproduced in Appendix I containing most of the common forms. 

Tables like this one list the Laplace transform F’(s) of the continuous 

function from which the pulse sequence is obtained, the time function 

f(nT) giving the value of the function at a sampling instant nT’, and the 

z transform F(z) which corresponds. 

EXAMPLE 

It is desired to determine the z transform F(z) corresponding to a 

Laplace transform F(s) given by 

20) = 
(s + a)(s + 6) 

It should be noted that a more formal statement of the problem would 

be to determine the z transform of the sampled sequence f*(t) obtained 

by sampling a continuous function f(f) whose Laplace transform is 

F(s). The shortened terminology given previously, however, is more 

convenient and more commonly used. Using the result of (4.14), F(z) 

becomes 

i i II 1 

—al—e 2! ay a—b1—e 27! 

The two terms may be combined over a common denominator, 

A@) = b 

1 e oT z-1 mee eel g-1 

F@) = a — b (1 — e°?z-)\(1 — e727!) 

4.3 Inversion of Z Transforms 

As in the case of continuous systems, the inversion of the z transform 

is an important operation which is often carried out in practical problems. 

The inversion theorem has been formalized** and may be derived by 
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applying one of the Cauchy theorems of contour integration in the com- 

plex plane. It has been shown in (4.3) that the z transform of a sampled 

sequence f*(t) is given by 

F(z) = ‘s f(nT)e-" (4.15) 
n=0 

Expressed in open form, this summation is 

Fig) = fiO\e0 ah) ee tas ite lize ey 
+f(nT)z" +--+ (4.16) 

This expansion of F(z) about z = © is valid for positive time, that is, 

for positive n. The process of inversion requires that a relation be 
found which will give f(n7’) explicitly, Just as the inversion of F(s) 

requires a relation which gives f(¢). 

A step in arriving at the inversion theorem is to multiply the infinite 

sequence of (4.16) by z”~}, resulting in 

HG) ea — (Oat i Weatee eer et iit all) ecul 
+ f(nT)z1 + +--+ G17) 

The relation given in (4.17) is now in a form to which the Cauchy theorem 

in question may be applied. 
This particular Cauchy theorem states that if the integral J is defined 

by 

= 1 k — sil dz (4.18) 

and if Tis a closed contour which encloses the origin of the z plane, then 

I will have values given by 

0m ort 
T=1 =a 
baO~ dee sil (4.19) 

This theorem may be readily proved by taking I as a circle, as shown in 

Fig. 4.3, and then generalizing the result for any other contour which 

encloses the origin. If the function is regular in the region enclosed 

between the circle and the irregular contour, which 2* is, of course, 

then there is no contribution to the integral J beyond that made by the 

circular path. 
This theorem can now be applied to the expression for 2" -1F(z), as 

given in (4.17), by applying the results of (4.19) term by term. Thus, 

x} ih oF (2) de = fn) (4.20) 
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where the only contribution to the value of the integral is made by f(nT), 
the coefficient of the z~! term of the series in (4.17). A word is to be 

included concerning the contour I which must be employed in the 

integration of (4.20). As in all contour integrals, the value of the integral 

is determined by the singularities in 

the form of poles of the integrand. 

Thus, if (4.20) is to have the correct 

value, it is necessary that T include 

all the poles of z”—!F (z) for all inte- 

gralsn. The integral (4.20) is thus 

the inversion theorem when the 

contour I satisfies the stated condi- 

tion. It will be further discussed 

in detail, but it should be noted now 

that the poles of F(z) are all con- 

tained inside or on the unit circle 

for stable systems, so that T is usu- 

ally taken as the unit circle. The Fie. 4.3. Map showing equivalence be- 
integral can be evaluated by the tween integration along unit circle and 

: general contour. 
usual residue methods. 

It is illuminating sometimes to evaluate the inversion integral by first 
expanding the z transform F(z) into partial fractions and then evaluating 

term by term using residue methods. In this manner, the contributions 
from each of the poles of the function F(z) are stated more explicitly. 

For example, a typical term found on expansion into partial fractions is 

F 1(2), 

z-plane 

(4.21) 

This function contains a pole in the z plane at e?7. Rewriting (4.21) 

in another form, and substituting into (4.20), 

i soi bee Az” 
= le F1(z) dz = = | an (4.22) 

this integral has a residue at e~*7, which, upon multiplication by 27j 

gives the result 

nol) = 2g)" (4.23) 
It is seen that if e-°? has a magnitude less than unity, fi(n7') will 

tend toward zero as n approaches infinity. While not complete, this is a 
condition for stability. Thus, stable functions F(z) will have all their 

poles inside or, in the limiting case, on the unit circle in the z plane. It is 

for this reason that the contour I which is used in the inversion theorem 

is generally the unit circle. 
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There are many practical situations where the interest of the designer 

is only in the first few terms of the pulse sequence resulting from inver- 

sion. This is the case where transient response and overshoot are being 

studied in feedback control systems. For this purpose, an alternate 

approach to inversion can be employed. The z transforms encountered 

in practice are generally the ratio of polynomials in z or z~! as expressed 

by 
Qo Gil a @isae ot Aa Geom 

bo + byz-! + bez? +: + + bnew 

This transform can be expanded into a power series in z~! by the simple 

process of long division of the denominator into the numerator. Carry- 

ing out this numerical procedure, there will result 

F(2) = qo -b ie quer Ee (4.25) 

This power series in z~! is now identified with the z transform of an 

impulse sequence, where the power of z is the order or time at which 
the impulse exists and the various q’s are the areas of each impulse. The 
inversion process is now seen to be merely an arithmetic routine which 

can be carried out by means of a desk-calculator or similar methods. 

F(z) = (4.24) 

EXAMPLE 

It is desired to invert the z transform F(z) given by 

F() = oy =o eee 2 

Expanding into a power series in z~! by long division, 

1 + 1.22-! + 1.242-2 + 1.2482-3 + --: 

1 — 1.227! + 0.227? 

1.22-1 — 0.227 

1.22-1 — 1.442? + 0.242-8 

1.2422 — 0.24273 

1.242-2 — 1.4882—3 + 0.24824 

1.2482-8 . 

etc. 

The resultant power series shows that the first term of the sequence 

has a magnitude of 1, the second of 1.2, the third of 1.24, the fourth of 

1.248, etc. Thus, f*(é) is 

FC) = Oa 1-28¢— 1) DAS = 270) 
+ 1.24867 — 3T) + --> 

This method of inversion is useful in determining the first set of terms. 
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The process of long division can be organized into a numerical routine 

which is implemented either by manual desk-calculator methods or 

programmed on a digital computer. 

4.4 Initial and Final-value Theorems 

It is often desirable to ascertain the initial and final values of the 

pulse sequence which result from the inversion of a z transform. ‘These 
properties have been studied**!19 and can be summarized readily. The 

initial value of the pulse sequence can be obtained by noting that for 

physically realizable functions, F(z) can be expanded into a power series 

in 2! as has been done in previous sections. Thus, 

LQ) 2 UA ais UID aye 8 2 ae CLE ara 8 eG ZAG)) 

It is seen that by assigning a value of infinity to z, the only term having 

a value in (4.26) other than zero is the first term. Thus, the initial- 

value theorem is simply stated as 

(0) = lim F(z) (4.27) 

EXAMPLE 

The example used in Sec. 4.1 will be taken for an illustration of the 

initial-value theorem. It was found there that F(z) was given by 

1 e oT z-1 ae e eT z-1 

) a —b (1 — e°*?z-1)\(1 — e-@Fz-) 

The initial value f(0) obtained by substituting infinity for z becomes 

‘zero. Thus, the initial value of the pulse sequence f*(¢) resulting from 

the inversion of F(z) is zero. 

It has been pointed out** that for the class of z transforms for which 

the initial value is other than zero, a formal evaluation of the initial 

value of f*(¢) is only one-half that obtained from (4.27). This arises 

from the strict application of the complex-convolution integral of (4.10) 

used to obtain F(z). In this integral, it was implicit that the contribution 

to the integral resulting from integration along the infinite path used 

to close the contour was zero, in consequence of the fact that F(p) 

vanished for infinite arguments. For those functions whose impulsive 

response has an initial value, the order of p in the numerator and denom- 

inator polynomials is the same; hence for infinite values of p, F(p) does 

not vanish. 

It can be readily ascertained that the contribution to the value of F(z) 
of this infinite path leads to a result which produces only one-half the 
initial value of f*(t) as computed from (4.27). The formal application 
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of the inversion process would require that only one-half the value of 

(4.27) be used, though in fact, in a practical system, the full value would 
be obtained at a time of 0+ after application of the impulse. If the 

z transform is viewed in the light of a generating function, as was sug- 

gested previously, rather than as an outgrowth of a strict application of 

Laplace-transform theory, this difficulty would not be experienced. For 

fle 

(N—1)T NT 

Fra. 4.4. Truncated pulse sequences used for evaluation of final value. 

purposes of practical feedback control systems, the convention is adopted 

that the initial value of the pulse sequence is the full value of f(0) as 

given by (4.27) and that the factor of $ indicated by the formal mathe- 

matics is not representative of the physical system and therefore should 

be ignored. 
The final value of the pulse sequence f*(é) can also be obtained directly 

from its z transform, F(z). To derive the result, the pulse sequence 

f%(t) is formed by truncating the sequence f*(t) at the Nth sample, 

where N is some large number. The truncated sequence is shown in 

Fig. 4.4a, and it is evident that its z transform is 

N 

F(z) = » f(T) (4.28) 
n=0 

If the truncated function is now delayed by one sample time 7, then a 

function f*(t — T) is formed, and the sequence is plotted in Fig. 4.40. 

It is evident that the z transform of this delayed function is the same 
as that of the truncated function, except that an additional delay z~! is 

included as a factor. Thus, 
N-1 

Fy(@) =F y(2) = Y f(nTyere (4,29) 
n=0 

izt 
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It is noted that the sequence terminates at N — 1 since the absolute 

time ¢ of truncation remains fixed at NT. Now, if a difference between 

F(z) and Fy(z) is formed and, further, if the value of z is set equal to 

unity, it is seen that the only term remaining will be f(NT). Thus, 

N N-1 

f(NT) = by f(nT)e" = 2) » f(nT)z | (4.30) 
n=0 n=0 

z= 

Now, as N is allowed to increase without limit and approaches infinity, 
it is seen that the two summations in (4.30) each converge to F(z) because, 

in the limit, N and N — 1 converge toward the same value. 

The final-value theorem can be stated as follows in consequence of the 

limit of (4.30) being as described. It is 

f(@) = lim (1 — 2-)F@) (4.31) 

where f() is the final value of the sample of the sequence f*(t) whose 

z transform is F(z). This theorem is of major value to the designer of 

sampled-data control systems since the specification of such systems 

generally contains a requirement of steady-state performance. 

EXAMPLE 

To illustrate the application of the final-value theorem, it will be 

applied to the example in Sec. 4.3. The z transform of the pulse 

sequence is 

1 

— 1.2271 + 0.22? 
Ca i 

It is noted that this transform can be factored into the following form: 

1 

KO) = en Ole) 
Applying (4.31), 

; 1 — 2} 
i(eo)) = ihren 

a CS) 0222 5)) 

Canceling the common factor in numerator and denominator, the limit 

is seen to be 

i(ea) = 125 

It is interesting to note that the inversion carried out in the example 

in Sec. 4.3 resulted in the value of the fourth sample at 1.248, as con- 

trasted to the final value of 1.25. The indication is that the system 

almost completely settles in four or five samples. 
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4.5 Delayed Z Transforms 

A very useful modification to the ordinary z transform was introduced 
by Barker! and was discussed in later papers on the subject.*° The 

modification treats the z transform of pulse sequences which are derived 

from time functions delayed by nonintegral multiples of the sampling 

frequency. In the case of sampled-data feedback control systems, these 
transforms find application in the analysis of systems having plants with 

transportation lags. Delayed z transforms are also useful in studying 

the behavior of a sampled function between sampling instants. The 

TT Pee AST ie: ke 

Time 

Fic. 4.5. Delayed pulse sequence used to derive G(z,A). 

delayed or modified z transform can be studied by referring to Fig. 4.5. 

Here is seen a continuous function f(t) which has been delayed by a time 

\T, where X is generally nonintegral. If d is integral, the result is trivial 

since the z transform of the resulting function is simply zF(z). 

An integer m is chosen such that it is the next highest integer after X. 

Thus, a number A can be defined so that 

m=r+A (4.32) 

where A is a positive number always less than unity. If F(s) is the 
Laplace transform of the function f(é), then the Laplace transform 

F(s,A) of the delayed function is 

GN eS) ee (4.33) 

which, from (4.32), can be written 

iM GIN)) = GRLLIE (GS) Geo (4.34) 

Since m is integral, it presents no problem in obtaining the z transform. 
The result is simply 

EGA iene (eA) (4.35) 

where F'(z,A) is defined as 
H@,A)i = ZF G)e*7| (4.36) 
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The symbol Z, used here for the first time, indicates the z transform 

corresponding to the Laplace transform following it. 

By treating the delayed transform in this manner, a table of advanced 

transforms F'(z,A) can be used for all situations. By the definition of the 

z transform, the expression for F'(z,A) can be stated as 

F(z,A) = ) fin + A)Tz (4.37) 
n=0 

Many of the advanced z transforms can be evaluated directly from (4.37), 

as seen in the example. 

EXAMPLE 

It is desired to derive the expression for the advanced z transform 

for a time function e~* which has been advanced AT. In this case, 

f@ is 
f(t) — eg —a(tt+AT) (t + Nel) = 0 

The z transform corresponding to this function is 

JAB IN) = » GF Vere ge 

n=0 

_ which can, by factoring out e~747, be written 

F(z,A) <= e aAT » e anTz—n 

The summation is an infinite geometric progression, as in the case of 

ordinary z transforms, and can be expressed in closed form, resulting in 

eaAT 

F(z,A) oa 1 pe eal g-1 

This simple illustration shows how advanced z transforms can be 

obtained by going back to the time domain and expressing the sequences 

in closed form. 

Another approach to evaluating the advanced transform is to use the 

method of complex convolution as expressed in (4.14). Since the path 

of integration used to obtain the z transform encompasses the left half 

of the s plane, the added term e47* vanishes at infinity and causes no 

difficulty in the evaluation of the integral by the method of residues. 
Thus, by direct application of (4.14), the advanced z transform F(z,A) 



66 SAMPLED-DATA CONTROL SYSTEMS 

becomes 

F(z,A) = > res. [Fisyerr oa (4.38) 

poles of 
F(s) 

For practical convenience, various transforms of this type are listed in 

Appendix II, where they can be readily associated with the corresponding 

Laplace transforms. 

EXAMPLE 

The same transform evaluated in the preceding example will be used 

to illustrate the application of (4.38). In this case, the Laplace 

transform F'(s) of the time function j(¢) is 

if! 

34a 
The transform has a pole at —a, and the residue at this pole results in 

F(s,A) = eATs 

e—aAT 

i = eel g— aL 
AGA) e— 

This result is the same as that obtained in the previous example. 

4.6 The Convolution Summation and Pulse Transfer Function 

One of the concepts of great value in the analysis of linear systems 

is that of the transfer function which relates the output and input 

of the system. For continuous systems whose performance is described 

G(z) 

eee Gis) Ss 
R(s) @ Cis) C(z) 

Fic. 4.6. Pulsed linear system showing definition of pulse transfer function. 

by a set of linear differential equations with constant coefficients, the 
transfer function is the Laplace transform of the impulsive response. 

In linear sampled-data systems, there exists an analogous transfer function 

known as the pulse transfer function,! or pulsed transfer function.* In 

subsequent discussions, the former nomenclature will be used. The 

pulse transfer function relates the output and input pulse sequences of a 

linear sampled system. 

Just as in the derivation of the continuous transfer function in which a 

convolution integral is employed, the derivation of the pulse transfer 

function uses a convolution summation. As an aid in deriving the 
required relationships, a system diagram shown in Fig. 4.6 is used. In 
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this approach, a continuous element having a transfer function G(s) 
receives a pulse sequence r*(¢) at its input. The output is sampled 

synchronously to produce the output sequence c*(t). Tf R(z) and C(z) 

are the z transforms of the input and output sequences, respectively, then 

G(z) is the pulse transfer function which relates them. 

In deriving G(z) for this pulsed continuous system, or pulsed filter, 

as it is sometimes called, the impulse approximation will be used. Thus, 

a train of impulses is applied to the input of the pulsed filter, and the 

r*(t) 

(m— n) — 

aus response 

Fic. 4.7. Contribution of r(n7’) to value of m’th output pulse by linear system whose 
transfer function is G(s). 

output is the sum of a sequence of impulse response functions of proper 

magnitude and spacing. A particular component of the output is the 

impulsive response resulting from the nth sample r(n7), as shown in 

Fig. 4.7. Here is shown the contribution to the output resulting from the 

application of an impulse whose area is r(n7') being sampled at the mth 

instant. This contribution to the total value of the output sample c(mT) 

is called c,(mT) and is given by 

Cri(mT) = r(nT)g(m — n)T (4.39) 

where g(m — n)T is the impulsive response of the system after an elapsed 
time of (m — n)T sec. The total value of the output at mT is the 
summation of all the contributions resulting from input pulses ranging 
fromt=Otot= mT. Thus, 

c(mT) = » r(nT)g(m — n)T (4.40) 
n=0 

It is noted here that the upper limit of the summation can be extended 

to infinity without effect since the impulsive response g(m — n)T is 

zero for all negative arguments. Hence, 

e(mT) = » r(nT)g(m — n)T (4.41) 
n=0 
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This summation is the analogue of the convolution integral in continuous 

systems and is referred to as the convolution summation. 
Since the pulse transfer function is a relation between the z transforms 

of the input and output, it is recalled that C(z) is defined by 

ce) — y c(mT )e—™ (4.42) 

m=0 

Substituting for c(mT) from (4.41), C(z) becomes 

C(z) = » y r(nT)g(m — n)T2—™ (4.43) 
m=0n=0 

As an aid in simplifying this double summation, an auxiliary integer k 

is introduced, such that 
k=m—-—n (4.44) 

Eliminating the integer m by replacing it by its equivalent in (4.44), the 

summation of (4.43) can be rearranged as 

o ao 

Ce) = > d, maT gkT ere (4.45) 

k=—n n=0 

It is noted that for physically realizable systems, g(kT) has zero value 

for all negative values of k so that the lower limit of the first summation in 

k can have its lower limit replaced by zero. It is also noted that the 

various elements in (4.45) are functions either of k or n so that they may 

be separated to yield the following form: 

Ce g(kT)z-* AO Dae (4.46) 

i Di 

The second summation in (4.46) is recognized to be the z transform R(z) 

of the input pulse sequence r*(t). The first summation is defined as 

G(z), given by 
i] 

G(z) = YY g(kT)2-* (4.47) 
k=0 

Using this definition, the output z transform C(z) is given by 

C(z) = G(z) R(e2) (4.48) 

The relation between the output and input z transforms is given by 

(4.48), and G(z) is called the pulse transfer function. The definition of 

G(z) is contained in (4.47), where it is seen that it is the z transform of the 

sampled impulsive response g(¢). In other words, the pulse transfer 
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function can be found by applying an impulse to the input of a system 

whose continuous transfer function is G(s) and sampling the output. The 

z transform of the resulting sequence is G(z), the pulse transfer function 

of the system. It 1s emphasized that the pulse transfer function relates 

only the output pulse sequence to the input pulse sequence. It does not 

relate the continuous output c(¢) to the pulse sequence at the input. 

No information concerning the behavior of the output c(t) between 

sampling instants is available from the pulse transfer function, although 

in its modified form indirect information can be obtained, as will be 
shown in a later chapter. 

EXAMPLE 

A step function is applied to a system, as shown in Fig. 4.6. The 
continuous transfer function G(s) is 

1 

Cy eeeata 
The pulse transfer function G(z) is 

IL 

sta 

which is, from the table in Appendix I, 

GEDA 
1 — e-27Fz71 

G(z) = Z—— 

Ge 

The input z transform R(z) is also obtained from the table and is 

1 
RO) ee 

The z transform of the output C(z) is the product of R(z) and G(z), 

1 1 

1 — e-@?fz-1 1] — 2g 
C(z) = 

which, upon multiplication, becomes 

1 
— (1 a GE) + e eT z—2 

If the pulse sequence in the time domain is desired, the z transform 

C(z) may be inverted either by long division or by the residue method.. 

Cz) = 

It is seen from the foregoing example that the application of the pulse 
transfer function to sampled-data-system problems is no more complex 
than the application of the continuous transfer function i is to continuous 
linear systems. 
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In the previous development, the pulse transfer function was derived 
for the case where a continuous element was included between the two 

samplers. Fully digital systems which perform arithmetic operations 

on number sequences to deliver processed number sequences at their out- 

put do not contain such an element. Nevertheless, if the operations 
which are performed are linear, it is possible to define a pulse transfer 
function which relates the input and output number sequences. Sche- 

matically, the digital system is illustrated as a block diagram in Fig. 4.8. 

c*(t) 

C(z) 

Fia. 4.8. Pulse transfer function of digital system. 

In this figure, the block D represents the arithmetic process being carried 

out. The input and output sampling switches indicate that the input 

to the digital system is a sequence of numbers and that the output is a 

sequence of processed numbers. In this simple representation, it is 

assumed that the switches are synchronous, that is, the output numbers 

are delivered simultaneously with the intake of a new number. If 
there is a significant computation delay, the output number will be 

synchronous but delayed by a fixed time from the input number. This 
can be taken into account by the insertion, after the output sampler, 

of a transportation lag or time delay equal to the computation time. 
The arithmetic computations carried out in the digital element may 

be of many different classes, but the usual form used in linear feedback 

control systems is a linear difference equation relating the input and out- 

put pulse sequences. Such an equation or recursion formula is written 

as follows: 

c(nT) + bicl(n — 1)T] + boc[(n — 2)T] + - + > + dicl(n — k)T] 

= aorel| 4 aun —) | 4 aor, — 2) Pe 
+ amr[(n — m)T] (4.49) 

where the various c’s are the output numbers at the instant corresponding 

to the argument, the various r’s the input numbers corresponding to the 

argument, and the b’s and a’s are constants. This linear relation can 

be interpreted as a formula through which the present output number 

c[nT] can be computed by taking weighted sums of a fixed group of input 

and output numbers. In the strict sense, this computation can be per- 
formed by storing k — 1 previous output numbers and m input numbers 

and adding them in the manner prescribed by (4.49). 
To obtain a pulse transfer function D(z) which relates the input and 
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output number sequences, an approach is to introduce a “‘ generating 

function,” defined as follows: 

D(z) = » d(kT)2-# (4.50) 
k=0 

where d(kT) is the value of the number occurring at the kth sample 

and z—* is the ordering variable which establishes the position of the 
number in the sequence. The similarity to the z transform and the 

pulse transfer function is obvious; indeed, the generating function and the 

z transform are identical if z = e7. The generating function was 
originally introduced to handle weighting sequences found in mathe- 

matical statistics.2 The input and output sequences are described by 
generating functions R(z) and C(z), where the significance of z is also 

that of an ordering variable. 

Referring once again to (4.49), it is noted that the relation holds for all 

positive integer values of n. Thus, iterating the equation for all values 

of n and taking care to apply the correct ordering variable to each num- 

ber, there results the following equality: 

ve} eo [-<} 

» c(nT)z—" + by 2 c(nT)z"!4+ +--+ +b, » OG ae 

0 n=0 =0 n= 

ao 

= Qo y AI a8 <> Oh » PINES qo 0 oe 
n=0 n=0 

(2) 

Wigs > r(nT)e-™—™ (4.51) 
n=0 

This complex relationship holds for any instant of time corresponding to a 

sampling instant. Since the time of the incidence of a particular number 
is contained in the exponent of z, then the equality at any sampling 
instant can be set up between numbers having the same power in z. 

If this is done for any particular value of n, it will be seen that the required 

relationship between numbers as expressed in (4.49) will be obtained. 

The lower index in the summations of (4.51) is zero, which indicates the 
fact that the values of the sequences for negative time are zero. 

Factoring out the common summations for each of the terms of (4.51), 

there results 

oO 

> c(nT)z-"(1 + bye? + bee? + +s + + dye-*) 
n=0 

) 

= » r(nT)2—"(ao + ayz7! + aoe? + > + + + amz7™) (4.52) 
n=0 
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The summations which have been factored out are recognized to be the 

generating functions for the output and input, respectively. Replacing 

them by C(z) and R(z), (4.52) becomes 

C(z) (l + byt + bee 2
? + eee +t byz-*) 

= R(z)(ao + are“! + ane? + + + + + ame-™) (4.53) 

The pulse transfer function D(z) for the digital system is defined as 

relating the input generating function R(z) and output generating func- 

tion C(z) in the following manner: 

C(z) = D(z)R(2) (4.54) 

Using the result given in (4.53), the pulse transfer function for a system 

just described, 

C 
BOS 

_ 0 + aye! + aoe? + 
> + + + Anem™ 

A ee a ee (4.55) 

The pulse transfer function D(z) was obtained without recourse to the 

Laplace transform and the impulse approximation. The orders of the 

various 2’s serve to place the numbers in the proper position in the 

sequence and are treated in the same manner as the 2’s obtained through 

the Laplace transform and the definition of z as e7*. It is a fact that the 

algebraic manipulations are the same whether one deals with the pulsed 
filter or the digital system. For instance, if a number occurs at time mT, 

it has associated with it 2~”. If this number is to be delayed by one 

additional sample time, then it should have z~-”~! associated with it. 

It is readily apparent that multiplying z—” by 27, using the ordinary 

rules of algebra, produces the correct result. This is equally true when z 

is interpreted as e7*, because now e~”7* is multiplied by e-7* to yield 

(FAVES, 
The pulse transfer function for a digital system could have been derived 

in the same manner used for the pulsed filter. The only difference lies in 

the interpretation of the various steps. For instance, going back to 

(4.89), crx(mT) can be interpreted as the number resulting from the 

weighting of the nth input sample r(nT) by a weight g(m — n)T, where 

(m — n) is the “‘staleness”’ of the input sample. Carrying on the same 

manipulations of (4.40), (4.41), (4.42), and (4.43), one arrives at the 

convolution summation. The result (4.43) is now interpreted as the 

sequence in z, C(z), describing the output number sequence, and zg—” is the 

ordering variable which places each number in the correct sampling slot. 

Finally, (4.47) gives the definition of the pulse transfer function: 

0 

G(z) = > g(kT)z-# , (4.47), (4.56) 
k=0 
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In this context, G(z) is regarded as a weighting sequence rather than the 

z transform of the impulsive response of a linear system. The pulse trans- 

fer function G(z) is referred to as D(z) in this application to emphasize the 

fact that the latter is the result of numerical or arithmetic operations on 

numbers rather than the result of a linear filter. If D(z), as given in 

(4.55), is expanded into a power series in z—!, the summation given above 
will result. 

EXAMPLE 

To demonstrate how a pulse transfer function can be used to describe 

a numerical operation, the example of numerical integration will be 

used. If the integral y(t) of a function x(t) is desired, the following 

integral must be evaluated: 

y(t) = i x(t) dt 

This can be done numerically, using a number of possible numerical 

integration rules, such as Simpson’s 2 rule. Taking the simplest 

possible integration rule first, the following steps are taken. First, 

the integral will be evaluated only at discrete instants of time, a general 

one of whichisn7. Thus, 

y(nT) = ta 2) dt + Hees x(t) dt 

It is recognized that 

Ne = Iie = ‘agp x(t) dt 

so that y(n) = ya — 1)T + [ie oO) dt 

The integral in the above expression is the contribution to the total 

integral of the function x(t) over one quadrature interval. Various 

assumptions of increasing complexity can be made concerning the 

behavior of x(¢) within this interval. The simplest is that x(¢) remains 

constant at the value x(n — 1)T, just at the beginning of the interval 

in question. This is equivalent to the action of a clamp circuit in a 

physical system. With this assumption, the integral has the value 

nT [rey 2O H = Tan — YT 

Hence, the relationship between the y’s and x’s becomes 

y(nT) — y(n — 1)T = Tx(n — 1)T 

This is a recursion formula similar to (4.49). Carrying out the pro- 

cedure outline in this section or, more simply, ‘‘taking the z transform”’ 

of both sides, 

VY@Ql = a>) = We Dade 
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The pulse transfer function which expresses the process D(z) is thus 

Y(z) om 

Ne) =) diag 
Thus, if an input number sequence has a z transform X(z) and is multi- 

plied by D(z), the output sequence has the transform Y(z). Inversion 

of the latter will give the values of the integral at the various sampling 
times. 

More complex interpolations of x(t) in the interval under considera- 
tion result in more complex pulse transforms. For instance, using 

known numerical integration formulas, 

nT T 

il a(t) at = 5 [x(n — 1)T + 2(nT)] 
( eu n—1 

By a treatment similar to the simple case, this results in a recursion 

formula given by 

y(n) — y(n — YT = 5 [a(n — HT + a(n) 

Taking the z transform and evaluating the pulse transfer function for 

the process, 

Simpson’s 2 rule is stated in the more complex integration formula, in 
which a(t) is assumed to be fitted by a second-order polynomial in time. 

This formula states 

[v.20 sed 5 le(nT) Asin = TP oe 

Taking the z transform of both sides once again, there results the pulse 

transfer function for the process: 

=: + 4271+ 2? 

1-2? 
D(z) = 

These examples serve to illustrate the fact that a pulse transfer function 

can describe a purely numerical process in which there is no associated 

physical system. 

ac 

In applying these pulse transforms, care should be taken to take into 

count the error caused by the initial value of the number sequence 
resulting from the inversion of Y(z). Such an error arises when the 
integrand x(t) has an initial value x(0) other than zero. For instance, in 
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applying the second pulse transform in this example, the initial value of 

the output, y(0), can be obtained by application of (4.27) and is found to 

T/2x(0). The value T/2x(0) is to be subtracted from y(nT) in order 

to obtain the correct result. The handling of nonzero initial values is 

treated in Sec. 11.5. As developed here, both 7(0) and y(O) or c(O) and 

r(0) have zero initial values. This is usually the case in the analysis of 

practical control systems containing digital elements. 

Thus, if the output y(n7) of a function which has been operated on by 

D(z) is to be obtained, the correct inversion of Y(z) is, for relaxed 

conditions, 

yur) = = Y (z)z"-1 dz — y(0) 

where y(0) is the initial value of the inversion sequence of Y(z). 

Another point is that in inverting the higher-order integration rules, it 

should be recalled that only values of n compatible with the basic time- 

domain inversion should be used. For instance, in the simplest integra- 

tion formulas, n can take on all integral values. On the other hand, in 

applying Simpson’s 2 rule, only every other integral value of n should be 

used; that is, n can take on only the values of 0, 2, 4, 6, 8, etc., since the 

process of integration progresses two intervals at a time. The values of 

y(nT) at n equal to 3, 5, 7, 9, etc., are not valid, as can be seen by inspec- 

tion of the time-domain recursion formula. Similarly, higher-order 

integration formulas are valid for every mth ordinate, where m is the order 

of the polynomial being fitted to the m most recent values of the time 

function x(t). 

The main reason for emphasizing the similarities between the gener- 

ating function and the z transform and between the digital pulse transfer 

function D(z) and the pulsed-filter pulse transfer function G(z) is that 

practical sampled-data control systems contain both types of element in 

the loop. A digital controller is a small-scale digital computer whose 

output is applied to a pulsed linear plant. It is extremely convenient to 

be able to employ the same operational methods and describe both types 

of element by a unified operational approach, broadly described as the z 

transform. ‘The inversion theorems, the initial- and final-value theorems, 

and other manipulative rules to be developed apply equally to digital and 

pulsed-filter applications. 

4.7 Implementation of Pulse Transfer Functions 

If the pulse transfer function G(z) is one which results from the applica- 

tion of a pulse sequence to a linear filter and the sampling of its output in 

synchronism with the input, there is no problem of implementation. If 

the impulse approximation is acceptable, that is, if the impulsive response 
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of the filter is acceptably similar to the response to the actual pulse, the 

filter which implements the desired continuous transfer function G(s) is 

used. Obviously, if G(s) is physically realizable, then G(z) is too and vice 
versa. Less simple is the implementation of a digital pulse transfer func- 

tion D(z) in which no linear filter is used but rather a numerical operation. 

In the first place, D(z) must be physically realizable; that is, it cannot 

produce an output prior to the application of an input. This condition is 

met by allowing that only those forms of D(z) in which the denominator 

Cy (nT) 

Fia. 4.9. Implementation of digital system to obtain c;(n7’). 

has an equal or higher power in z than the numerator. Thus, upon inver- 

sion, the sequence in z~! would have no positive powers in z. Properly 

interpreted, this means that the output would occur at or after the instant 

of application of the first pulse. Since D(z) is usually expressed in terms 

of the ratio of a power series in z~! rather than z, the requirement for 

physical realizability is met with the following form: 

i) aU SP One ORS Se Uae 
1 + biz! + bee? + - > + + dye * 

D(@)= (4.57) 

where the important feature is that the denominator contain a term in 

z°. If this is the case, expansion of D(z) into a power series in z~! con- 

tains no term with 2! to any power higher than the zeroth. It is noted 

that the numerator of D(z) can contain z~! to any power and that often 

terms like do or a; are zero. 

In setting up a block diagram showing the implementation of D(z), an 

intermediate step is introduced by which D(z) is divided into two factors, 

D,(z) and D.(z), defined as follows: 

if 

Die) = 7 ie = be he sae 
and Do(2) = ao ase! > G22? GS a Ge” (4.59) 

The block diagram for D(z) has been developed by Barker! and is shown 

in Fig. 4.9. The z transform of the output sequence for this element. is 

Cx(z), and the nth pulse in the time domain is c,(nT). Tracing the signal 
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through the block diagram it is seen that 

ei(nT) = r(nT) — dier(n — 1)T — boei(n — 2)T— --- (4.60) 

That this relation between samples is correct can be seen by taking all the 

r’s on one side and all the c,’s on the other side of the equation and then 

taking the z transform of both sides in the manner used on (4.49). Doing 

so, this results in 

R(z) = Ci(z)(1 + biz! + bez? + - - *) (4.61) 

which is the required relationship. 

The total output C(z) is now obtained by operating on the output 

Ci(z) by D(z). The significance of this operation is that ao times the 

present output sample is added to a; times the output sample one sample 

time previously, etc. These outputs are available in the system shown in 

Fig. 4.9 and by taking off weighted samples as shown in Fig. 4.10, the total 

ney C} es) 

Fic. 4.10. Implementation of system whose transfer function is D(z). 

output sequence C(z) is obtained. Thus, the output sample c(nT) at 

any particular sample time nT’ is obtained by the addition of weighted 

samples of the input r(nT) and intermediate output ci(nT). It is noted 
that a number of storage elements equal to the order of D(z) must be 

provided to hold the various numbers and that means for weighting these 

numbers by the various a’s and b’s must also be available. If a general- 

purpose digital computer is used to implement the operations in real time, 

the operations can be programmed into the computer. If a special-pur- 

pose computer is used, combinations of digital and analogue techniques 

can be used to best advantage. The implementation described in this 
section uses the minimum number of storage elements, although other 

methods employing more storage elements have been described in the 
literature.* | 
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4.8 Sum of Squares of Sample Sequence 

A useful relation in the application of optimizing design criteria for 

sampled-data systems is the expression for the sum of the squares of a 

pulse sequence. This is analogous to the integrated-square integral used 
in continuous systems. The definition of this sum is given by the 

following: 

= ) [faT)P (4.62) 
n=0 

where f(T) is the nth sample in the sequence whose z transform is F(z). 

Using the inversion theorem as given in (4.20), 

f(nT) = — al ered (4.63) 

and substituting the result in (4.62), there results 

= > f(nT) os} il z”—F (z) dz (4.64) 
n=0 

By interchanging the order of the summation and the integration, 

a ae = ee dz : iu ee (4.65) 

The summation in (4.65) is recognized to be the z transform of the pulse 

sequence, of which f(n7’) is a typical term except for the fact that the 

exponents of z are positive instead of negative. In this case, the following 

identity is recognized: 

F(e-?) = » f(nT)2" (4.66) 
n=0 

Substituting back into (4.65), the expression for S? becomes 

Sybase / F(2)F(e-2)z7 de (4.67) 
21) Tr 

where it is recalled that the contour I is the unit circle since all poles of 

F(z) are contained therein for stable systems. The advantage of being 

able to express the sum of the squared samples in the z domain is that 
evaluation of (4.67) can be readily carried out. In those cases where 

optimization of the system is sought by adjustment of system parameters 
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which will minimize the sum of the squared error pulses, (4.67) proves to 

be extremely useful. 

EXAMPLE 

The z transform of a pulse sequence F(z) is the following: 

1 

1 — e-4Fz71 
1) 

To find the sum of the squared pulses described by F(z), the expression 

is substituted in (4.67), resulting in 

1 1 1 yy we ical = 
© 20] il We) Waes222 * de 

This integral can be rearranged into the following form: 

S2=— ! nay dz 
Qrj Jr (2 — € *)(z — ef?) 

Evaluating the integral by taking the residue at the pole z = e~*, 

which is located inside the unit circle I’, the resultant expression for S? is 

1 
2 — aE 

2 1 — e724F 

For example, if the constant a were unity and if the sampling interval T 

were | sec, the sum of the squares of all the samples ranging from zero to 

infinity would be 

1 

a Ge 

= 1.16 units square 

S? = 

Evaluation of the integral for more complex expressions is carried out 

in the same manner. 

4.9 The Two-sided Z Transform 

In most cases, the behavior of a sampled-data system is required for 

positive time only. When a systematic input such as a step or ramp 

function is applied, this restriction is completely satisfactory, just as it is 

in the case of continuous systems. The input is assumed in these cases 

to be zero for all negative time. For some situations, however, and par- 

ticularly those in which the input is a stationary random time function, 
consideration of the input for all time, positive and negative, is required. 

The single-sided z transform, as described in previous sections, is unsatis- 

factory for this class of inputs. To treat systems with inputs of this 

type, the analogue of the continuous two-sided Laplace transform is used. 
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The z transform which describes pulse sequences for negative as well as 

positive time is known as the two-sided z transform. 
Assuming now that r*(¢) represents a pulse sequence over positive and 

negative time, its representation in the time domain is 

+ 

r*(t) = > r(nT)5(t — nT) (4.68) 
n=—0 

This summation can be split into two summations, one ranging over all 

negative time and the other over all positive time, as follows: 

0 + 

r*() = > r(nT)5(t — nT) + > r(nT)8(t — nT) — r(0) (4.69) 
0 n=-—e r= 

t-) 

It is necessary to subtract the central term r(0) because it appears twice in 

the summations, once as the last term of the first summation and once as 

the first term of the second summation. Taking the z transform of both 

summations, 
0 +0 

R(z) = » r(nT)e-" + > r(nT)z-" — r(0)z (4.70) 
n=— n=0 

The first summation will be identified as R(z) and the second as R2(z). 

A change of index in R,(z) from n to m will be made in order to bring 

the form of R,(z) to the same as that of R2(z). The new index is defined 

as 
m=--—n (4.71) 

Making this change, 
0 

Ri(z) = > r(—mT) am (4.72) 
m=+o 

Reversing the limits in (4.72) has no effect since it indicates merely that 

all integral m must be included. Thus, 

+2 

Ri(z) = Y r(—mT)2™ (4.73) 
m=0 

The index now can be interpreted as indicating the position of the pulse 
measured from zero in the negative direction. The summation is valid 
only for positive values of the index m. Thus, the z transform of a two- 

sided pulse sequence can be expressed as 

R(z) = Ri(z) + Re(z) — r(O)z° (4.74) 

where F(z) describes the sequence for negative time and has the form 
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given in (4.73) and R2(z) describes the sequence in positive time and has 
the usual form. 

For the condition that the pulse sequence r*(¢) is even, that is, 
r(nT) = r(—nT), then (4.74) becomes 

R(z) = R.(z-) + R2(z) — r(O)z? (4.75) 

An interpretation of (4.75) is that for those poles of Re(z) which lie on or 

inside the unit circle, the poles of R2(z—!) lie on or outszde the unit circle, 

as shown in Fig. 4.11. For instance, if one of the poles is at 0.5 as shown, 

the other pole lies at 2.0. The significance of this fact can be understood 
by considering the inversion theorem given by (4.20): 

oe) = i [ Ae! ab (4.76) 

where the path of integration I is ordinarily taken as a contour or circle 

about the origin of radius sufficient to enclose all the singularities of R(z). 

By evaluating the residues at the 
various poles of the integrand so zplane Im 

enclosed, the pulse sequence can be 

evaluated for all positive time, or, 

equivalently, positive n. 

This interpretation of the inver- 

sion theorem in the z domain is sim- 

ilar to that of the ordinary Laplace 

transform on the s plane. The z 

transform R(z) may contain poles 
inside and outside the unit circle, par- 

ticularly if it is a two-sided z trans- 

form. This is in many ways analo- 
gous to the Laplace transform containing poles on the left half or right half 
of thesplane. In the latter case, the choice as to whether poles on the right 

half plane represent divergent time functions which are nonzero for posi- 

tive time or convergent time functions which are nonzero in negative time 

depends on the choice of contour. In order to produce a time function 

which is nonzero for all positive time, the contour must be chosen such 
that it consist of the imaginary axis displaced by a constant c so that all 

poles lie to the left and a closure is made to encompass the entire left half 
of the s plane. To produce a time function which is nonzero for all nega- 

tive time, a displaced imaginary axis and enclosure of the right half of 
the s plane is made to enclose all poles contributing to the function. 
Thus, the choice of integration path determines whether positive or nega- 

tive time is considered. 
In the case of the z domain, the integration path is a finite closed con- 

Unit circle 

Fia. 4.11. Location of poles of R(z) and 
RGE=}). 
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tour, which is usually taken as the unit circle. It has been shown in 
Sec. 4.3 that, for functions having poles outside the unit circle, the pulse 

sequences in positive time are divergent and, conversely, for functions 

having poles inside the unit circle, the pulse sequences in positive time are 

convergent. ‘The pulse sequences for all poles contained inside the unit 

circle (or, more generally, inside the contour of integration) are zero for 

negative time. On the other hand, the pulse sequences for all poles con- 

tained outside the unit circle are zero for all positive time and convergent 

for negative time. Just as in the case of the Laplace transform, the selec- 

tion of the condition of nonzero value for positive or negative real time 

depends on the selection of the path of integration and the manner in 

which it divides the poles of R(z) as being within or without the contour. 

Since the main interest is in pulse sequences which are bounded in both 

negative and positive time, the unit circle is a natural choice for the 

integration path, and the inversion formula for a two-sided z transform 

containing poles inside and outside the unit circle becomes 

r(nT) = » res. R(z)e""2 on SO (4.77) 
all poles 
outside 
unit circle 

and ri) — » res. R(z)2z"—} n2z0O (4.78) 

all poles 
inside 
unit circle 

The two-sided z transform can thus be used to describe pulse sequences 

both in the positive and negative time domains, subject to the restrictions 

and conventions outlined in this section. 

EXAMPLE 

A two-sided z transform R(z) is given by 

1 1 

Up ogee La 
It is assumed that qg is a number less than unity, so that the first term in 
R(z) contains a pole outside the unit circle and the second term contains 

a pole inside the unit circle. Thus, the first term represents the pulse 

sequence for negative time and the second term for positive time. 

Applying the inversion procedure outlined previously and as expressed 

by (4.77) and (4.78), the positive and negative time pulse sequences 

can be found. First R(z)z"~! is brought to the form 

GAS ar) 
G2 (2a) 

where the pole inside the unit circle is at q and the pole outside the unit 

circle is at q7t. 

ena 
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The pulse sequence for positive time, n = 0, is obtained by taking 

the residues for all poles inside the unit circle, in this case only one pole, 
PY? ae Bo OLDS 

ails @) MGI) = a 
Wide aad = @) 

=iq" n= 0 

Now, for negative time, n S 0, the pulse sequence is obtained by 

taking the residues at the poles outside the unit circle. In this case, 

there is only one, at q-"!. Thus, 

= ) 
Nay HO = @) 

= GF ° ns0 

The negative sign resulting from a direct application of the residue 
method is caused by the fact that the enclosure outside the unit circle 

is counter to that inside the unit circle, and an additional negative sign 

must be applied to take this into account. Thus, the correct value of 

r(nT) is 

AGL) = or? n=<0 

In some cases, an equivalent of the method of partial fractions can be 

applied to the inversion of two-sided z transforms. This can be done 

directly on the form used in introducing the problem. The first frac- 

tion, having a pole outside the unit circle, represents the sequence for 

negative time only. Hence, it should be expanded into a power series 

in z. The second term represents the pulse sequence for positive time 

only and hence should be expanded into a power series in z—!. Doing 

so, there results 
+. +e 

> & non ng—n __ | (20 RZ) Die + Y, gre 1.02 

Inverting this summation term by term, the resulting pulse sequence 

becomes 
+2 fe 

i) gro(t + nT) + q’6(t — nT) — 1.06(t) 

The pulse sequence is seen to cover the entire range of time. This 

approach has the same advantages as the partial-fraction method and 

the long-division method of inversion and is often applicable to prob- 

lems where the z transforms are ratios of polynomials in z. 

4.10 Summary 

As in the case of linear continuous systems, transform methods greatly 

simplify the solution of problems in the analysis and synthesis of linear 
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sampled-data systems. A type of transform calculus which bears the 
same relation to difference equations as does the Laplace transformation 

to differential equations can be adapted to the description of sampled- 

data systems. Known as the z transformation, a set of relations between 
variables and system constants which are analogous to those of ordinary 
Laplace transformations can be found. One approach to the z trans- 

formation is to consider it as a Laplace transform of impulse sequences, 

where the value of the function at a particular instant is the area of the 

impulse. An alternate viewpoint is to consider the exponent of the 
ordering variable z as the position of the number in a sequence. The 

resulting expressions are identical if it is assumed that e7* in the Laplace- 

transform sequences is replaced by z. The Laplace-transform approach 

is useful in obtaining the response of pulsed linear systems or filters. In 

this case, the pulse transfer function relating the input and output 

impulse sequences is the z transform of the impulsive response of the 

system. For digitai systems, the approach in which the z transform is 

regarded in the light of generating functions and weighting sequences is 

more meaningful. A pulse transfer function for a digital system is readily 

derived, and because of the similarity between this pulse transfer function 
and that of pulsed linear systems, a unified method of analysis can be 

applied. 

Theorems which are analogous to those of the continuous Laplace trans- 

form can be derived. The inversion theorem, the initial- and final-value 
theorems, and the pulse transfer function are readily derived and applied. 

The equivalent to the transfer function of continuous systems is the pulse 
transfer function of sampled systems. The pulse transfer function 

relates the z transforms of the input and output pulse sequences. It 

is emphasized that the pulse transfer function relates only the pulse 

sequences and does not give direct information of the value of the output 

function between sampling instants. It will be shown later how delayed 

z transforms can be used to obtain such information indirectly, but this 

requires special manipulation. For those systems where the linear ele- 

ment is a pulsed filter, the pulse transfer function is the z transform of the 

pulse sequence resulting from sampling the impulsive response of the 

filter. In the case of a digital device which implements linear recursion 

formulas between input and output number sequences, the pulse transfer 

function is regarded as a weighting sequence. The input and output 

number sequences are produced by generating functions in which the 

exponent of z in the transform represents the position of the number in 

the sequence. 

There is a one-to-one similarity between the z transform relations, 
whether they describe a pulsed linear filter or a digital system. This 
makes possible a unified analysis and synthesis procedure for mixed sys- 
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tems containing both digital elements and pulsed linear systems. These 

are common in the case of digitally compensated sampled-data control 

systems. In the optimization of sampled-data feedback control systems, 

it is often useful to use as a criterion the sum of the squares of the error 

pulses resulting from the application of some form of systematic input. 

It is possible to obtain this sum by direct utilization of the z transform of 

the pulse sequence in a contour integral. 

In some problems, the inputs and disturbances to a sampled-data sys- 

tem may be random time functions. To handle this type of input, which 

is assumed to extend over negative as well as positive time, a two-sided 
z transform can be used. Analogous in all respects to the two-sided 

Laplace transform for continuous systems, it forms the basis of the theory 

underlying sampled-data systems with random excitation. 

From all viewpoints, the z transformation is a powerful tool in the 

analysis and synthesis of sampled-data systems. It is not much more 
complex than the ordinary Laplace transform when used in similar prob- 

lems in continuous systems. In fact, there are many advantages, not 

the least of which are that inversion can be handled by means of calculat- 

ing machines and that many continuous problems are reduced to sampled 

models in order to take advantage of this fact. Tables of z transforms 

are available, thus further enhancing its value as a working tool. Sub- 

sequent chapters will make full use of the z transformation and its 

modifications. 
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CHAPTER 5 

SAMPLED-DATA SYSTEMS 

In previous chapters, the individual components which are found in 

sampled-data systems were discussed and the mathematical relations 

describing their operation derived. When a number of such elements are 

interconnected, they constitute a system, and if one or more samplers are 

included, they area sampled-data system. The configuration may be either 

open-cycle or closed-cycle, with the latter form being the center of 

interest in control systems. The rules for combination of elements 

are somewhat complicated by the presence of samplers. For this reason 

a direct analogy with the rules of continuous systems cannot be found 
in all cases, and the tempting possibility that all that need be done 

is to substitute the z transform for the Laplace transform is not correct. 

In this chapter the behavior of systems at sampling instants only will be 

considered. The behavior between sampling instants will be treated later 

by extensions of the methods used in this chapter. 

5.1 Sampled Elements in Cascade 

If two linear elements are connected in cascade as shown in Fig. 5.1, 

it is desirable to be able to rclate the over-all input and output sequences 

in terms of the transfer functions. Figure 5.1 shows two linear elements 

whose individual pulse transfer functions are Gi(z) and G2(z). It is 

important to note that a synchronous sampler is located between the 

two elements. This distinction is most important because the relations 

which will be derived depend on its presence. The case where no sampler 

is included will be taken up later. The over-all output pulse sequence is 

given by C2(z), while the intermediate pulse sequence which constitutes 

the output of the first clement and the input of the second is C1(z). 

From the definition of the pulse transfer function given in Sec. 4.6, it 

follows immediately that 

The sequence C,(z) is the input to the second element whose pulse transfer 

function is G2(z), so that its output C2(z) is given by 

C2(z2) = G2(2)C1(z2) (5.2) 

86 
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Substituting for C1(z) its equivalent from (5.1), the over-all relationship 

becomes 

Co(z) = Gi(z)G@2(z) R(z) (5.3) 

It is readily deduced that the over-all pulse transfer function is simply 

the product of the pulse transfer functions of the individual cascaded 

elements: 
G(z) = Gil(z)G2(z) (5.4) 

For emphasis, it will be repeated that the over-all pulse transfer function 

of two elements which are separated by a synchronous sampler is the 

product of the pulse transfer functions of the individual elements. 

—-—-— Wi SEMA ea ae 

G | Gy | | Gee | Gee 
ea Riz) [ee oe ie Tex) 

Fic. 5.1. Cascaded sampled elements. 

In contrast, two elements may be in cascade with a continuous connec- 

tion between them, as shown in Fig. 5.2. This case is of significance only 

when the two elements are themselves continuous elements capable of 

producing a continuous output between sampling instants. Digital ele- 

ments are inherently sampled since they can deliver only a number 

Ris) _R'ts) | G5) SY Geis) C2(s) __ os 

oe STAVAON| oke io Gye 

Fic. 5.2. Cascaded continuous elements. 

sequence at their output and do not fall into the category under discus- 

sion. For the systems shown in Fig. 5.2, the excitation of the second 

element is by a continuous time function whose Laplace transform is 

Ci(s). The relation between this output and the input is 

Ci(s) = Gils) R*(s) (5.5) 

where R*(s) is the Laplace transform of the impulse sequence at the out- 

put of the sampler. The Laplace transform C2(s) of the final output 

time function is given by 
C2(s) = G(s) Cx(s) (5.6) 

and the relation between input and output Laplace transforms is obtained 

by combining (5.6) and (5.5): 

C2(s) = Gi(s)G2(s) R*(s) (5.7) 
This result could have been anticipated by observing that G1(s)G@2(s) is 
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simply the transfer function of the two continuous elements in cascade. 
The relation which is being sought is the one between the final sampled 

output and the sampled input. The final synchronous switch establishes 

this pulse sequence, and its Laplace transform C}(s) is obtained simply by 

replacing all s in C2(s) by s + njwo and summing over alln. For simplic- 

ity, Gi(s)G2(s) will be replaced by G(s). Using the result of (5.7) and 

making this substitution, 

+o +0 

Hie = > HOE njvso) 7 » Ris -+ (m = n)\jad 

A typical term C>2,,(s) of this summation is 

aes 

er Cras) = G0 + giv) 7) Rist (m+ ahind — 6) 
m=—0 

It is noted that the summation in (5.9) is over all integral values of m 

ad infinitum, and since q is also an integer, the summation is unaffected in 

the limit by the choice of g. Hence, the summation is not a function of 

q, or m, for that matter. The summation can be written as 

+. 

TY, Ris+ (m+ aie = RG (5.10) 
m=—2 

regardless of the value of g. Thus, in (5.8) R*(s) can be taken out as a 

common factor and the expression for C}(s) can be rewritten as 

+2 

CAG) = l7 y G(s + nie) | R*(s) (5.11) 

n=— 

The transfer function G(s + njwo) will now be examined. By defini- 

tion, it is simply 

G(s + njwo) = Gils + njwo)Geo(s + njwo) (5.12) 

The Laplace transform of the output C¥(s) contains the summation of 

these terms over all integral values of ; hence, 

+o +0 

» Gnas > Gils + njwo)Ge(s + njwo) (5-18) 

It is noted that the summation of the product of terms is not equal to 
the product of the summations, except under very special conditions. 
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Thus, it is clearly true that 

Ga6)-I1G1 GG ©) (5.14) 

for elements which are not separated by a sampler. To emphasize the 

condition, it is conventional to write the transform of two cascaded ele- 

ments with a continuous connection between them as G7,(s) : 

iw 
Cuca 7 » Gils + njwo)Go(s + njwo) (5.15) 

In terms of z-transform notation, (5.15) implies that the over-all pulse 

transfer function of two cascaded elements which are not separated by a 

sampler is given by 

Gio(z) = Z[Gi(s)G2(s)] (5.16) 

Stated in words, the pulse transfer function of two cascaded elements not 
separated by a sampler is the z transform corresponding to the product of 

G(z) 

G4 (z) i Go(z) 

Riz) 1 1 Cz) 

ae ley at oe 
Fic. 5.3. System used in example. 

their continuous transfer functions. Where different letters are used for 

the individual transfer functions, such as G(s) and H(s), the over-all pulse 

transfer function is written asGH(z). Referring back to (5.11) and using 

z-transform notation, the output z transform is given by 

C2(z) = Gio(z) R(z) (5.17) 

EXAMPLE 

It is desired to find the over-all pulse transfer function for two ele- 

ments separated by a sampler, as shown in Fig. 5.3. The pulse transfer 

functions of each of the elements are 

1 
Gi(z) =Z gdb a 

ic 1 
7 7 See 

7 a 
and G.(z) = bp 

1 

1 — e-*fz-1 
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The over-all pulse transfer function G(z) is given by 

G(z) = Gi(z)G2(z) 

which, upon substitution and simplification, becomes 

1 
(=) ee GG) — 

If the two elements are cascaded without a sampler between them, 

the over-all pulse transfer function is given by 

Gis(z) = Z[Gi(s)G2(s)] 
1 Einyty fo Oey aR Nn 

(s + a)(s + b) 

From Appendix I, the z transform is 

1 (e8? — e-aT) 2-1 

é = bl => et2z) OS eran) 

It is clear that G1.(z) differs considerably from G(z), as expected. It 

could be shown that if the sampling period 7’ were made small, the two 

expressions would tend to the same limit. Another point is that the 

two expressions have the same poles but not the same zeros. 

G12(z) => 

5.2 Feedback Sampled-data Systems 

The over-all pulse transfer function for a feedback system is not 
arrived at as directly as that for a continuous system because of the 

various limitations imposed on the combination of cascaded elements out- 

we bes —-Oo 

| [ C(z) 

Ris) C(s) 

Fic. 5.4. Error-sampled feedback system. 

lined in the previous section. There is no unique form of over-all pulse 

transfer function for closed-loop systems but rather a number of forms 
dependent on the location of the samplers, as will be seen in this section. 
To illustrate the methods used to determine the over-all pulse transfer 

function, several typical forms will be used. 
The error-sampled system is shown in Fig. 5.4. In this system there is 

only one sampler, placed at the point in the system where the error signal 
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is generated. The error is in the form of a sequence of error pulses whose 

z transform is H(z), as seen in the figure. There are two continuous ele- 

ments whose transfer functions are G(s) and H(s), representing the feed- 

forward and feedback systems, respectively. In the system illustrated, 

the input and output functions are continuous, and their respective 

Laplace transforms are R(s) and C(s), respectively. The dashed samplers 

shown in Fig. 5.4 are fictitious and represent a process of mathematical 

sampling only. This means that the continuous functions represented 

by R(s), C(s), and B(s) are examined at sampling instants only, and the 

pulse sequences so obtained have z transforms given by R(z), C(z), and 

B(z). The reason for creating these fictitious pulse sequences is that the 

z transformation relates such pulse sequences in terms of a pulse transfer 

function. 

From Fig. 5.4, it is seen that the error pulse sequence F(z) is given by 

E(z) = R(z) — Bz) (5.18) 

Also, the relation between the z transform B(z) and E(z) is given by 

Bz) = GH (z) E(e) (5.19) 

where it is recalled that GH(z) represents the z transform corresponding 

to the Laplace transform G(s)H(s). Substituting (5.19) back into (5.18), 

there results 
E(z) = R) — GH(z)E(z) (5.20) 

Solving (5.20) for H(z), the error-sequence z transform becomes 

ie R(z) 

This error-sequence transform is useful in determining the performance 

of the system; however, the over-all response is of even more interest. 

From the figure it is seen that the output-sequence z transform C(z) is 

related to the error-sequence z transform E(z) by the feedforward pulse 
transfer function G(z), 

Ce) SG@Ee) (5.22) 

Substituting (5.21) in (5.22), there results the expression 

ns) 

This is the relation between the input and output z transforms of the 

pulse sequences. The expression is relatively simple and straightforward 

only because it is restricted to relating the input and output values at 

sampling instants and not continuously. This relation is listed in the 

table*® in Appendix III, along with the resulting relationships for other 

feedback configurations. Note is made that (5.23) contains the z trans- 

form GH (z) corresponding to the loop transfer function G(s) H(s). 
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Another common and useful structure is the one shown in Fig. 5.5. 
In this system, the elements G and H are continuous feedforward and 

feedback components, whose transfer functions are G(s) and H(s), respec- 

tively. The element D is a digital controller; that is, it receives a 

sequence of pulses e7(t) at its input and delivers a processed sequence of 
pulses eX(¢) at its output. Internally, the element contains either a 

pulsed network or a numerical device such as a digital computer. The 

7 
7 7 

Eo > ORE} ex —o 
! C(z) 

Fia. 5.5. Error-sampled feedback system with digital element. 

unit has been referred to at times as a sampled-data processing unit,’ 
although the term digital controller has the advantage of being more com- 

pact and more descriptive. It was shown in the previous chapter that 
such elements, if linear, are characterized by a pulse transfer function 
D(z) which relates the input and output pulse sequences. 

The relations between the various z transforms describing the variables 

and elements can be obtained directly from the figure. The control error 

z transform F(z) is given by 

E,(z) = R(z) — Be) (5.24) 

and B(z) = Gi (z) E2(z2) (5.25) 

The pulse sequence at the output of the digital controller is related to the 

control error sequence through the digital-controller pulse transfer func- 

tion D(z) as follows: 

E.(2) = D(z)Ex(2) (5.26) 

Solving (5.24), (5.25), and (5.26) for E2(z), 

iO = a) R(z) (5.27) 
1+ D(z)GH(z) 

The output z transform C(z) is given by 

C(z) = G(z)E2(z) (5.28) 

Substituting (5.27) in (5.28), there results the over-all relation 

6) SG, (5.29) 
1+ D@)GH() 
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In the compensation of sampled-data systems by means of digital con- 
trollers, the problem is to determine the D(z) which will produce a 
desired relation between output and input sequences. 

The over-all response pulse transfer functions for other configurations 

are found in a similar manner and are tabulated in Appendix III for ready 

reference. The expressions for any intermediate variables, such as the 

control error, can be found by application of the rules of combination 

given in Sec. 5.1. The time-domain pulse sequences are always obtain- 

able by the use of inversion techniques, so that the transient response at 

the output of a feedback sampled-data system is readily available. 

5.3 Stability of Sampled-data Systems 

As in the case of continuous systems, the objective of the designer of a 

sampled-data system is to obtain characteristics which are outlined in a 

Fig. 5.6. Example of time function with “hidden oscillations.” 

specification. It is always understood without explicit statement that 

the system must be stable. For linear systems this implies that the out- 

put in response to a bounded input must be bounded. For sampled-data 

systems, this criterion is altered slightly to state that a sampled-data sys- 

tem is stable if the output pulse sequence is bounded when the input 

pulse sequence is bounded also. It is recognized that this leaves open 
the possibility that the continuous output may be unbounded by contain- 
ing oscillations of increasing amplitude, though a sample sequence 

derived therefrom may be bounded. This effect is illustrated in Fig. 5.6, 

where it is seen that even though the oscillation is increasing without 

bound, the zero crossovers are synchronous with the sampler. This 

“hidden oscillation’? was introduced by Barker! and studied by later 

investigators,” but as a practical matter this condition rarely arises; and 

if it does it is readily detected. In order to remain undetected in an 
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analysis it is necessary that the period of the hidden oscillation match 
exactly the sampling interval or a fraction thereof. 

Discarding the possibility outlined above, the definition of stability of 

a linear sampled-data system can be based on the pulse-to-pulse con- 

vergence or divergence. Thus, 

A linear sampled-data system is stable if the pulse sequence at its output 

in response to a bounded sequence at its input 1s bounded. 

Conversely, a sampled-data system is unstable if the pulse sequence at its 
output in response to a bounded sequence at its input 1s unbounded. 

The problem is to find working criteria by which a system can be tested as 

} to its condition of stability. To- 

A mae _ ©!) ward this end, the system shown 
Ris) T Re) TC) in Fig. 5.7 is used as a means of ob- 
Fig. 5.7, System used to derive stability taining analytic forms for this deter- 
criterion. : : 

mination. 

If the pulse transfer function of the system shown in Fig. 5.7 is G(2), 

then, by definition, 

Gz) = » g(kT)2-* (5.30) 
k=0 

where g(kT’) is the value of the impulsive response of the system at the 

kth sampling instant. The output pulses of the system are obtained 

from the convolution summation 

co 

c(mT) = > g(kT)r[(m — k)T] (5.31) 
k=0 

Now, the input r*(t) is bounded so that it satisfies the relation 

Max |r[(m — k)T]| = M < w (5.32) 

where JM is some positive number less than infinity. For the system to be 

stable in accordance with the definition given previously, the output 

c(mT) must be bounded for all integral values of m. Thus, for stability, 

|e(mT)| < (5.33) 

for all integral values of m. The magnitude of c(mT’) is given by the 

magnitude of its equivalent from (5.31), 

le(mT)| = | a9 (kT)r[(m — k)T] (5.34) 
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It is readily apparent that the magnitude of a summation is always less 

than the summation of the magnitudes. Thus, 

le@mT)| SY |g(eT)| [rm — 1) TI (5.35) 
k=0 

The second set of terms in the summation is all bounded in view of the 

fact that it represents the input pulse sequence. Thus, |r[(m — k)T]|is 

always less than some finite positive number M, and therefore 

le(mT)| SM Y g(t) (5.36) 
k=0 

Hence, c*(t) is to be bounded if 

Y kT) < & (5.37) 
k=0 

Thus, it follows that a sufficient condition for the sampled-data system to 

be stable is that the summation of the magnitudes of the samples in the 

sampled impulsive response be bounded. 

That the condition given in (5.37) is necessary as well as sufficient can 

be ascertained by finding at least one bounded input which makes the 

condition necessary. Such an input is one in which the signs of the 

various input samples in (5.34) are the same as those of the samples 

g(kT). In this ease, all the terms of (5.34) are positive, and their sum is 

identically that given by (5.35). Thus, in order for c(mT) to remain 

bounded for a bounded input, it is necessary for the summation of the 

magnitudes of g(k7’) to be bounded since the signs have effectively been 

all made positive by the choice of signs for the input sequence. The 

necessary and sufficient condition for the stability of a system is given by 

(5.37). This summation is the analogue of the one applying to continu- 

ous systems which states that the time integral of the magnitude of the 

impulsive response of the system must be bounded in a stable system. 

While the criterion for stability given by (5.37) is rigorous, it is not 

readily applicable to the problems normally encountered in system syn- 

thesis and analysis. It is desirable to relate the condition to character- 

istics of the pulse transfer function in much the same way as is done in 

continuous systems. In the latter, satisfaction of the requirement that 

the integral of the impulsive response be bounded is tested by the pres- 

ence or absence of poles of the transfer function in the right half of the com- 
plex frequency plane. A similar condition must be sought for sampled- 

data systems whose characteristics are contained in the pulse transfer 

function. 
To relate the condition for stability to the singularities of the pulse 
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transfer function G(z), the complex variable z is introduced. G(z)-is the 
pulse transfer function which upon inversion yields the pulse sequence 
whose sample values are g(k7’) contained in (5.37). Assuming that 

G(z) is the pulse transfer function of a stable system, it follows that the 
inequality 

Y WEN kl < @ (5.38) 
k=0 

is satisfied for the condition that |z-!| < 1 or, equivalently, that |z| > 1. 
In other words, the inequality given in (5.38) must be satisfied every- 
where outside the unit circle of the complex z plane. 

It is readily apparent that the following inequality also is true: 

i} 

Y geT ye" SY [g(bT)| le (5.39) 
k=0 k=0 

since all the terms on the right-hand side of (5.39) are positive whereas 

those on the left-hand side may have mixed signs or be complex. Hence, 

a condition for satisfying (5.38) is that, for |z| > 1, 

[--} 

» g(kT)z-*§ < © (5.40) 
k=0 

This summation is recognized to be the pulse transfer function G(z) of the 
system, and the condition expressed in (5.40) is that G(z) be analytic 

everywhere outside the unit circle in the z plane. Thus, a stable system 

is characterized by a pulse transfer function satisfying this requirement. 

When use is made of the fact that the definition of z is e7*, it is seen that 
this requirement states that the pulse transfer function expressed in 
terms of the variable s be analytic in the right half of the s plane, a result 

which is not too surprising. 
Considering next a system described by a pulse transfer function con- 

taining poles which lie outside of the unit circle of the z plane, the condi- 

tion for instability can be found. For such a system there exists a z for 

which 
i} 

yok T)e* = (5.41) 
k=0 

for |z!| <1 or |z| > 1. Now the following sequence of inequalities is 
readily seen to be true: 

> WAT > Y ETI e+ >) o&T += > (6.42) 
k=0 k=0 k=0 
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for values of z whose magnitude is greater than unity. The inequality 
relating the first term of (5.42) and the last term, infinity, satisfies the 
condition for instability, (5.37). Thus, an unstable system has a pulse 

transfer function G(z) which contains at least one pole which lies outside 

of the unit circle in the z plane. To recapitulate: 

A stable linear sampled-data system has a pulse transfer function G(z) 

which contains no poles or other singularities which lie outside of the unit 

circle of the 2 plane. 

An unstable linear sampled-data system has a pulse transfer function 

G(z) which contains one or more poles or other singularities outside the unit 

circle of the z plane. 

The pulse transfer functions of the elements generally found in sampled- 

data feedback control systems have only simple or multiple poles as 

singularities and are in the form of ratios of polynomials in z or z—1. The 

conditions for stability of such systems are readily apparent by expanding 

the pulse transfer function into partial fractions. Thus, if G(z) is of the 

form 

Ge) = Gy a5 GRE ap GE sb 9 9 2 46 Gee 

Il sb One" ap eB seo 8 9 ae Oye e 

where conditions of physical realizability require that the term 1 be 

present in the denominator. If the various roots of the denominator are 

designated as z;, then G(z) can be expanded into partial fractions as 

follows: 

Ga C. a Om 
G(z) = ao + 7 Th Geoeaict eee 

= Ze 1 1 — Zoe 

(5.43) 

(5.44) 

If the input to the system is an impulse, then the time-domain pulse 

sequence which results is simply 

g(kT) = ao + Cies)* + Co(ze)* + > > + + Ci(2,)* (5.45) 

If the roots of the denominator of (5.43) which are the poles of the pulse 

transfer function G(z) have magnitudes which are greater than unity, it is 
evident that the impulsive response g(k7’) of the sampled-data system will 
increase without bound as the various integral values of & increase with- 
out bound. The stability condition that G(z) not contain any poles out- 

side the unit circle of the z plane is clearly seen in this approach. 

As in the case of continuous systems, it is not convenient to determine 
the stability of a system by factoring the denominator polynomial of 

G(z) in order to locate the poles of the function. For simple systems of 

second or possibly third order this procedure is as direct as any, but for 
higher-order systems the labor required to factor the polynomials becomes 
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excessive. It is desirable to be able to ascertain the presence or absence 
of poles outside the unit circle without actually determining their location. 
A form of modified Routh-Hurwitz or Nyquist criterion must therefore be 

established as a working tool. 

5.4 The Modified Routh-Hurwitz Criterion 

The Routh-Hurwitz criterion is a test which determines the signs of the 

real parts of the roots of a rational polynomial. This test finds direct 

application to determining the condition of stability of a linear continuous 

system by applying it to the characteristic equation of the system. The 

presence or absence of roots of this equation with positive real parts is an 

indication of instability or stability respectively. In the case of sampled- 

data systems, a direct test of this type would require the determination of 
whether or not the magnitudes of the roots of the characteristic equation 

are greater than unity, so that a direct application of the Routh-Hurwitz 

criterion is not possible. 
It is possible, however, to apply a transformation to the characteristic 

equation in z which will transform the region outside the unit circle in the 

z plane to the right half of an auxiliary plane and the region inside the unit 

circle to the left half of this plane. Such a transformation is the bilinear 

transformation which has been applied to problems in the control field by 

Oldenbourg and Sartorius.*® An auxiliary plane called the \ plane is 

defined by the following relation: 

oe (5.46) 
Pi east 

or A= eae (5.47) 

To show the relation between the z plane and the A plane, it is noted that 

both z and \ are complex, so that 

tee easy 
and A=u+yo . (5.48) 

Substituting these expressions back in (5.47) and rationalizing the result- 

ing expression, the following is obtained: 

,e@ tl, 
eS 7) Case 

In view of the definition of x and y in (5.48), it is seen that (#? + y?) is 

the magnitude squared of z, |z|?.. Thus, forall values of z whose magnitude 
is greater than unity, the real part of \ is positive, and for all values of z 
whose magnitudes is less than unity, the real part of \ is negative. Thus, 

stated differently, the entire region of the z plane which lies outside the 

(5.49) 
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unit circle is transformed into the right half of the \ plane. Similarly, the 

entire region which lies inside the unit circle of the z plane is transformed 
into the left half \ plane. This relationship is shown graphically in Fig. 

5.8. The regions labeled A and B are corresponding regions in their 

respective planes. 

The procedure which can be used to ascertain whether or not a system 

is unstable is to express the over-all pulse transfer function G(z) as the 

Unit circle d-plane 
# 

yyy 

y YY 

Li LLL. 

i 

Le iY R Yj e 
Yi 

7 

yyy 
f 4 

Fia. 5.8. Corresponding regions in z and X planes. 

ratio of two polynomials. The denominator polynomial, when set equal 

to zero, is the characteristic equation of the system. Each z in this 
polynomial is then treated by applying the relation for z given by (5.46), and 

a resultant characteristic equation in \ obtained. The Routh-Hurwitz 

criterion is then applied directly to this equation in X. 

EXAMPLE 

The over-all pulse transfer function G(z) of a system relates the input 

and output pulse sequence and is given by 

Zon la Onaem) 

— 1.627! + 0.4822 
G(z) = i 

Multiplying both numerator and denominator by 2?, 

z2— 0.5 

NO) = eres ac ais 

The denominator of G(z) contains the polynomial leading to the charac- 

teristic equation 

27 — 1.62 + 0.48 = 0 

While this simple equation can be solved directly for its roots, the 

bilinear transformation will be applied to illustrate the method. Using 

(5.46), 
(NEELI2 eal 
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Simplifying and clearing of fractions, this expression becomes 

0.12\? — 1.044 — 3.08 = 0 

Application of the Routh-Hurwitz criterion to this polynomial will show 
that there is one root in the left half and one root in the right half of the 

plane. Direct factoring of the characteristic equation in z would 

show that the roots are 0.4 and 1.2, a direct check. 

While simple to apply in principle, the bilinear transformation com- 

bined with the Routh-Hurwitz criterion is a fairly tedious process in the 

ease of higher-order systems. In addition, the constants of the original 

system appear in the transformed expression in a complex manner. For 

this reason, it is difficult to associate the conditions revealed by the 

application of the criterion with the constants of the original system. 
The modified Routh-Hurwitz criterion serves mainly as a check pro- 

cedure to verify results obtained with some of the mapping procedures 

outlined in the next section. 

5.5 Stability Criterion Using the Transfer Locus 

Feedback systems containing one or more samplers are characterized by 

an over-all pulse transfer function C(z)/R(z), which is called K(z) and is 

given by 

(5.50) 

for the case of an error-sampled system. For other prototypes, the form 

of K(z) changes except for one characteristic, namely, that the denomi- 

nator of K(z) contains a polynomial form 1 + F(z), where F(z) is the loop 

pulse transfer function. In the error-sampled case, F(z) is expressed as 
the z transform corresponding to the continuous transfer function 

G(s)H(s). In other cases, the relation between F(z) and the transfer 

functions of the elements comprising the loop may differ. For purposes of 

discussion, the form GH(z) will be used, though it should be remembered 
that the loop pulse transfer function, regardless of the form of the system, 

is implied. 

To determine the condition of stability for a feedback system, the roots 

of the characteristic equation obtained from the denominator polynomial 

of K(z) must be examined. This characteristic equation is given by 

1+ GH(z) =0 (5.51) 

The problem is to determine if some of the roots of this equation lie out- 

side the unit circle of the z plane by applying the same Cauchy mapping 

theorem which underlies the Nyquist criterion in continuous systems. 

It is recalled that this theorem states that if a closed contour I encloses 

poles and zeros of a function, then the number of times the map of this 
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contour encloses the origin on the function plane is equal to the difference 
between the number of zeros and poles so enclosed. 

For the problem at hand, it is necessary to choose a contour on the 

z plane which encloses the entire region outside the unit circle in order to 

study the function 1 + GH(z). Such a contour is sketched in Fig. 5.9, 
where the outer radius RF is made to approach infinity. The map of this 

contour on the [1 + GH(z)] plane will indicate by its enclosures of the 
origin the difference between the zeros and poles of this function. It is 

Fic. 5.9. Contour used to enclose poles Fic. 5.10. Typical map of T on [1 + 
outside the unit circle. GH (z)] plane. 

seen that the poles of 1 + GH(z) are the same as those of the function 

GH(z). Thus, if GH(z) is a stable function, that is, if it does not contain 

poles outside the unit circle, then neither does 1 + GH(z). In such an 

event, the enclosure of the origin by the map of I indicates the number of 

zeros or roots of the characteristic equation. Such enclosures or lack of 

enclosures indicates a condition of instability or stability respectively. 

A typical map resulting from application of this procedure to a practical 

system is shown in Fig. 5.10, where it is seen that the origin is enclosed 

once. If the open-loop pulse transfer function is stable, this enclosure 

indicates that one zero lies outside the unit circle and that the closed-loop 

system is unstable. As in the case of continuous systems, it 1s con- 
venient to shift the imaginary axis to the point (1,0), as shown in Fig. 

5.11. With this shifted axis it is necessary to plot only GH(z) and to 

observe the enclosure of the critical point (—1,0) instead of the origin. 

When plotted on this modified plane, the map is referred to as the pulse 

transfer locus. Essentially, then, the pulse transfer locus is a map of the 

unit circle only, since the function GH (z) vanishes as z approaches infinity 

in practical, physically realizable systems. This is shown more clearly in 

the illustrative example which follows. 
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In plotting pulse transfer loci, the parameter which is varied from point 
to point is the angle 6 of the complex variable z since the magnitude of the 
latter is unity. The usual practice is to mark the various corresponding 

values of 0, as shown in Fig. 5.11. It is seen that GH(z) has conjugate 

values for positive and negative values of @ of equal magnitude. For 
pulse transfer functions which are the ratio of rational polynomials in 2, 

Im 
95 GH(z)-plane 

85 

Re 

9-5 

Fia. 5.11. The pulse transfer locus. 

the reason for this is that each of the component terms of GH (z) is itself a 

conjugate and the sums and ratios of conjugate terms are conjugates. 

As a result of this condition, only half of the pulse transfer locus is plotted 

in practice. 
In most practical applications found in feedback control systems, the 

feedforward pulse transfer function G(z) contains one or more integra- 

tors among the continuous elements. For instance, a typical continuous 

feedforward transfer function has the form 

A rete Sian 
si + Tis) --- 

This transfer function is expanded into partial fractions in the usual 

manner, 

G(s) = (5.52) 

Gs) = “2+, + (5.53) 
Taking the z transform corresponding to G(s), there results 

Ao Ai/T, 
1— 2-1 ris 1 — e-?/tz-1 Ge) = (5.54) 

It is seen that a pole at the origin of the s plane contained by the continu- 

ous transfer function G(s) leads to a pulse transfer function G(z) having a 

pole at (1,0) in the z plane. The presence of this pole would cause a dis- 
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continuity in the pulse transfer locus if the contour being mapped were 
exactly the one shown in Fig. 5.9. 

In order to establish a connection between the segments of the pulse 

transfer locus obtained from the portions of the contour on either side of 

the pole (1,0), it is necessary to generate a continuous curve around the 

pole. This is done by taking a small semicircular detour, as shown in 

Fig. 5.12, so oriented that the pole is included definitely on one side or the 

Fig. 5.12. Contour used for pulse transfer Fic. 5.13. Reduced contour used to map 
functions having poles at (1,0). practical pulse transfer functions. 

other. It is conventional to orient the detour to include this pole inside 

the unit circle, as shown in the figure. The same procedure is followed 

for any complex poles whose magnitude is exactly equal to unity, although 

the occurrence of such poles is rare. Since practical pulse transfer func- 

tions vanish for infinite values of z and since the portion of the contour 
along the real axis is self-canceling in the limit, it is customary to map 

only the unit circle and its detours as shown in Fig. 5.13. 

EXAMPLE 

A unity feedback sampled-data control system has a feedforward 

pulse transfer function G(z) given by 

2-1(0.2642-! + 0.368) 
( — 2) — 0.36827!) 

It is seen that the loop pulse transfer function contains a pole at (1,0), 

necessitating the use of the contour shown in Fig. 5.13. For purposes 

of illustration, however, the full contour of Fig. 5.12 will be used. 

Before mapping, the function G(z) will be expressed in positive powers 

of z by multiplying both numerator and denominator by 2z?: 

_ 0.264 + 0.3682 
G@) = @ = 1) = 01368) 

CZ) = 
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This function plane will map the contour shown in Fig. 5.14a. Starting 
with the point a, which is the value z = —1.0, the value of G(z) is seen 
to be —0.038. As the various values of z are substituted in the range 

from a to b, a map is generated as shown in Fig. 5.14b. At a phase 
angle just short of 7/2, the locus again is real and crosses the real axis 

at about —0.4. At the point b on the contour, the function G(z) is 
dominated by the behavior of the factor (2 — 1) in the denominator. 

G(z)-plane \ 

(a) 

Fic. 5.14. Pulse transfer locus used in example. (a) Contour used in z plane. (6) 
Corresponding points on pulse transfer locus. 

As the radius of the detour from b to c becomes increasingly small, this 

behavior becomes more and more dominant. Thus, to study the 

transfer locus in this region, G(z) can be approximated by 

1 
G(z) = ag 

To study the behavior of the map in the region b-c on the contour, a 

detail is shown in Fig. 5.15. The 

complex number (zg — 1) is repre- 

sented by a vector extending from 

the point (1,0) to the contour. The 

angle of this vector at b is 7/2 and, 

c when substituted into G(z) as approx- 

5 anne imated in this region, yields, 

(z-1) 7 

G(z) = Gale 

Fic. 5.15. Detail of contour © on z As the contour is traced from b toc, 

plane. the angle changes from 7/2 to 0 in 

a clockwise direction, and G(z) has a phase angle which changes from 
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—x/2 to 0 in a counterclockwise direction, as shown in Fig. 5.14b. 
In mapping from ¢ to d, the variable z takes on larger and larger posi- 

tive values, and G(z) becomes smaller and smaller until it vanishes 

when z approaches infinite values. The behavior about the region of 

zero is only of academic interest since it has no significance in the 

determination of the enclosure of the point (—1,0) in this case. Thus, 

the variation of z from d to e is mapped into a point at the origin in Fig. 

5.146. The remainder of the map is obtained by using the conjugate 

values to corresponding points previously plotted. This part of 

the map is shown as efgha. It is seen that the contour does not 

enclose the point (—1,0), so that the system is stable. Had the feed- 

forward gain constant been raised to 2.48 times higher than that used 

in the example, the contour would have enclosed the point (—1,0) and 

the system would be unstable. 

The foregoing example illustrates how the pulse transfer locus is 

plotted or sketched. The only portion of this locus which is significant 

is the map of the unit circle and the detours taken about poles of G(z) 

which lie on the unit circle. Such poles are usually located at the point 

(1,0) since they arise from integration in the feedforward line. In con- 

tinuous systems, the margin by which the critical point (—1,0) is avoided 

is estimated by the use of gain and phase margins or by constant gain loci 

generally referred to as M circles. While analogous margins can be 

employed in the design of sampled-data systems, it is not customary to do 

so. The reason for this is that there is less correlation between the 
margins and the transient response than in continuous systems. Never- 

theless, the larger the margin of avoidance of the critical point, the higher 

is the degree of damping of the system. Also, a substantial margin is 

generally accompanied by relatively docile transient response. In view 

of the fact that it is simpler to invert pulse transfer functions and to 

obtain time-domain performance characteristics, the use of the pulse 

transfer locus as a design tool is not as widespread as in the case of con- 

tinuous systems. 

5.6 Root Loci for Sampled-data Systems 

The response of a system whose over-all pulse transfer function is G(z) 

is determined by the poles and zeros of G(z). For instance, if the poles of 

G(z) are 21, 22, . . . , én, the transient component of the response, g:,(kT), 

is given by 

gir( kT) Ta Ciewe =o Co(z2)* SF Rs Ute Cicax (5.55) 

This relationship was derived in Sec. 5.3 and is shown in Eqs. 5.44 and 

5.45. While straightforward, there is some difficulty in higher-order 
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sampled-data feedback systems in obtaining the roots of the character- 
istic equation which determines the poles of the over-all pulse transfer 

function. This problem is analogous to that encountered in continuous 

feedback systems where the poles of the feedforward and feedback trans- 
fer functions are readily available but the poles of the over-all closed-loop 

transfer function are not. The poles of the over-all response pulse trans- 

fer function K(z) are the roots of a characteristic equation whose form is 

generally 

1+ GH(z) = 0 (5.56) 

where GH(z) is the loop pulse transfer function. It is recalled from a 
previous section that the form of the loop pulse transfer function may 

differ from that employed in (5.56), depending on the number and loca- 

tions of the samplers in the system. 
The problem is to find the roots of (5.56), knowing readily only the roots 

of GH(z). Asin the continuous-system problem, a root locus is employed 
to either estimate or obtain exactly the root locations of (5.56) in the 

complex plane. Stated differently, it is necessary to find all those values 

of z in the complex z plane which satisfy the condition 

GH(z) = 1/7 + n2an (5:57) 

As in all relationships between complex variables, (5.57) implies two 

separate equalities, one stating that the amplitudes are equal and the 

other that the angles are equal. In view of the fact that most practical 

systems either contain or are designed with gain constants which are 

adjustable, the amplitude relationship is considered relatively unimpor- 
tant. On the other hand, the phase relationship is a property of the 
system which reflects the organic characteristics of the components com- 
prising the system and is therefore of prime importance. Thus, a root 

locus is desired in which all the points on that locus satisfy the phase rela- 
tion implicit in (5.57), using the gain as a parameter. The relationship 

describing the root locus is 

Ang [GH(z)] = 7 + n2a (5.58) 

It is seen that except for a change in variable from s to z and the use of 
the z plane instead of the s plane, the problem posed by (5.58) is identical 
to that of plotting a root locus of a closed-loop continuous system. The 

transfer functions involved, namely, G(s) and G(z), respectively, are 
ratios of polynomials in their respective variables, so that the rules 
governing the plotting or sketching of the root loci are identical. Since 
these rules are well known and available! they will not be repeated here. 

The only significant difference to be found is that the behavior of the poles 

is observed in relation to the unit circle as contrasted to the imaginary 

axis. If poles lie inside the unit circle, they represent a stable system, 
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and if outside, an unstable system. Also, in view of (5.55), the closer the 

poles approach the magnitude unity, the longer will the transient persist 

in a system subjected to a sudden input. Generally, proximity to the 

unit circle has the same effect as proximity to the imaginary axis of poles 
ina continuous system. The best way of showing these effects is to use an 

example. 

EXAMPLE 

To illustrate the rules governing the plotting of root loci for sampled- 

data systems, the same system used in the illustrative example of the 

Im 

0.24 +70.97 
(K=2.43) 

Root locus 

unit circle 

Yj UY K=0.196 
Yj yyy 
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Fig. 5.16. Root locus for system used in example. 

previous section will be used. The system considered there has a unity 

feedback and a feedforward pulse transfer function G(z) given by 

0.264 + 0.3682 

Ne) = i (2 — 1)(e — 0.368) 

The system uses error sampling, resulting in a characteristic equation 

of the form 

1+Ge) =0 

whose roots must be determined. The open-loop pulse transfer func- 
tion G(z) has poles at (1,0) and (0.368,0) and has a zero at (—0.72,0). 

These poles and zeros are marked on Fig. 5.16. 
Starting with the gain constant K at zero, the root loci initiate at the 

poles of the open-loop transfer function G(z). When the gain K goes 
_to infinity, the loci terminate at the zeros of the open-loop transfer 
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function G(z). In this case, G(z) contains one finite zero and one zero 
at infinity. The point of departure of the locus from the real axis is 
found to be at 0.648. It has been shown?! that for this system the root 

locus representing the complex closed-loop poles of the system is a 

circle whose center is at (—0.72,0). The radius of the circle is 1.368 

and, using these values, the root locus appears as shown in Fig. 5.16. 

It should be noted here that more complex systems do not have such a 

simple form for the root locus and that they must be plotted by identi- 

fying those points for which the total angle of G(z) is 180°. Upon 
reentry into the real axis, the root-locus branches, one branch going to 

infinity and the other toward the finite zero of the system at (—0.72,0). 
A scale drawing of the root locus will show that the intersection with 

the unit circle occurs at the points 0.24 + j0.97. The gain K required 

to place the poles at this point is found from the magnitude relationship 

0.264 + 0.3682 

- (2 — 1)(@ — 0.368) |z=0.244;0.97 oe 

Solving for K, the gain is fond to be 2.43. This result was obtained 

in the illustrative example of the previous section by consideration of 

the enclosure of the point (—1,0) by the pulse transfer locus. Thus, to 

produce a stable system, it is required to have the gain K be less than 

2.42. If the gain exceeds this figure, the poles will be located outside 

the unit circle, resulting in an unstable system. Inversion of the over- 

all response pulse transfer function of the system would show that for 

the case resulting in complex poles, the response to a step function 

would be stable, though oscillatory, if K is less than 2.43 and more 

than 0.196. 

An unusual condition obtains in sampled-data systems for which no 

comparable or analogous situation exists in continuous systems. There 

may be stable sampled-data systems which have poles in the over-all 

pulse transfer function K (z) that are both real and negatine. For instance, 

in the system giving rise to the pulse transfer function G(z) of the system 

used in the preceding example, this condition will be realized if the 

sampling interval Tis halved. If this happens, the root locus will appear 

as shown in Fig. 5.17, where it is evident that for some value of K two real 

negative roots will result. Such negative real roots will produce an 

oscillatory response, as can be seen by considering the transient produced 

by such a root. The transient contribution of a root of this type is 

c(kT) = A(—a)* (5.59) 

where A is an arbitrary constant and 2; is a positive number, the sign of 

the root being explicitly written. For negative real roots, the sequence 
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is alternating, being positive for even values of k and negative for odd 

values of k. So long as 2; has a magnitude less than unity, the sequence 

is stable; that is, it converges as k tends toward infinity. Thus, in 
sampled-data systems it is not necessary that the poles of the over-all 

transfer function be complex in order to obtain an oscillatory solution. 

If the poles of the over-all pulse transfer function are real and positive, 

then the system is nonoscillatory, as can be seen readily from (5.59). 

Re 

Fic. 5.17. Root locus for stable system containing poles on negative real axis. 

Generally, the proximity of the poles of the over-all pulse transfer func- 

tion to the unit circle is indicative of a pronounced transient response. 
For instance, if the poles are complex and close to the unit circle, the 

oscillatory transient which results when the system is excited will have 

significant values many sample times later since a magnitude slightly less 

than unity raised to a power will not be significantly less than unity unless 

the power is very high. Thus, considerable overshoot and oscillation can 

be expected from a system of this type. Similarly, if the roots are real 

and negative and lie close to the unit circle, a heavy oscillatory response 
can also be expected. If the roots are real and positive and lie close to 
the unit circle, the response is monotonic but the approach to steady state 

requires many sample times. In the design of sampled-data systems 

having moderate transient response and minimum overshoot, it is neces- 

sary that the poles of the system lie well within the unit circle. Quanti- 

tative criteria as to pole locations cannot be given any more than they 

can for continuous systems, except for specific cases. Dominant poles 

are characterized by their proximity to the unit circle, as contrasted to all 

the other poles of the system.”!_ For instance, if a pair of complex poles 
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lies close to the unit circle, say, with a magnitude of 0.9, and all other 

poles lie well within the unit circle, say, with magnitudes of 0.2 or less, the 

former are dominant poles and determine the transient response of the 
system. 

5.7 Frequency Response of Sampled-data Systems 

While not as useful as in the analysis of continuous systems, frequency- 

response methods can be applied to sampled-data systems also. In fact, 

the pulse transfer locus which is a map of the unit circle may be regarded 

as a frequency locus since, by definition, z = e7*, and as z traces the unit 

circle on the z plane it is equivalent to 

Ris) _Rl2) C\s) Clz) tracing the imaginary axis on the s 
plane. Frequency-response concepts 

Fia. 5.18. System used to define fre- can be applied to the over-all response 

See response of sampled-data Ju)se transfer function K(z) of a sam- 
pled-data system. Referring to Fig. 

5.18, the block represents a sampled-data system whose internal con- 

figuration may be either open- or closed-cycle. The frequency response 

of this system is obtained by applying a sinusoidal signal at the input, 

shown as R(s), and determining the phase and amplitude of an equiv- 

alent sinusoidal envelope passing through the resulting sequence of 

samples at the output, shown as C(z). It is recognized that the actual 

output of the system before sampling, shown as C(s), is not sinusoidal but 

that it contains many frequency components at sampling frequency and 

related frequencies; however, it will be shown that the sampled output can 

describe an envelope which is sinusoidal. 

To determine analytic expressions for the frequency response, it will be 

assumed that the input is 

ii) ee (5.60) 

The z transform of r(¢) is obtained in the usual manner or from the tables, 

resulting in 

1 
— eleTz-1 

(5.61) 

If the pulse transfer function of the system is K(z), then the output 

sequence is given by the relationship 

Ci) = K(z¢) RE) (5.62) 

Inverting C(z) by means of the inversion integral, c(n7’) becomes 

1 at 

Since the frequency response represents only that component of the out- 
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put which exists in the steady state and the transient terms which result 
from the poles of K(z) vanish as time approaches infinity, only the 
residues at the pole of the integrand introduced by the forcing function 

need be evaluated. Thus, the steady-state component of the output is 

given by 

Ce(nl) = K (eT) eineoT (5.64) 

An envelope which produces a pulse sequence such as that in (5.64) is a 

sinusoidal function c(t), which is given by 

c(t) = K (eT) eft (5.65) 

It is understood that this envelope is not unique since any number of 

other components may be included so long as they correspond to the 

value of the output at sampling instants. However, the envelope which 

has been selected is the simplest and lowest-frequency time function 

which fits these points. The frequency-response function is that complex 

function of frequency which relates the amplitude and phase of the output 

sinusoid in terms of the input sinusoid. In this case, referring to the 

frequency-response function as K(w), it is seen to be 

C(w) 
Ka(c) i — Rl) = "KO)-e (5.66) 

Since K(z) is periodic in wo, where wo is 27/7, it follows that the frequency- 

response function K(w) is also periodic in wo. 

EXAMPLE 

A pulsed network has a pulse transfer function G(z) given by 

1 

1 — e-4?z71 
cer 

It is desired to determine the frequency response G(w) of this pulsed 

network. Applying (5.66), there results 

if 

Oe) = a ote 
Typically, this frequency-response function plots as shown in Fig. 5.19. 

It is seen that the response is periodic in wo. 

The periodicity of the frequency-response function of sampled-data 

systems is disconcerting since it is not readily comparable to the common 

and familiar response functions found in continuous systems. A clearer 

understanding of the significance of these response functions is obtained 

by going back to the pole distributions of the pulse transfer functions in 

the z plane. If an over-all pulse transfer function K(z) is a ratio of poly- 
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nomials in z given by 

MOVe (2 — 201)(2 — Zoo) * + + (@ — Zon) 

(7 Zyl) (25a) ee (Ge Zpk) 

then its pole and zero distributions will be as shown in Fig. 5.20. If zis 

taken equal to e7, it traces a path in the z plane which is the unit circle. 

In that case, the denominator will consist of the complex numbers repre- 

sented by the sinors z — 2»; indicated in Fig. 5.20. It is readily seen that 

if any poles are near the unit circle, the magnitude of this sinor becomes 

very small, with the result that the magnitude of K(w) becomes very 

large at this frequency. Thus, if poles are very close to the unit circle, 

(5.67) 

Fia. 5.19. Frequency-response function for system used in example. 

they produce a pronounced frequency overshoot. The frequency at 

which this overshoot occurs depends on the angular location of the poles 

in question. For instance, a pole which is near the unit circle at an 

angle of 45° indicates a frequency overshoot at one-eighth of the sampling 

frequency. This condition is anal- 

Im ogous to the condition of dominance 
ae of poles in determining the time- 

domain response. A pole located 

near the unit circle will have a 

dominant effect on the transient 

response. 

Re Indirectly, the frequency re- 

sponse can indicate the location of 

poles of the over-all pulse transfer 

_ function, and all the properties asso- 

ciated with frequency response in 

continuous systems can be trans- 

ferred to sampled-data systems. 

The fact that the frequency re- 

sponse of a sampled-data system 

is periodic causes no concern since the repeated spectra are merely 

Fic. 5.20. Component sinors contribut- 
ing to frequency-response function. 
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reproductions of the first significant spectrum. The periodicity of the 
frequency-response function merely reflects the fact that a sampled-data 

system is limited in its capacity to transmit a useful spectrum by the 
sampling frequency. A typical sequence of spectra is reproduced from 

the literature! for a second-order sampled-data servomechanism in Fig. 

K(w) c(t 

1.0 > 
Frequency ae (a) Time 

G(w) c(t) ee | 
Frequency Tr (b) Time 

t} 
Glw) fs eee | | 

Frequency = (c) Time 

: 

Frequency i (d) Time 

G(w) c(t) 

i | 
Frequency & (e) Time 

Fic. 5.21. Frequency-response functions and related time-domain response to unit 
step function. 

5.21. In Fig. 5.21a there is a pole located very near the unit circle at 

about one-twentieth the sampling frequency. This means that the pole 

is located on the z plane, with polar coordinates at a radius of almost 
unity and an angle of +18°. The time-domain response to a unit step 

input is experimentally obtained and appears adjacent to the correspond- 
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ing frequency-response curve. It is seen that the response to a unit step 
input is slow and that there is considerable overshoot. 

In the other frequency-response functions plotted in Fig. 5.21, there is 

a distinct correlation between the frequency-response characteristics and 

the time-domain response. Relatively flat frequency response indicates a 

time-domain response with relatively little overshoot, as seen in Fig. 5.21c 
and d. Peaked frequency response at the high end of the spectrum indi- 

cates some overshoot, with oscillation at higher frequencies. It is empha- 

sized that while it is theoretically possible to deduce the performance of a 

sampled-data system from the com- 
plete frequency-response character- 

istics, this can rarely be done in 

Giziplane practice. Only qualitative ideas of 
how the system is likely to behave 

can be obtained from the more ob- 

vious features of the frequency re- 

sponse. Because of the relative 

ease with which time-domain per- 

formance can be obtained for sam- 

pled systems using methods of long 

division or other machine computa- 

tion, the frequency response is 

rarely plotted. Asa concept, how- 

ever, it serves the useful purpose of 
Fia. 5.22. Relation of pulse transfer locus tying together the time domain, 
to frequency-response function. pole and zero locations, and fre- 

quency characteristics. As will be seen later, design in the time domain 

is feasible in sampled-data systems. 

The foregoing discussion serves also to substantiate the statement that 

the proximity of the pulse transfer locus to the critical point (—1,0) is 

indicative of a tendency of the system to have an oscillatory, though 

stable, response. This can be seen by reference to Fig. 5.22, where a 

typical pulse transfer locus is sketched. Each point on the pulse transfer 

locus represents a point on the unit circle of the z plane. Viewed from 

the frequency domain, each point on the unit circle represents a particular 

frequency. It is recalled that for a unity feedback system, the over-all 

pulse transfer function K(z) is 

KG) = 
G(z) 

From Fig. 5.22, it is seen that K(z) can be obtained for various values of 

frequency by taking the ratio of the sinors indicated. Now, if the pulse 

transfer locus passes close to the critical point (—1,0), the sinor 1 + G(z) 
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becomes very small and the frequency-response function K(w) becomes 

large. This peak in frequency response reflects the fact that a pole lies 

near the unit circle and that the transient response will be relatively oscil- 

latory. Thus, avoidance of the critical point (— 1,0) by the pulse transfer 

locus by a substantial margin is a means of obtaining an over-all response 

which is docile in the time domain. 

5.8 Summary 

Sampled-data systems are structures of interconnected linear elements 

characterized by the fact that samplers may be located at one or more 

points. The rules of combination of sampled systems are not entirely 

analogous to those relating to continuous linear systems but depend on 

the locations of the samplers in the structure. In the simple case of two 

cascaded elements which are separated by a sampler, the pulse transfer 

function of the combination is simply the product of the pulse transfer 

functions of the elements. On the other hand, in the case of the pulse 

transfer function of cascaded elements which are not separated by a 

sampler, the pulse transfer function of the combination is the z transform 

corresponding to the product of the continuous transfer functions of the 

two elements. The over-all pulse transfer function in this case is not 

equal to the product of the two individual pulse transfer functions. 

The over-all pulse transfer functions of closed-loop systems can be 

obtained by applying the rules developed for combining individual ele- 

ments. There is no one form for the over-all pulse transfer function of a 

closed-loop system since it depends on the location of the samplers in the 

system. Thus, for each configuration, an over-all pulse transfer function 

must be derived. For convenience, the forms for a number of common 

configurations are recorded in tables. Regardless of the detailed form, 

however, a characteristic equation in z which describes the condition of 

stability of the system can be found. This relation equates a general 

form 1 + F(z) to zero, where F(z) is the loop pulse transfer function of the 

system which is dependent on the exact distribution of continuous ele- 
ments and sampling switches. 

If the magnitude of the roots of the characteristic equation is greater 

than unity, a sampled system is unstable. More generally, if the summa- 

tion of the magnitudes of the samples obtained by sampling the impulsive 

response of the system is bounded, the system is stable. This necessary 

and sufficient condition for stability is met if the poles of the over-all pulse 

transfer function, or equivalently, the roots of the characteristic equation, 

lie within the unit circle of the z plane. A test for stability is one in which 

a modified Routh-Hurwitz criterion is applied. By using the bilinear 

transformation on the characteristic equation, the resultant transformed 
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equation can be tested for stability by applying the standard Routh- 
Hurwitz criterion. 

While perfectly rigorous, the modified Routh-Hurwitz test is of limited 

practical utility since the effects of parameters in the system are disguised. 

More direct is the mapping method resulting in the pulse transfer locus. 

By observing the enclosure of the critical point (—1,0) in the function 

plane, the condition of stability can be readily determined. The same 
rules governing the plotting of the continuous transfer locus apply in 

sampled system, except that the unit circle is used instead of the imagi- 
nary axis. A difficulty found in shaping the pulse transfer locus is that 

the rules for cascaded elements depend on the location of samplers and 
simple techniques for shaping cannot be generally applied. 

The location of the roots of the sampled-data-system characteristic 

equation largely determine the transient response of the system. The 

root locus is useful in observing the migrations of these roots as either the 

system gain or other parameters are varied. The rules for the construc- 

tion of the root locus in the z plane are identical to those for the s plane 

since the functions governing the locations of the poles are ratios of poly- 

nomials in either z or s, respectively. The only difference is that in 

sampled systems the behavior of the root loci relative to the unit circle, 

rather than the imaginary axis, is observed. Generally, the closer the 

roots lie to the unit circle, the less damped will a sampled system be. On 

the other hand, if roots lie close to the origin of the z plane, the system will 

tend to be ‘‘dead beat.” 
Another way of representing the performance of sampled-data systems 

is by means of the frequency-response function, which relates the sinus- 

oidal envelope of the output pulse sequence to the sinusoidal input. 

Frequency-response functions fcr sampled systems are periodic at sam- 

pling frequency, a unique characteristic not found in continuous systems. 

Peaked frequency-response functions indicate that poles of the over-all 

pulse transfer function lie close to the unit circle and that the time- 

domain response is oscillatory in nature. While not as useful in the 

analysis of sampled-data systems as in continuous systems, frequency- 

response functions are valuable in relating the transient response and root 

locations. For that reason, frequency response in sampled-data systems 

is a useful concept. The combination of the three viewpoints, namely, 

transient response, root locations, and frequency response, serve to give a 

full understanding of the behavior of sampled-data systems. 



CHAPTER 6 

APPLICATION OF CONVENTIONAL TECHNIQUES TO 

THE DESIGN OF SAMPLED-DATA CONTROL SYSTEMS 

After the techniques of analysis as described in the previous chapters 

have been applied to a sampled-data system, one’s attention naturally 

turns to the problems of design or synthesis. With reference to Fig. 6.1, 

the design problem for a single-loop system may be described as that of 

specifying the operation of the digital controller, D, and the continuous 

network, N, such that the over-all system performance meets the design- 

er’s requirements. The approach used to solve this problem depends to 

a large degree upon the basic performance specification and upon the sys- 

tem constraints in terms of plant characteristics and controller limitations. 

It is neither possible nor practical to enter into a detailed discussion of all 

these factors here because of the enormous variation among individual 

cases and the lack of a unique solution of even one of these cases. It is 

possible, however, to indicate several alternative approaches which have 

promise in a fairly broad class of problems and thereby to aid the indi- 

vidual designer select that method which most nearly fits his particular 

needs. Since this is a book on sampled-data control systems, the primary 

emphasis here is placed on those particular characteristics of the problem 
which are introduced by the sampling process. In order to meet this aim 

with the least possible confusion, attention will be centered on the single- 

loop error-sampled system of Fig. 6.1, and no extension of these tech- 

niques to more complicated cases will be attempted. In general, so long 
as only linear control systems are considered, the single-loop case dis- 

plays almost all of the essential peculiarities of the sampled-data design 

problem. 

Two specific aspects of the design problem will be postponed until later 
chapters. These are the ripple, or intersample behavior, of the output 

and multirate systems where 7; and 7, in Fig. 6.1 are not equal. Each of 

these problems requires special techniques and is treated separately from 

the basic single-rate design problem. Of course every design requires 

satisfactory performance between sampling instants, but, as shown in the 

next chapter, this problem can be handled by proper design at sampling 
instants. 

117 
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Within the restriction of design of the single-loop system shown in Fig. 

6.1 for T; = T. = T, there are two fundamentally different approaches, 

based upon the restriction placed on the characteristics of the controller 

available to the designer. In the application of conventional feedback- 

system-design techniques usually implied by the frequency methods 

associated with the names Nyquist, Bode, or Nichols, the designer 

typically selects a specific network, such as lead, lag, or lag-lead, and tries 

the resulting design against his specifications. A series of such cut-and- 

try steps leads, hopefully, to satisfactory performance. The present 

chapter will outline the extension of these conventional techniques to 

sampled-data-system design. 

Continuous Plant 
controller 

Digital 
controller 

Fic. 6.1. Single-loop error-sampled control system. 

A technique for the realization of arbitrary pulse transfer functions for 

purposes of controller design by the use of essentially conventional RC 

networks is also presented. This technique was originally suggested by 

Barker! and developed by Sklansky.*® In the following chapter a method 

of direct time-domain synthesis will be presented which can be applied, 

provided that the necessary complexity of controller is available. 

6.1 Limitations to the Application of Conventional Techniques to 

Sampled-data-system Design 

A direct attempt to apply conventional frequency techniques to the 

design of shaping networks for the error-sampled system leads to the 

block diagram shown in Fig. 6.2. In this case the form of the transfer 

Hold 
circuit 

Shaping 
network 

Fra. 6.2. A block diagram for the application of conventional techniques to design. 

function of the shaping network N(s) is chosen at the outset as, for 

example, (1 + a7s)/(1 + 7s), and one wishes to choose a and 7 in such a 

fashion that the system gives satisfactory performance. The reasons for 
the rather widespread use of frequency techniques are fairly easy to 

understand. The methods guarantee at the outset that the compensat- 
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ing network will be of a realizable form and, furthermore, successive 

applications of the cut-and-try procedure are simply and quickly made. 

In the case of sampled-data systems, only the first of these reeommenda- 

tions can be made without reservation. Unfortunately, the cut-and-try 

procedure is neither simple nor quick in the sampled-data case, so that one 

is typically forced to adopt approximate schemes which have limited 

ranges of validity. The source of the difficulty may be readily seen from 

an analysis of Fig. 6.2. Using the methods of Chap. 5, one can write 

COP eLLNG®) 

R(z) 1+ HNG(z) 
(6.1) 

where HNG(z) is the pulse transfer function corresponding to the product 
H(s)N(s)G(s). The stability and general performance of the system 

depends upon the location of the roots of this pulse transfer function, and 
design depends upon the modification of these root locations by changes 

in N(s). The relation between the roots of 1 + HNG(z) and the param- 

eters of N(s) is very complicated, and it is this complication which is the 

source of the difficulty. In terms of the frequency domain the transfer 

function can be written as 

C(jw) _ HGw)N Gjo)G Ga) 
R* (jw) 1 + HNG*(jw) 

: H (jes)N (jeo)G (je) ee) 

me = > FG eee OO IN Gon nonG Gaeeanen) 

The function which must be plotted for a Nyquist- or Bode-type analysis 

and shaping is 

F(jw) = 7 ») A (jw + jnwo)N (jw + jnoo)GYo + jnwo) (6.3) 

The expression (6.3) shows immediately that no simple product of vectors 

or addition of logarithms will suffice, in general, to show the effect of a 
change in N(jw) on the over-all plot. In other words, each new com- 

pensating network parameter requires a completely new frequency 

plot to display its effect on relative stability and other performance 
characteristics. 

In preference to an exact replotting of the frequency transfer function, 

the design engineer may take advantage of several alternatives and 

approximations. Although it is difficult to give a quantitative measure 

of the range of validity of the approximate methods, it is clear that quali- 
tatively the determining factor is the ratio of sampling frequency fo to 
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system cutoff frequency. In other words, from inspection of (6.2) and 

(6.3), the source of difficulty introduced by the sampling operation lies in 

the production of harmonics or sidebands at integral values of fo. If 
these sidebands are negligible, then the sampling can be ignored, and, 

conversely, the extent to which the sampling aspects of the problem must 

be considered depends upon the extent to which the sidebands are not 

negligible. 

In the present chapter a few examples will be studied and an attempt 

made to develop an experience and ‘‘feel”’ for the extent of the difficulty. 

6.2 Summary of Alternative Design Methods 

Before describing any of the design alternatives in detail it will be 

instructive to list the various possibilities and discuss briefly their impor- 

tant characteristics. Although the list which follows is by no means 

exhaustive, it is felt that the procedures included in this list hold the 

greatest promise for the practical applications of conventional techniques 

to the design problem presented by sampled-data control systems. 

Method 1. Approximation of sampled-data system with continuous 

system. 

Design step 1.1. Replace the sample and hold operations with a con- 

tinuous approximation. 

Design step 1.2. Design the approximate system on a continuous 

basis. 
Design step 1.3. Check the exact response of the compensated system 

by z-transform analysis techniques and repeat the design if necessary. 

This procedure for the design of sampled-data systems is the simplest 

possible approach for those familiar with continuous-control-system 

design, and the method is effective when the sampling rate is relatively 

high. The simplest approximation to take for the sampler and hold 

circuit is a through connection. In other words, when the sample rate is 

very high, one can ignore the fact that the system is sampled at all. This 

“approximation” is common practice, of course, in many pulsed radar 

systems and digital-computer or so-called numerical control loops, where 

it is fairly obvious that the data rate is sufficiently high to permit the 

designer to ignore the discrete character of some of the data in the system. 

The development and use of a more sophisticated approximation will be 

examined later, along with an example problem using the proposed 

method. 
Method 2. Approximation of the effects of the sampler by use of low- 

order sidebands only. 
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Design step 2.1. Make a polar plot of H(jw)G(jw). 

Design step 2.2. Approximate the sampled loop transfer function 

= » H(jw + jnwo)G(jw + jnwo) by a vector addition of a few sideband 

terms to the fundamental plot obtained in step 2.1. 

Design step 2.3. Select a network transfer function N(jw) by conven- 

tional methods, using such aids as M circles if desired, and replot the 

compensated loop transfer function 

= >» N (jes + jneso)G(jo + jroo) H (jw + jneoo) 

using again only a few terms in the expansion. 

Design step 2.4. After repeated application of step 2.3 indicates a 

probably satisfactory design, check the performance by conventional 

z-transform techniques or by experimentation. Repeat the last two steps 

until the specifications are met. 

The accuracy as well as the difficulty of application of this method, 
which was first proposed in detail by Linvill,?*° increases with the 

number of terms included in the approximation to (6.3). The principal 

virtue of the method lies in its immediate use of well-known design tech- 

niques with a modification of the plots to include what might be called the 

“first-order”’ effects of sampling. 

A rough check on the accuracy of the method is possible by comparing 
ie} 

> G(jw + jnwo)H (jw + jnwo) with the exact 

plot obtained with z-transform methods. A specific example is used for 

illustration later in this chapter. 

Method 3. Introduction of a sampling switch between plant and 
network. 

2 the approximate plot of i 

Design step 3.1. Approximate the continuous connection between the 

network and the plant by a fictitious sampler and hold (see Fig. 6.3). 

Design step 3.2. Design for the pulse transform of the shaping network 

N(z), using either frequency- or time-domain (Chap. 7) methods. 

Design step 3.3. Obtain the continuous transfer function N(s) which 

corresponds to N(z). 

Design step 3.4. Check the design with exact analysis techniques. 

This method, which was originally proposed by Sklansky,** aims to use 
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a fictitious sampler to perform the separation of transfer functions neces- 

sary to apply conventional shaping techniques directly. The mathe- 
matical sampling represented by 72 in Fig. 6.3 is usually taken as a higher 

rate than the basic sampling rate 7’, in which case the system is a multi- 

rate problem, which will be treated in a later chapter. The hold opera- 

tion indicated by His part of the numerical or mathematical approxima- 

tion to a continuous connection between plant and shaping network and 

R(s) | C(s) 

[pane Compensating 
Fictitious sample network 

and hold 

Fic. 6.3. Block diagram for approximate design procedure, using mathematical 
sampling between plant and network. 

consequently need not be physically realizable. The use of nonphysical 

extrapolators permits considerably greater freedom in the choice of hold 

and consequently greater accuracy in the approximation. This method 

is comparable to method 2 (Linvill’s method) in range of applicability and 

accuracy. 

Method 4. Time-domain solution for continuous network compensa- 

tion. 

Design step 4.1. From considerations of the over-all transfer function 

from input to output specify the pulse transfer function HNG(z). 

Design step 4.2. Find a continuous transfer function F(s) correspond- 

ing to the pulse transfer function obtained in step 4.1. 

Design step 4.3. Solve for N(s) as 

This method, originally proposed by Truxal® as an extension of Guil- 

lemin’s control-system synthesis procedure to sampled-data systems, has 

great intuitive appeal but has not yet been satisfactorily applied in many 

practical cases. Because of the complicated relation between N(s) and 

the pulse transfer function of the system, no simple criterion exists to 
guide the initial choice of pulse transfer function in such a manner that 
the final network will be practical. The cut-and-try process is rather like 

a random search because failure at one step does not point toward success 

at later steps. Cut and try does not converge in this method. This 

peculiarity will be demonstrated with examples later in the chapter. 

Method 5. Pulsed-network compensation. 
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Design step 5.1. Represent the pulse transfer function HG(z) in the 

form (polar plot or root locus) which is most familiar to the designer. 
Design step 5.2. A pulse transfer function of a form realizable by 

practical networks (to be discussed in detail later) is selected and the new 

plot or locus drawn for N(z)HG(z) and evaluated directly or by time- 

response calculation. 

Design step 5.3. The selected network is realized by a continuous net- 

work (RC) separated from the plant and hold by a switch. 

This method, which was also proposed by Sklansky,*? truly applies con- 

ventional methods to sampled-data systems. 

The fundamental procedure of plotting frequency data and shaping by 

forming the product of the plant and network pulse transfer functions is 

exactly analogous to conventional continuous-design techniques. One 

may even apply constant magnitude ‘‘M circles’’ to the design to ensure 

a specific maximum response for real frequencies. In terms of the root 

locus, the rules* for loci construction are exactly the same as in the con- 

tinuous case, although for sampled-data systems the unit circle replaces 

the imaginary axis as the boundary of stability and the negative real axis 

and origin in the z plane have significance not ordinarily found in the 

s plane. 

6.3 Design by Continuous Approximation of Sample and Hold. 
Method 1 

The fundamental step in the application of this method lies in determin- 

ing a useful and realistic continuous approximation to the sample and 

hold operation. Such an approximation may be derived and evaluated 

either by time- or frequency-domain considerations, but it is essential 

that the approximation be as simple as possible. The first application of 

the method will be made to the most common hold circuit, which is the 

clamp, or zero-order hold. This circuit was discussed in some detail in 

Chap. 3 and is described by the transfer function 

sin wT/2 a es Gitano SBE We Ie EIGics) i — ane! oT? (6.4) 

If this element is followed by a plant with the transfer function G(jw), then 

the over-all loop pulse transfer function is 

Ps 5 @ + N09 

ie 1 Does) sin] ( 2 )2| Gi) TP > Te 5) a (Ci IOI 

—o Rae 

G(jw + jnwo) (6.5) 
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If T is sufficiently small, or, equivalently, if wo is high, and G(jw) is low- 

pass, all harmonics can be neglected, and the transfer function in (6.5) 
reduces to 

HG*(jo) 2 e-iTo”? we G (jo) (6.6) 

Actually, for low frequencies, ee is approximately unity, so that 

finally 

HG* (jw) & e-#T’?E (jw) (6.7) 

In words, the loop transfer function is approximately the equivalent of 

replacing the sample and hold operation by a pure time delay of half a 

Fia. 6.4. Sketch showing the delay of 7'/2 sec introduced by the zero-order hold. 

sampling period. This approximation may also be quickly obtained 

by consideration of time-domain plots of a signal and its sampled and 

clamped resultant as shown in Fig. 6.4. The boxcar output of the zero- 

order hold seems to follow the input curve delayed by 7/2 sec. In terms 

of block diagrams the system of Fig. 6.5a is replaced or approximated by 
the continuous system of Fig. 6.5b. The applications of standard fre- 

quency design methods to the approximate system are straightforward, as 

will be illustrated by an example. 

EXAMPLE Method 1 

As an illustrative example of the application of the approximating 

technique outlined above, the compensation of the system shown in 

Fig. 6.6 will be considered. For the purposes of this example the 

sampling rate will be taken to be 1 per second, and the Bode diagram or 

logarithmic frequency plots used to suggest the compensation required. 

A polar plot or Nichols chart could be as easily used, of course. The 

separate logarithmic plots of gain and phase are chosen arbitrarily to 

illustrate the use of a conventional technique with this particular 
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approximation. The plots of the uncompensated gain and phase are 

shown in Fig. 6.7 for a value of loop gain constant of unity. For the 

purposes of this example let it be supposed that the objectives of the 

design are to maintain the low frequency gain at unity and to increase 

the phase margin from the indicated 17° to approximately 50° to 

ensure satisfactory performance. The time response will be checked 

to evaluate the final design in terms of overshoot and general transient 

behavior. 

Ris) 

(b) 
Fia. 6.5. A sampled-data system and the approximating continuous system. 

The first network one might apply for the stated purposes is a lag 

network. In general terms, one can say from a consideration of the 
Bode plot that greater benefit can be derived from a lag network than 

Rs) C(s) 

Fia. 6.6. Block diagram for illustrative example. 

from a lead network because of the very rapid increase in phase—fall of 

phase margin—as the linear phase from the delay e~*/? begins to be 

effective. A lead network has only limited effectiveness against this 

rapidly increasing lag angle. The exact location of the lag network and 

the separation of break frequencies are matters for individual judgment 

and component size requirements. As a first attempt, the network 

transfer function 

ovate Os2 

qa + 0.66 

will be tried. The modified plots of gain and phase are shown in Fig. 

6.8, where it may be observed that the phase margin at 0-db gain, 

“gain crossover,’”’ has been increased to about 47°. A slight addi- 

N(jw) = 0.3 
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tional improvement can be effected by the use of a lag-lead network as 
described by the transfer function 

(jo + 0.2)(jw + 1) 
(jo + 0.06) (jo + 3) 

The total gain and phase characteristics of the compensated system are 

shown in Fig. 6.9, where it is observed that the phase margin has 

Ni(s)e=20:9 
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Fic. 6.7. Bode plot for uncompensated system. 

been further increased to 60°. The introduction of networks having 

different transfer characteristics than those described above is easily 

accomplished on the gain and phase curves, and any conventional 

rules observed by a particular designer can be applied to this approxi- 
mate model. The ultimate limitation on the use of the method is 

exactly the same as that which applies to the use of frequency 
methods in the design of continuous systems. The designer does not 

know in advance the exact effect of a change in the frequency charac- 
teristics on the time response. The closed-loop step responses which 

correspond to the frequency plots of Figs. 6.7, 6.8, and 6.9 are sketched 

in Fig. 6.10. Examination of these time-response plots indicate that 

application of very simple conventional frequency-response ideas leads 

to an improvement in the time response but that the extent of the 
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improvement is not included in the design method and is not known 
until after a tentative design is completed. 

Although the clamp, or zero-order hold, is the most common hold 

circuit used in sampled-data control systems, the method of approximat- 

20 logi9 IGHN| 

l 
S 

Phase margin, 180 -ARG HGN(ju) 

—20 

Fia. 6.8. Bode plot for lag compensation. 

ing the sample and hold operation by a continuous network is obviously 

not limited to that case. Asa matter of fact, the higher-order-hold net- 

works lead to generally simpler approximate continuous networks than 

that necessary for the clamp. The transfer function of the first-order 

hold, for example, is 

1 = Ge 

which may be reduced to 
° 2 

H,(jo) = TL + joe? (a (6.9) 

for real frequencies. If this hold circuit is followed by a plant with the 
transfer function G(jw), then the pulse transfer function of the combina- 
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tion is given by 

sin [(w -+ nw) wl 
(w =e Nw) 2, 

G(jo + jnwo) (6.10) 

H,G* (jw) = > (1 ao joT + Jno) EWeT neo 

If all harmonics are ignored and the (sin v/x)? term approximated by 

unity, 

HG* (jw) & A + joT)e—“'G (Jo) 
., A + joT GG.) 2” 

~ G(ju) (6.11) 

From (6.11) it is evident that the first-order hold and the sampler may 

be replaced by unity to the same degree of approximation that requires 

a delay to represent the clamp. Although this approximation is crude, it 

(14+ 7s)(1—e-75 2 

Ts2 

(a) 
Fia. 6.11. Block diagram of approximately equivalent systems. 

is useful if the transmission of G(jw) is very small at frequencies above 

a/T radians/sec. As an example of the nature of the approximation, 

consider the system shown in Fig. 6.11, where the continuous system of 

Fig. 6.116 results if the sampler and hold of the system of Fig. 6.1la are 

replaced by a through connection. The step responses of these systems 

are plotted in Fig. 6.12, where it is obvious that the equivalence between 

the two systems is not impressive. Actually, the sampled-data-system 

response closely resembles the response of the continuous system with a 

gain of 4, rather than a gain of 1. It is not evident from the expression 

for the first-order hold, (6.10), however, that this should be so. 
Only the simplest possible approximation to the zero- and first-order- 

hold circuits has been considered in this outline of one method for the 

design of sampled-data control systems. The extension of the method to 

establish more sophisticated approximations suitable to a wider range of 

devices is obviously possible but has limited value. When the simplest 

approximation derived above is not valid, then the system designer 

would be best advised to abandon the method altogether rather than try 
to refine 1t with more complicated approximations. 
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6.4 Design by the Use of the Most Important Sidebands Due to 

Sampling. Method 2 

As was mentioned in Sec. 6.2, method 2, which was first proposed by 

W. K. Linvill,** lends itself most easily to the use of the polar plot or 

Nyquist diagram as a design tool. Application of the design steps out- 

Sampled system 

Continuous system 

0 i 2 3h AT ST Cf 7h) Sf oF i0n 

Time. 

Fic. 6.12. Step responses of systems of Fig. 6.11. 

lined in See. 6.2 is straightforward and will be illustrated shortly by the 

same example used for method 1. Method 2 has two principal advan- 

tages over method 1. The first of these is the fact that by using more and 

more sidebands it is possible in a perfectly straightforward manner to 

improve the accuracy of the method. Obviously, there is a limit, deter- 

mined by the amount of labor involved, to how far this process can be 

carried, but the fact remains that if a particular part of the frequency 

response is critical, an improvement in the approximate plot of those 

frequencies can be made. The second advantage of this method is that a 

measure of the validity of the approximation can be made relatively 

quickly by plotting the exact polar plot for the loop transfer function from 

the pulse transfer function of the system. This check procedure is simple 

to apply on a polar plot but rather obscure on the Bode diagram. 

The basic idea of this method is the approximation of 

Grae = » CENA are) (6.12) 

by a few terms of the summation. The construction of the approximate 

plot of (6.12) can be considerably simplified by the observation of the 
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following facts. First, G*(jw) is periodic, with period wo, so that the 

approximate plot need be constructed over a range of width wo only. 

Secondly, G*(—jw) is the conjugate of G*(jw), which permits the designer 

to construct the entire plot from the half obtained for positive frequencies. 

In other words, one need consider G*(jw) only over the range 0 Sw S 

wo/2. The number of terms required to give a reasonable approximation 

depends upon the accuracy required and the speed with which the series 

(6.12) converges. For the method to be effective, it is necessary that 

G(jw) approach zero at least as rapidly as 1/w? for frequencies above wo, 

and it is preferable if the cutoff is 
even more rapid. As an example of 

the limitation of the method, consider 

the system shown in Fig. 6.13. In 

this example, the plant is of first order 
only, and the series (6.12) does not Fic. 6.13. Block diagram for example 
converge sufficiently rapidly to make illustrating limitation on use of method 

the approximate method useful. 

The plot of G(yjw) for this example is shown in Fig. 6.14, along with the 

exact G*(jw). The construction of three terms of the series for G(j1) is 

shown, and it is obvious from this construction that an accurate approxi- 

mation cannot be made in this case. Although the higher-sideband terms 
are very small in amplitude, they converge so slowly that poor accuracy 

results. The difficulty is obvious in the simple example used here for 

= 

PS | 
ey 

Fic. 6.14. Polar plots showing construction of approximate plots. 



152 SAMPLED-DATA CONTROL SYSTEMS 

illustration, but in more complicated problems considerable care must be 

exercised to ensure that the approximation is near enough to the exact 

plot. A more practical design problem is given in the next example, 

where the sideband contribution is actually negligible. 

EXAMPLE Method 2 

The method of Linvill will be applied to the same system used for 

illustrating method 1. The block diagram of the system is shown in 

Fig. 6.6. The pulse transfer function for this system is given by 

ll a ay 1 
HG* (jw) » et a/ i? uae (6.13) 

where U, = w+ nwo. A plot of the first term in (6.13), which is 

H(jw)G(jw), is shown in Fig. 6.15, with points on the exact HG*(jw) 

indicated. From these points it is obvious that all sideband terms may 

be ignored in the design of the system. 

—J 

eae 
Ls : RSH 
VA siseeees astete4 OP Se < 

Fic. 6.15. Polar plot for illustrative example 2. 

From the polar plot it is seen that a smaller frequency peak will 

require a lead network near 1 radian/sec, and a lag network, if added, 

should be at frequencies below about 0.3 radian/sec. The plot of the 

compensated system with the network 

(jo + 0.2) ja +1) ean 
AG) VN ea rarer ae 
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is shown in dashed lines on Fig. 6.15. The compensation has reduced 
the frequency overshoot from 2.0 to approximately 1.25, which is prob- 

ably satisfactory. A transient response test could be made to deter- 

mine the exact nature of the system response to a particular type of 

input if that is necessary. For this example, the pertinent step 
responses are shown in Fig. 6.10. 

The two examples used here to illustrate Linvill’s method lie almost 

at opposite extremes as far as the applicability of the method is con- 
cerned. The first-order example plotted in Fig. 6.14 does not permit 

use of the method at all for reasonable ease and accuracy, and the second 

example required only one term for satisfactory accuracy. The evalua- 

tion of the method for any particular system can be quickly made by a 

comparison of the loop transfer function 1/TG(jw) with the exact pulse 

transfer function G*(jw). Without this check, the designer is not able to 

say with confidence that one or two or even ten terms satisfactorily 

approximate the true loop transfer function. 

Method 3, in which the continuous network N(s) is separated from the 

plant by a fictitious sampler and hold as shown in Fig. 6.3, is most useful 

only when the sampling period T’2 of the fictitious sampler is considerably 

smaller than that of the first actual sampler. If the sampling periods 

T and T, are the same, this technique is no more accurate than that of 

method 1. In choosing T» to be a fraction of 7, the system becomes a 

multirate system, which is treated in Chap. 9, so that no detailed example 

will be given until the theory is more fully developed. The design steps 

outlined in Sec. 6.3 are self-explanatory for the case of equal sampling 

periods and can be extended to the case of multirate systems using the 
techniques developed in Chap. 9. 

6.5 Design of Continuous Network by Time-domain Specifications. 

Method 4 

This design method is based upon the following calculations. For the 

single-loop feedback system shown in Fig. 6.2 one can write 

CO) Re ANGe) 

me) tlie ~“@ (elo) 
and, consequently, 

HNG(2) = es (6.16) 

If now, one were to specify K(z), the closed-loop pulse transfer function 

from input to output, then, from (6.16) one can calculate the open-loop 
transfer function NHG(z). From this open-loop pulse transfer function 
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the designer may then specify an open-loop continuous transfer function 

which has the desired characteristics and solve for the necessary com- 

pensating network. The difficulty with the method lies in the initial 
selection of a K(z) such that the resulting continuous network is realizable 

and practical. There does not seem to be a simple method for introduc- 
ing the necessary constraints on K(z) for this purpose. It should be 

mentioned, however, that this particular problem has not been seriously 

studied because of the development of the more attractive time-domain 

design methods for digital controllers which are described in Chap. 7. 
The nature of the difficulty in the application of method 4 is best 

illustrated by example. Consider the basic system shown in Fig. 6.2 and 

assume a zero-order-hold circuit. A typical specification on the over-all 

transfer function K(z) might be that the system follow a first-order poly- 

nomial in time (ramp) with zero steady-state error. That is, the steady- 

state value of the error is to be zero. For the system being considered, 

the error transform is 

E(z) = R(z) — Cle) 

= R(z)[l — K@)] 

sete taf olay (6.17) 
cm) } 

From the final-value theorem and (6.17) 

lim e(nT) = lim (_ — 27) Ges a [1 — K(z)] (6.18) 
n— 2 

Inspection of (6.18) shows that, if the final value of e(nT) is to be zero, 

then 1 — K(z) must contain factor (1 — z~!)?. The simplest possible 

transfer function which satisfies this condition is 

Gj = LOS Se (6.19) 

For the control system shown in Fig. 6.2, direct analysis shows that if 

H(s) is a zero-order hold, 

JaeeG! 4) Ke) 

Meee ee he) 

= a (6.20) 

Therefore, the transfer function of the compensating network must 

satisfy the relation 
NGaeen eae 
[sf a=) 

z(2z — 1) ee (6.21) 

Z 
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if the over-all pulse transfer function is to be given by (6.19). There is 

no unique continuous transfer function which satisfies (6.21). The time 
function corresponding to the transform NG/s must have a specified set 

of values at sample instants to satisfy (6.21) but may take any shape 

between sample values of time without affecting (6.21) at all. However, 

there are only a limited number of admissible or practical forms for NG/s. 
In order to exercise some control over the behavior of the output between 

sampling instants it is desirable that the selected continuous transform 
be as nearly “low-pass”? as possible. The simplest and most direct 

method of obtaining such a transform is to do a partial-fraction expansion 

of the pulse transform into elements which can be looked up in a table of 

transform pairs. For example, the poles of (6.21) are all located at unity, 

so that the continuous transform has all its poles at zero. Therefore, 
one should write ; 

ING Wapavucre (Chal) BTz Cz 
a ee eee gery wee) 

Simple matching of coefficients between (6.22) and (6.21) shows that in 

this case 

1 

A= oT 
3 

= oi 

Ce—s0 

and, consequently, associating the Laplace transforms and z transforms 

from the table in Appendix I and simplifying, 

N(s)G(s 1+ 37s 

SO = eS 62°) 
If the plant G(s) happens to be a pure integration then this problem is 

nicely solved with the compensation network 

N@) === (6.24) 

which is a practical transfer function. However, if G(s) has a greater 

excess of poles over zero than unity, then the compensation network will 

have more zeros than poles and the system will not be practical. In addi- 

tion to the difficulties attendant on the realization of networks having 

more zeros than poles, in the present case such a compensation network 

would cause impulses and possibly higher-order singularity functions to 

be applied to the plant. A possible way to increase the number of poles 

in the compensating network would be to add to the transform given by 
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(6.23) other terms which would not add to the pulse transfer function. 

For example, one could add terms of the form 

a; 

(s + a;)? + («/T)? 

with arbitrary a’s and a’s without changing the pulse transfer function 

since the z transform of all these addition terms is zero. This method is 

treacherous, however, because these terms add to the intersample ripple 

and can cause enormous “‘hidden oscillation” in the output of the system, 

as shown in Sec. 8.5. There is a certain arbitrariness to the selection of 

the K(z) given by (6.19), but no other method seems to lead to a specifica- 

tion which can be realized by a practical tandem network. In particular, 

the methods of Chap. 7 for the design of digital controllers are not satis- 

factory for the problem of tandem network compensation. However, by 

a slight modification of the structure and the possible introduction of an 
additional sample and hold circuit, one can avoid the problem completely, 

as shown in the next section. 

6.6 Design of Pulsed-network Compensators. Method 5 

The original work on pulsed networks for sampled-data control systems 

was done by Sklansky,®* and the treatment here follows that work. A 

block diagram of the basic system being considered is shown in Fig. 6.16. 

Hold 

| 

| 

Plant 
| 

| 
| 
| 

Pulsed network 

Fic. 6.16. Pulsed network compensation of sampled-data system. 

In this figure, the transforms P(s) and Q(s) represent the transfer func- 

tions of RC networks and supply the shaping or compensating action in 

the control loop. The design of the pulsed network for a control applica- 

tion may follow either of at least two directions. In the first place, the 

designer may select a specific form for the pulsed network and obtain the 

best design of the system in terms of the best parameter values of his 

chosen network. This is referred to as conventional design. A second 

alternative is to select at the outset the over-all transfer function which 

satisfies his needs and to calculate the transfer function of the network 

which will do the job. This alternative is the time-domain synthesis 
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which failed in method 4 but which succeeds here because of the sampling 
switch which separates the network from the plant. With pulsed net- 

works the designer can control both the poles and the zeros of the com- 

pensating network and ensure success of the design at the outset. These 

ideas are developed in some detail in Chap. 7. For the present purpose 
it will suffice to show later in this section that any realizable linear digital- 

controller pulse transfer function can be realized with a pulsed RC 

network. 

(l—e-@7) FN tec ia Cle ear 

Lag network ee when K= eee 
—e-@ 

Lead network 

(a) (b) 

Fic. 6.17. Block diagrams for typical pulsed-network transfer functions. 

The application of conventional techniques to the design of pulsed- 

network compensators requires the analysis of a few simple examples to 

give the designer a selection of tools for various requirements. Figure 

6.17 shows symbolically a few examples with their corresponding pulse 

Im[M2)] 

Re[Niz), 

0<a<l 

(a) (0) 

Fig. 6.18. Polar plots for typical pulsed-network transfer functions. 

transfer functions. The polar plots of the variations of these transfer 

functions as z moves around the upper half of the unit circle are shown in 

Fig. 6.18. It is clear from these diagrams that the configurations shown 

behave like lag and lead networks, respectively, and the application of 
these plots to polar-diagram design is obvious. Pulsed networks can also 
be used with pole-zero design methods using the root-locus method. 
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EXAMPLE Method 5 

The design of a pulsed network to compensate the system shown in 

Fig. 6.6 may be easily done from root-locus or pole-zero considerations. 

The pulse transfer function of the plant and hold combination is 

z+ 0.719 
HG(z) = 0.368 (2 — 1)(z — 0.368) 

(6.25) 

which may be represented by the pole-zero constellation and cor- 

responding root locus shown in Fig. 6.19. The relative damping of 

Unit circle 

Re 

Fria. 6.19. Gain root locus for system of Fig. 6.6. 

the transient terms corresponding to the poles of the closed-loop trans- 
fer function depends upon the distance of these poles from the unit 

circle. Poles on the unit circle correspond to transients which do not 
decay with time, and poles at the origin of the z plane correspond to 

transient terms which vanish completely in a finite time. In general 
terms, the objective of the design is to bring the closed-loop roots close 

to or exactly to the origin. Any of the well-known techniques of root- 

locus modification may be used toward this end, using either the simple 
networks shown in Fig. 6.17 or more complicated structures. In the 

present example, a very satisfactory result can be obtained by use of 
the “lead” structure of Fig. 6.17b to cancel the zero and the pole of 

the GH(z) transfer function at 0.368. To accomplish this end, it is 

necessary to select the gain K and the time constant a of the com- 
pensating network in such a fashion that 

z2—eor 

Cee — eqs ican” 
z — 0.368 

y Sacra (6.26) 

N(z) = 
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The necessary values are, for 7’ = 1 sec, 

a=1 

IK SS Ni 

With the compensating network so chosen, the loop pulse transfer 

function reduces to 

MOEe) = = (6.27) 
z—1 

and, from elementary root-locus considerations, it may be seen that 

increasing the forward gain by a factor of 2.72 to unity moves the pole 

of the closed loop to the origin. The over-all pulse transfer function 

K(g) is thus reduced to ; 
GB) 

Re) 
zg! (6.28) 

which describes a system which, at sampling instants, represents a pure 

delay of one sampling period and no transient beyond one sampling 
period. The extension of these ideas of cancellation compensation and 
the limitations on the method will be developed in some detail in the 

next chapter. 

The use of pulsed RC networks to provide the necessary compensating 

transfer functions for sampled-data systems is considerably more general 

and more flexible than is indicated by the special examples worked out in 
Fig. 6.17. As a matter of fact, Sklansky®? has shown that any linear 

realizable pulse transfer function may be realized by a pulsed RC network, 

of the general form shown in Fig. 6.16. The proof of this important 

result follows from a consideration of the characteristics of the basic pulse 

network transfer function and the general form of the realizable pulse 

transfer function of a finite system. The latter is 

Ms 
8 " 

2 X Ve T ? ll Oo (6.29) 

ih» o 

ce 4 

S 

where the a; and b; are real and bb) # 0. As shown in Chap. 4, the restric- 

tion on bo is necessary to ensure that the linear system described by (6.29) 

operates only on present and past and not on future samples. The sys- 

tem is finite (stores a finite number of past-input and past-output data 

values) if p and q are finite. From an elementary analysis of the pulsed 
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network in Fig. 6.16 it is clear that 

(1 — 27)Z[P(s)/s] 
1+ (1 — 27)Z[Q(s)/s] 

is the pulse transfer function of the network. The expression (6.30) can 

be factored into two terms: 

N(z) = (6.30) 

Ni) = (2) D2) (6.31) 

where Dz) = A - es (6.32) 

aad Dere : (6.33) 
1+ (1 — 2-)Z[Q(s)/s] 

The factor D,(z) is basically the result of the series RC network, P(s), and 

D,(z) is the result of the feedback network, Q(s). The proof of the 

theorem that (6.29) can always be realized with the form of (6.30) 

depends upon the demonstration that D,(z) can be realized with essen- 

tially arbitrary zeros and D;(z) can be realized to provide arbitrary poles. 

If P(s) isa realizable RC transfer function, then all the poles of P(s) are 

simple and lie on the negative real axis of the s plane. A partial-fraction 

expansion of P(s)/s is thus of the form 

P(s) _ ki Pe eee eos > iat s;real, —-27 <8; <0 (6.34) 
a 

where the k; are arbitrary, except for a constant multiplying factor, and 

one of the s; is zero. The z transform of P(s)/s is therefore 

kz b, > —- (6.35) 

where a; = e~*7 and one of the a; is unity. Therefore, the form of D,(z) 

is, from (6.32) 

Den — ae 

— . ES a (6.36) 

The expression (6.36) has the following properties: 

1. The poles of D,(z) are in the range 0 < z; < 1. 

2. The zeros of D,(z) are arbitrary. 
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The transfer function for the feedback portion of the pulsed network 
can be shown from (6.33) to satisfy the relation 

z2—1 y Q(s) 1 : = oe (6.37) 

Since the left-hand side of (6.37) is of exactly the same form as the right 

side of (6.36), it is immediately possible to say: 

1. The zeros of D;(z) are in the range 0 < z; < 1. 

2. The poles of D;(z) are arbitrary. 

From the two sets of conditions on the characteristics of D;(z) and 

D(z) given above it is possible to state rules for the realization of an 

arbitrary physically realizable transfer function in the form of a pulsed 
network as follows: 

Step 1. Factor the desired D(z) into D,(z)D;(z) so that all finite 

zeros outside the range 0 < z; < 1 are contained in D,(z) and all poles 

outside this range are in D,(z). 

Step 2. Assign poles and zeros of D(z) which fall inside the range 
0 < z, < 1 to either D,(z) or D;(z), respectively, so that D,(z) has no 

poles and D,(z) has no zeros for infinite values of z. This is necessary 

in order to prevent the resultant network from being physically 

unrealizable in that it would be required to predict future values of the 

sample sequence. If there are not enough such factors in the desired 

pulse transfer function D(z), add arbitrary poles in the range 0 < a; < 1 

to D,(z) and identical corresponding zeros to D;(z) until D,(«) and 

1/D;(%) are both less than infinity. 

Step 3. Determine P(s) from the inverse relation 

_, 2D,(2) 
z—1 

sZ |. 2 ; : — (6.39) 

(Ss) aes 

and find Q(s) from 

(6.38) 

Q(s) 

where Z~! signifies the Laplace transform corresponding to the z 
transform. 

The simplest way to perform the inversions indicated in (6.38) and (6.39) 

is to expand D,(z)/(z — 1) in partial fractions, multiply by z and look 

up, or write by inspection, the corresponding continuous transform. 

As an example of the synthesis of a pulse transfer function, first con- 

sider D(z) = z-!. This function has a pole at zero which, from step 1, 

must be contained in D;(z). Therefore, after the first step, the two fac- 
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tors are . 

D2) =1 
1 D(z) = 5 

Although all the factors of D(z) have been used, the reciprocal of D;(z) is 

not bounded at infinity, so that a common factor must be added, such as 
z— a. One such factor is sufficient, and the final results are 

D2) o> ea 

Dy(z) = == (6.40) 

From (6.38), 

vata: 
s (¢—1)(¢- a) 

il zZ 1 Zz 

'1@) ea ee nade 
fisy (ad ae Ae Sacee 

iG) == | (6.41) 
l—as+a 

where a = e—°7. 

From (6.39), 
oes Z a 

Ss Zi lace a 

er: = Z ) 
Bila. a eee 

and Q(s) = == = (6.42) 

fora = e777. 

As a second example consider D(z) = z/(z — 1), which is a pure inte- 

grator. In this case the transfer function has a zero at the origin which 

must be assigned to D,(z) and a pole at unity which must be assigned to 

D;(z). Therefore, after the first step, 

Die) =z 

Dj@) = 4 

Neither of these preliminary functions has satisfactory behavior at 



APPLICATION OF CONVENTIONAL TECHNIQUES 143 

infinity, so that a common factor z — a is added to give 

DO a= 

Can 

DAG) rer (6.43) 

The use of (6.38) and (6.39) is straightforward and leads to the results 

1 (d-aj)s+a 

ES) 1 a sta 

Q(s) = — = - (6.44) 

where e~*? = aas before. The selection of the time constant 1/a intro- 

duced in the procedure outlined above is arbitrary and can be chosen from 

the practical considerations of size and impedance level. It should be 

emphasized that the synthesis procedures given here for pulsed RC net- 

works require, in general, a gain factor in series with Q(s) and P(s). 

This additional gain can, in most practical situations, be associated with 

the zero-order-hold circuits which follow the two sampling switches. It 

should also be noticed that no restriction is placed by this design pro- 

cedure on the hold circuit which precedes the plant. In practice, one can 
frequently arrange the design so that all the zeros of N(z) are in the 

restricted range 0 < z < 1 and can be realized by a pulsed network with 

P(s) = 1. In this case, only one sampling switch and one hold circuit 

are required for the design. 
The complete development of specifications for digital controllers is 

given in the next chapter. Obviously, any of the designs given there can 

be realized by the pulsed networks described here if that is desirable. 

6.7 Summary 

This chapter has outlined five methods for the design of sampled-data 
control systems by the use of conventional servo techniques, which 

include the frequency-response methods associated with the names 

Nyquist, Bode, and Nichols, and the root-locus methods introduced by 

Evans. ‘The design of continuous tandem networks to provide the com- 

pensating action is difficult because of the complicated effects of such an 

element on the closed-loop pulse transfer function. The first three 
methods of design presented in this chapter are approximate methods 

which attempt to unscramble these effects or use only the most significant 

parts of them. The last two methods are exact design methods. The 

fourth method is a procedure for the specification of a continuous network 

to realize a time response specification. This method has great intuitive 



144 SAMPLED-DATA CONTROL SYSTEMS 

appeal but fails to be practical, partly because of the lack of basic work 
needed to develop the method. The last method, which appears at this 
time to hold the greatest promise of all, uses a physical sampler to sepa- 

rate the network from the plant. This structure permits the immediate 

use of the various conventional techniques without approximation and, 

in fact, it is shown that any physical pulse transfer function can be real- 

ized with a pulsed RC network of a particular form. This proof permits 

the designer who must use such networks for compensation to avail him- 

self of all the attractive time-domain synthesis procedures developed in 

the next chapter. 



CHAPTER 7 

DIGITAL COMPENSATION OF SAMPLED-DATA SYSTEMS 

In the preceding chapter, the stabilization and compensation of sam- 

pled-data systems are accomplished by the insertion of a continuous ele- 

ment in cascade with the plant. This element is not separated by a 

sampler, so that its effect is that of altering the continuous transfer func- 

tion to produce some over-all desirable characteristic in the sampled-data 

system. This procedure is relatively obvious since it is analogous to that 

employed in completely continuous systems. Analytically, it is difficult 

to apply, mainly because the over-all pulse transfer function is not simply 

related to the cascaded continuous transfer functions. This difficulty is, 
of course, no justification to seek other means of compensation, but it so 

happens that better results can be achieved by means of pulsed or digital 

compensators. Such compensators can be pulsed networks, that is, net- 

works having a sampler at both their input and output. Alternatively, 

active linear digital controllers can be designed such that they accept a 
number sequence and deliver a processed number sequence at their out- 

put. Such a controller has a sampler at both its input and output, and 

its performance is described by a pulse transfer function. In general, any 

active or passive compensating device which is preceded and followed by 
synchronous samplers is referred to here as a digital controller. This 

chapter will be devoted to the theory and design of such digital controllers 

as compensators in sampled-data feedback control systems. 

7.1 The Digital Controller 

An approach to the concept underlying the digital compensation of 

sampled-data systems may be arrived at by the reasoning which follows. 

Referring to Fig. 7.1, it is seen that a continuous network is employed to 

compensate the sampled-data feedback system. In this case, the 
sampled error sequence H* is reconstructed into an approximation of the 

continuous error E by means of the data hold. The compensating net- 
work whose transfer function is N(s) then operates on the reconstructed 

error signal EH, to form the command input M, which is applied to the 

plant. The viewpoint taken here is that the error signal is first recon- 

structed and then altered by the compensating network to produce a 

desirable over-all system. 
145 
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In contrast to this approach, an alternative method is shown in Fig. 7.2. 

In this case, the sampled error Ef is applied to a unit identified here as 

the digital controller. This unit computes or generates a sequence of 

output numbers Hy which are linearly related to the input number 

sequence Hi. The sequence EH} is then reconstructed into a continuous 

Fic. 7.1. Sampled-data feedback control system using continuous network 
compensation. 

command function M, which is applied to the plant. The difference is 

apparent when it is noted that continuous compensation first recon- 

structs and then modifies the error signal, while the digital controller 

first modifies the error sequence and then reconstructs the modified error 

function. The compensating element which carries out the number- 

sequence reconstruction is called the digital controller. 

D(z) G(z) — a 
ret 

pa SRomeg 
| 

Ej Digital E3 | 
controller 

Fic. 7.2. Sampled-data feedback control system using digital controller. 

Cc 

The digital controller may contain a pulsed network which is merely 

a passive network to which is applied a sequence of samples. The output 

sequence of numbers or pulses is related to the input sequence by the 

pulse transfer function of the network N(z). On the other hand, the 

digital controller may contain an active element such as a numerical 

processing unit or a program on a digital computer. In this case, the 

restrictions which are imposed on the pulse transfer function of networks 

can be overcome and more complete freedom in the choice of stabilizing 

functions can be achieved. One of the more interesting aspects of 

sampled-data systems is the possibility of using a digital computer to 

compensate the system. It should be mentioned here that a digital con- 

troller need not have any resemblance to a large-scale digital computer 

since it is a special-purpose device and can be constructed much more 

simply than the general-purpose computer. In addition, the digital con- 

troller can be implemented entirely in analogue form if it is considered 
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desirable. More detailed discussions of implementation will be covered 
in later sections. 

7.2 Basic Principle of Linear Digital Compensation 

If it is assumed that the digital controller is linear, it follows that the 

relation between the input number sequence and the output number 

sequence is linear. Furthermore, a desirable system will require the 

storage of only a finite number of input and output samples. A general 

linear relation subject to these conditions will relate the input and output 

sequences, e;(t) and e}(t), respectively, in the following manner: 

e2(nT) + bye.[(n — 1)T] + bee[ (n —= 2) {ui + Sek Rte bpeo[(n > k)T| 

=aei(nT) + aei(m —1)T)+-:-:-: gael — u)T)] (7.1) 

where the various a’s and b’s are constants. This equation is the same as 

that given in (4.53), leading to the pulse transfer function (4.55). The 

pulse transfer function which generates this relationship is given by 

a Giza Qazm 5 06 (ha D(z) = 0 = 1 + 2 = u 

1 + byez! + bog? +: - > Dye (22) 

where D(z) is defined by 

be E.(2) 

De) = nee (7.3) 

If the digital controller is a pulsed network whose transfer function is 

G(s), then the digital controller pulse transfer function isG(z). If, on the 

other hand, the digital controller is an active element, then the various 

a’s and 6’s can be set without restriction. The only restriction is the 

usual one of physical realizability, which requires that in the form of 

(7.2), the denominator must contain the term ‘1.” 

The basic concept of digital compensation is that the various constants 

in the pulse transfer function D(z) are adjusted so that some desired over- 

all pulse transfer function K(z) is realized. Depending on the structure 

of the sampled-data feedback system, that is, on the relative location of 

the various samplers, the D(z) appears in various ways. For instance, in 

the system shown in Fig. 7.2, the over-all pulse transfer function K(¢) is 

_D@G® __ 
1+ DG) 

For a given G(z), D(z) must be so chosen as to produce a desired K(z). 

Supposing, for the moment, that the desired over-all pulse transfer 

function K (z) has been chosen, then the D(z) which is required is given by 

1 K(z) 

EC atee) ae) 9) 

K@) = (7.4) 
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In view of the fact that D(z) is generally implemented by active ele- 

ments, it is theoretically capable of producing any desired physically 
realizable K(z). For this reason, considerable attention must be given to 

the desired prototype forms of K(z) which must be sought. As will be 
seen later, there are some subtle limitations on K(z) which must be 
examined before design procedures can be outlined. 

7.3 ‘‘Minimal’’ Over-all Prototype Response Functions 

In view of the flexibility possible with active digital controllers, there is 

a very large number of possible over-all prototype response functions 

which can be implemented. As a starting point, however, the simplest, 

Fia. 7.3. Block diagram of sampled-data systems using digital controller. 

or “‘minimal,”’ prototype response functions’ are convenient. Minimal 

prototype systems are approached from the viewpoint that they must be 

able to respond satisfactorily to some convenient test input such as a step, 

ramp, or constant acceleration, or all three. The requirements which are 

set for minimal response functions are: 

1. The over-all response and the response of all elements of the system 

must be physically realizable. 

2. The steady-state response to the test input must have zero system- 

atic error. 

3. The transient response should be as fast as possible and the settling 

time should be equal to a finite number of sampling intervals. 

As an aid to applying these requirements, reference is made to the 

system in Fig. 7.3. Here, both D(z) and G(z) must be physically realiz- 

able, as must the over-all pulse transfer function K(z). Taking G(z) first, 

it can be assumed that it is a ratio of polynomials in z—! of the form 

Ge) ese Ta cea (7.6) 

The presence of go in this form is always assured if the system is physically 

realizable. This is shown readily by expanding G(z) into increasing 
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powers of 2—! as follows: 

G(z) = Azm+ Be-MD +1... (7.7) 

where A, B, etc., are constants which are functions of the various p’s and 
q’s. Since G(z) defines the impulsive response of the plant, it follows 

that the presence of 2~” as the first term assures the fact that the output 

of the plant does not precede the input. In the limiting condition, the 

exponent m can be zero, although in practical plants it is never less than 

unity. 

The digital controller whose pulse transfer function is D(z) is also sub- 

ject to this restriction, and its form must be as given in (7.2). Inci- 

dentally, in this form, the gain constant is ao since it can be factored out 

as a multiplicative term for the whole expression. The impulsive 

response of a digital controller of this form is seen to have a first output 

pulse whose amplitude is @. Asa consequence of the restrictions placed 

on the forms of the pulse transfer functions G(z) and D(z), the over-all 

prototype response function K(z) as given in (7.4) will likewise have 

restrictions. These are found by substituting the required forms of 

G(z) and D(z) in (7.4) as follows: 

(Qe seo 8 2 fe (Go ar GE sp ee ae 2s 2 Ge) 
Re) = (Gosr GE ar 2 8 8 Ge ap los Se pe SP le 2 2 le) 

ane Oe -+ dere Dn”) (ao + aye + oz? + 660 Cem) 

~ o + get + + ss qe )(1 + biz! + baz? + +: - Bye) 
(7.8) 

Simplifying this expression and collecting terms, the following results 

ee ae 2 99 Tiere 

I) = i SR ae Pe ee eae (7-9) 

where the various k’s and l’s are combinations of the various p’s, q’s, a’s, 
and b’s. 

It is concluded from this simple development that in order to accom- 
modate physically realizable elements in the closed loop, the numerator 

of the over-all pulse transfer function K(z) must contain z—! to a power 

equal to and possibly greater than the lowest power m in the plant pulse 

transfer function G(z). Also, it is necessary that the term J) appear in 

the denominator of K(z), as shown in (7.9). By observing these simple 
rules it is assured that the specified prototype does not require physically 

unrealizable components in its implementation. 

The second requirement for the minimal prototype response function is 
that it respond to a specified test function with zero systematic steady- 
state error. It is implied in stating the condition that this need only 
apply at sampling instants. From a practical viewpoint, however, it 
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would be desirable that the system error be continuously zero in the 

steady-state, although to assure this condition requires special treatment, 
as will be shown later. The discussions in this section will deal with the 
system error at sampling instants only. 

In specifying the requirements on K(z) to produce zero steady-state 

system error in response to a test function, a unity feedback system will be 

assumed. Modifications of the results obtained in this manner will be 

necessary if the feedback is not unity. From the system configuration 

given in Fig. 7.3, the system error sequence is equal to the control error 

sequence F(z), given by 

Ex,(z) = R(z) — Cz) (7.10) 

Since, by definition, K(z) is given by 

_ C&) 

then (7.1C) is expressed by 

Ex(z) = RL — K@)). (7.12) 

The second requirement on the form of K(z) is that the inverse of /,(z) 

have a final value of zero when R(z) is the z transform of the specified 

input function. Applying the final-value theorem, 

eto) = lim {(. — 2“) R@)L — KI (7.13) 

If the class of input test functions includes only steps, ramps, or constant- 

acceleration inputs, then A(z) takes the form 

Re) = (7.14) 
GS sze he 

where A(z) is a polynomial in z~! which does not contain factors of the 

form 1 — z-!. Itis readily seen from (7.13) that for inputs of this type, 

the steady-state error e;(~ ) will be zeroif 1 — K(z) satisfies the following 

relationship: 

Kee)" Gea Ee) (7.15) 

where F(z) is an unspecified ratio of polynomials in z—! and m is the order 

of the denominator of the input z transform R(z). 

The minimal prototype response function is defined such that F(z) in 

(7.15) is unity and the resultant order of K(z) in zis minimum. Thus, 

if the system is to follow a unit ramp input without steady-state error, 

K(z) for a minimal prototype response is given by 

1— K(z) = 0 — 2")? (7.16) 

Solving for K(z), 

K(z) = 221-2 (7.17) 
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A table of minimal prototype response functions is given in Table 7.1. 

It is understood that, if a minimal prototype is used, the system will 

respond without error for any lower-order input function in the steady 

state. 

The third stated requirement for a minimal prototype is that the 

system settle in a finite time after the application of aninput. As used in 

TasBLe 7.1. Mintmau PrRotrotyPE REsPponseE FUNCTIONS 

Input r(t) R(z) K(z) 

1 il Step KO) 9) ares g 

Tam i a 
Ramp tu(t) Gd —22 22 = & 

: T2211 -+ 271) 
Acceleration (2201 (G) a |e ee ag > = Be 2 op ae 

(1 — 27})3 

this application, this means that the transient must disappear at sampling 

instants only. There is the very likely possibility that, between sampling 

instants, a continuous output will differ from the desired output and that 

the system will ripple about the steady-state value. However, in a 

minimal prototype, the output will be exact at sampling instants. This 

effect is shown in Fig. 7.4, where it is seen that the output has settled 

after one sampling interval in so far 

as sampling instants are concerned, 

but that there is a substantial ripple 
component during the sampling in- 

tervals. A system which is designed 

both to have finite settling time at 

sampling instants and to be ripple- 
free is one which can truly be called a 

finite-settling-time system. This re- 

quires special treatment and willbe ° zy ae Sree ee ioe 
considered later. Minimal proto- Wie 

: P Fic. 7.4. Ripple in finite-settling-time 
types are concerned only with sam- systems. 

pling instants. 

In the expression for an over-all response function as given in (7.9) and 

(7.15), K(z) may be the ratio of two polynomials in z~!. In (7.15) the 

unspecified function F(z) may be the ratio of two polynomials. In 

minimal prototypes, F(z) is taken as unity, resulting in a minimal expres- 

sion containing zeros anywhere in the z plane but having all its poles at 
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the origin. It is this characteristic which produces a finite-settling- 
time response. The reason for this is found in the fact that the impulsive 
response of a system containing only a numerator polynomial in K(z) is of 

finite duration. If properly designed, a system of this type will continue 

to generate the correct number after all the necessary past samples are 

weighted and added. Thus, minimal systems and, for that matter, all 

finite-settling-time systems are characterized by the fact that they have 

only a numerator polynomial in z~! in their pulse transfer function. 

EXAMPLE 

A sampled-data system is to be designed with a minimal prototype 

response K(z) such that it responds to a ramp input without error. 

From Table 7.1, the minimal prototype for this condition is 

TZ) ee 

The response to an input whose z transform is R(z) is given by 

Cz) = @z4 — 2) RE) 

Taking three inputs, a unit step, a unit ramp (for which the system is 

specifically designed), and a unit acceleration, the following outputs 

result: 

For a unit step, 

Dem a a 

Dee 
For a unit ramp, f, 

ill a Se CO = TaN 22 ga) 

Ga iem) 

For a unit acceleration, ¢?/2, 

Pz aes cee) 

2(1 — 27})3 

The three transforms are inverted, resulting in the pulse sequences 

which are plotted in Fig. 7.5. 
The response of the system to a ramp input for which the minimal 

prototype is designed is relatively docile. The system settles to zero 

error in two sampling intervals, with no overshoot. It is understood, 

of course, that the continuous output of the system probably does have 

overshoot between sampling instants but this component is referred to 

as ripple and is not considered in the minimal prototype. The response 

of the system to a step input is seen to have a severe overshoot of 100 

per cent. The reason for this is that upon application of the first 

sample at t = 0, the system responds as though it were being subjected 

to a unit ramp since the sample at ¢ = —T is zero. Finally, the 

response to a unit acceleration is seen to have finite steady-state 

Ce) — 
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error, as expected. Analysis will show that the steady-state error 

should be equal to T?, which it is on the diagram. Had a higher-order 

time function been applied, the system would fail to respond with a 

finite system error, and the error would gradually grow to infinity. 

The example illustrates a typical characteristic of minimal prototypes 
when subjected to other than the test input for which they are designed. 

When subjected to inputs which are 
time functions of an order lower 

than the required one, the minimal 

prototype systems tend to have 

highly oscillatory performance. In 

the illustration, it was seen that 100 

per cent overshoot resulted when a 

step instead of a ramp was applied. 

Minimal prototype systems are 

“tuned”? to a particular form of 

input and not to a broad class of 

inputs. 

In order to produce an average 

acceptable performance to a number 

of input test functions, modifica- 

tions to the minimal prototype 

response function must be made. 

Typical of these is the use of the 

‘“‘staleness factor,’ to be discussed 

in a later section. When properly 

applied, the staleness factor can pro- 

duce an adequate compromise per- 
formance for a whole class of in- 

put functions rather than highly 

“tuned’’ performance with a par- 

ticular test function. The objec- 

Output c(nT) Output c(nT) 

Output c(nT) 

0 © OF” oF CP GE 
Time 

(c) 

Fic. 7.5. Response of minimal prototype 
system to step, ramp, and acceleration. 

tions arising from ripple oscillations caused by the use of minimal proto- 

types are overcome by using ripple-free over-all response functions, to be 

described later. While useful in many applications, the minimal proto- 

types serve more as a guide as to the minimum response which can be 

obtained, subject to the conditions outlined in this section. 

7.4 Compensation of Open-loop Systems 

While the main interest of the designer is to compensate closed-loop 

systems, several important points can be made by considering the com- 
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pensation of open-loop systems first. In Fig. 7.6, a plant whose pulse 

transfer function is G(z) is to be compensated by a digital device whose 

pulse transfer function is D(z) to implement an over-all pulse transfer 

function K,(z). For purposes of discussion it may be assumed that a 

desired over-all response function K4(z) may be, though it does not neces- 

sarily have to be, a minimal prototype function described in the previous 

section. In this case, the desired response would be related to the plant 

and compensator by the following relation: 

K.(z) = D(z)G() (7.18) 

where D(z) is so chosen that it cancels the undesirable poles and zeros of 

G(z) and replaces them by the poles and zeros of the desired over-all 

response function. 

pa 

—~ R(z) C(z) 

Fia. 7.6. Digital compensation of open-cycle system. 

In implementing a technique like this one, certain limitations present 

themselves. For instance, if the plant pulse transfer function G(z) con- 

tains a pole b, and a zero a, which lie outside the unit circle, difficulties 

due to inaccurate cancellation are severe. The presence of a pole in the 

plant outside the unit circle implies the instability of the plant, an 

unlikely circumstance. On the other hand, the presence of a zero outside 

the unit circle is perfectly possible with stable plants found in practice. 

The digital compensator has a pulse transfer function D(z) which cancels 

these poles and zeros and replaces them with desired poles and zeros. 

However, since the magnitudes of the actual plant poles and zeros are only 

approximately known and, furthermore, since the implementation of the 

digital compensator D(z) cannot be perfectly implemented, it follows 
that poles and zeros of the plant can never be perfectly canceled. This 

results in serious difficulties for those poles and zeros which lie outside 

the unit circle, as can be seen from the expression 

OSU R ep ae, 
K.(2) re (2 Si b,) (z =o aa) Ka(e) (7.19) 

where K,,(z) is the actual over-all pulse transfer function and K,4(z) is the 

desired over-all pulse transfer function. Ideally, the poles and zeros 

introduced by the plant, b, and a,, are canceled by the poles and zeros 

introduced by the digital compensator, bg and ag. Actually, perfect 

cancellation is not achieved, and it is noted that the compensated over-all 
response function K,(z) then contains a pair of poles b, and ag which lie 
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outside of the unit circle on the z plane. This means that the over-all 
sampled-data system is unstable. 

It follows, therefore, that in the compensation of an open-loop system 

by a digital compensator, the poles and zeros of the plant pulse transfer 

function which lie outside of the unit circle cannot be canceled by the 
digital unit. This means that if a plant is unstable, that is, if it has poles 
outside the unit circle on the z plane, it is impossible to stabilize the sys- 

tem by means of a cascaded digital unit. Fortunately, this is not the 
ease for a closed-loop implementation, as will be shown later. More 

serious than this limitation is the fact that if a stable open-loop plant has 
a pulse transfer function which has a zero outside the unit circle, it is not 
possible to cancel this zero by means of the digital compensator. To 

ensure this fact, (7.19) shows that the desired over-all pulse transfer func- 

tion must contain as one of its zeros those zeros of the plant pulse transfer 

function which lie outside the unit circle. Thus, there is no complete 

freedom of choice in K4(z), and often the minimal prototype cannot be 

achieved. 

7.5 Compensation of Closed-loop Systems 

Less obvious but equally important are the limitations imposed on 

the designer in the compensation of closed-loop sampled-data sys- 

tems.** In the error-sampled system shown in Fig. 7.7 the digital 

Fia. 7.7. Digital compensation of closed-loop system. 

controller has a pulse transfer function D(z) and the plant a pulse transfer 

function G(z). The digital controller has a direct effect of canceling the 

undesired poles and zeros of the plant and replacing them with the poles 

and zeros required to implement some over-all response K(z). To study 

the forbidden cancellations, let it be assumed that the plant pulse transfer 

function contains at least one pole and one zero which lie outside the unit 

circlein thez plane. For purposes of this development, it can be assumed 

that all the other singularities lie inside the unit circle. Thus, G(z) can 

be expressed by 

2 @& Ge) = Fe) (7.20) 

where a, and b, are the zero and pole, respectively, which lie outside the 

unit circle. 

If the specified over-all pulse transfer function for this system is K,(z), 
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then the required digital-controller pulse transfer function to produce this 

is given by 

1 K,(z) DO -gaT= Ke (7.21) 

an expression equivalent to (7.5). Substituting G(z) from (7.29) in this 

expression, there results 

D(z) ce! (oe ba Kee) 

(z = aa) F a(2) 1 — AB) 
(7.22) 

where the constants bz and ag are made almost but not exactly equal to 

the plant constants b, and a,. Also, Fa(z) and F,(z) are made almost 

identical, although, as will develop later, slight mismatches are of small 

consequence because it is assumed that all their poles and zeros lie inside 

the unit circle on the z plane. 

To obtain the over-all pulse transfer function which actually results 

from inserting a digital-controller pulse transfer function given by (7.22) 

and a plant pulse transfer function given by (7.20), the actual over-all 

pulse transfer function K,(z) is obtained by substituting G(z) and D(z) 

from (7.20) and (7.22), respectively, into (7.4), resulting in 

(z a ba) (2 = a,)F’,(2)K.(2) 

(2 — aa)(z — b,)[1 — K.(z)]Falz) + (2 — ba) (2 — a,)K,(2)F (2) 
(7.23) 

In the ideal situation, the poles and the zeros of the digital controller 

match those of the plant exactly, so that 

ba = by 

a = Ag (7.24) 

Fa(z) = F,(2) 

K,(z) = 

Then the complicated expression in (7.23) reduces simply to 

KE @) eh) (7.25) 

For this condition, it is seen that the over-all pulse transfer function actu- 

ally obtained matches exactly the desired function. 

In the practical situation, however, exact cancellation of the plant 
poles and zeros by the controller poles and zeros cannot be realistically 

expected, so that bz and 6, or ag and a, are not exactly equal. This means 

that expression (7.23) cannot be reduced, and its poles and zeros may lie 

outside the unit circle, as will be shown. For this development, it will be 
assumed that F(z) and F(z) are identical and that the imperfect cancella- 
tions are confined to poles and zeros which lie outside the unit circle. 

To determine the effect of imperfect cancellation, it is assumed initially 
that the controller zero and pole, ag and bg, are identical to the plant zero 
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and pole a, and b,, respectively. When this is so, perfect cancellations in 

the numerator and denominator of (7.23) take place, and the actual over- 

all response function is identical to the desired over-all response function. 
Now, if the plant zero and pole drift slightly by an amount Aa, and Ab,, 

these cancellations can no longer be made since the numerator of (7.23) 

differs from the denominator. 

The denominator of (7.23) is a polynomial in z, and the locus of its roots 

as any parameter is varied is continuous. Starting then with Aa, and 
Ab, at zero, meaning that a, and b, are respectively equal to az and ba, it is 

seen that the denominator polynomial has zeros at ag and b, (or a, and 

ba), which lie outside the unit circle. In this case, they are canceled by 

the numerator roots, which are equal. However, as the slight shifts Aa, 

and Ab, are introduced, the denominator roots shift slightly but are still 

outside of the unit circle in the z plane, and they are not canceled by equal 

roots in the numerator since its roots shift in a different manner. 

The conclusion which is drawn from this discussion is that if a plant 

contained in a feedback sampled-data system has a pulse transfer function 
which contains zeros and poles which lie outside of the unit circle in the 

2 plane, or in the limit, on the unit circle, no attempt should be made to 
cancel such poles with a digital-controller pulse transfer function since 

instability would inevitably result. This does not mean that a feedback 

system containing such a plant cannot be stabilized or compensated but 

rather that complete freedom of choice of over-all response functions is 

not possible. 

By applying suitable restrictions on the form of the specified pulse 

transfer function K,(z), the cancellation of poles and zeros of the plant 
pulse transfer function by the digital-controller pulse transfer function 

can be prevented. ‘These restrictions obtain by substituting the plant 

pulse transfer function from (7.20) in (7.21). 

D(z) = C= aE Paced eat ACLNIES (7.26) 

If (7.26) is not to contain a pole a, and a zero b, in the pulse transfer 
function D(z), these terms are to be contained in K,(z) and 1 — K,(z), 

respectively. Thus, in specifying K,(z) which leads to a stable system, 
the following relations must be satisfied: 

K,(z) = ( — a,z-!)M() 

1— K,@) = @ — 6,2 YN) (e270) 

where M(z) and N(z) are unspecified ratios of polynomials in g—. In 

words, zt 1s necessary that the specified over-all pulse transfer function K.(z) 

contain as its zeros all those zeros of the plant pulse transfer function which 

lhe outside or on the unit circle in the z-plane and that 1 — K.(z) contain as 
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its zeros all those poles of the plant pulse transfer function which lie outside or 

on the unit circle in the z plane. In applying these restrictions it is not 

always possible to realize a minimal over-all prototype, although if M(z) 

and N(z) are made polynomials in 2~! with a finite number of terms and 

containing no denominator polynomial, finite settling time can always be 

obtained. 

It is convenient to collect the various rules and restrictions which 

apply to the compensation of feedback sampled-data systems. They are: 

1. In order to satisfy conditions of physical realizability, the specified 

over-all pulse transfer function must take the form 

a Kime” + 6 oo oO nee 

TG) = i = fe “+ Soe em: 

where m is the lowest order in z~! in the pulse transfer function 

Gg a Die te + saen nie, Diem | 

() = Pee 
2. For a minimal prototype, K,(z) contains only the numerator poly- 

nomial of lowest order in 271. 

3. For the system to respond to an input of the form 

A(z) 
(1 — 21)* 

with zero steady-state error, it is necessary that K,(z) satisfy the relation 

1 — "Kee — (Ie) eee) 

where F(z) is an arbitrary polynomial or ratio of polynomials in 271. 

4. For those plants having pulse transfer functions containing poles or 

zeros which lie outside or on the unit circle of the z plane, the following 

must obtain 

R(z) = 

Ke) I] (1 — az")M(z) 

Kee I (1 — bye-)N(z) 

where the a; and b; are all zeros and poles, respectively, of the plant pulse 

transfer function which lie outside or on the unit circle of the z plane. 

The application of these rules of design is best understood by means of an 

illustrative example. 

EXAMPLE? 

The system which is to be compensated by means of a digital con- 

troller is shown in Fig. 7.8, where it is seen that the continuous plant 
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consists of an integrator and a double simple time delay. The data 
hold is a simple zero-order hold. ‘The problem is to design a linear 

program for the digital controller which will produce an over-all 

response of minimum finite settling time. If possible, this should be a 

minimal prototype. In addition, the over-all system is to respond to a 

ramp with zero steady-state error. 

The continuous feedforward plant transfer function G(s) is 

pes Og 
s(s ++ 1)? 

The z transform corresponding to this transfer function is 

(1 + 2.342-1)(1 + 0.162-!)2z-! 

@=2 0 = 0/3682 )2 

The pulse transfer function G(z) contains zeros at —2.34, —0.16, and 

co, and poles at 1.0 and 0.368, the latter being a double pole. To 

obtain a finite settling time, the prototype response function K(z) con- 

G(s) = 10 

G(z) = 

Fia. 7.8. Illustrative example of minimal prototype design. 

tains only a numerator polynomial in z2~!. The lowest order in z~! in 
the numerator of the function G(z) is unity, so that A(z) must con- 

tain 2~! as its lowest order also. It is seen that G(z) contains a zero, 

2.34, which lies outside of the unit circle in the z plane and for this 

reason must be contained in K(z). The prototype response which 

satisfies these requirements is of the form 

K(zg) = (1 + 2.3427!) (arz7! + age? + azz? + + + -) 

where the various a’s are to be determined. To obtain the minimum 

settling time, only a minimum number of a’s required to satisfy the 

other requirements will be used. 
In order to respond with zero error to an input ramp function, the 

additional requirement is placed on K(z) as follows: 

1-K@) =(—2)0 + bet + bet + °°) 
It is seen that this requirement automatically satisfies the condition 

that 1 — K(z) contain the poles of G(z) which lie outside or on the unit 

circle. 
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The constants in the above expressions are obtained by substituting 
K(z) into the expression for 1 — K(z) and equating the coefficients of 

terms of the same power in z~!. This results in the following simul- 

taneous equations relating the coefficients: 

=< i— by —2 

—2.34a, —- a2 = 1- 2b1 

—2.34a. = by 

Three simultaneous equations define the values for three unknowns. 
Had more terms been included in K(z), there would have been more 

unknowns than equations, and arbitrary values could be assigned to 

the excess coefficients. This would not result in a minimum finite 

settling time, however, as specified in the problem. 

Solving the equations, the coefficients are 

a= 0.81 

ag = —0.51 

By substituting back in the expression for K(z), the over-all prototype 

which results is 

Ke@\i— OS leet AgS8ee> — 1 Oza 

The response of this system to a unit ramp input is given by 

il 

G@) S (Oss ss sips NI) me ee = (cee 

which upon inversion yields the output sequence plotted in Fig. 7.9. 

The dashed lines are for guidance to indicate the location of the output 

samples. Plotted with a solid line is an estimate of the continuous 

output c(t), which is seen to ripple about the final value after the system 

has settled at sampling instants. 
To show the disadvantage of a minimum response prototype, the 

response to a unit step input is computed. The output sequence for 

this input is defined by 

Cle) = O8le + 1.38? — 1.1974) ~— 

which upon inversion yields a pulse sequence plotted in Fig. 7.10. The 

overshoot is over 200 per cent and again, even though the system settles 

in three sample times, there will be a ripple in the output, as estimated 

by the solid-line curve. While disadvantages have been pointed out, 

it should also be emphasized that this system settles in the minumum 

number of sample times possible and that if the ripple and overshoot 
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conditions are acceptable, it is the fastest system in the respect noted. 

It was not possible to realize the minimal prototypes of the form listed 

in Table 7.1 because of the presence of a zero in G(z) outside of the unit 

4 

Time, sec. 

Fic. 7.9. Response of system in illustrative example to unit ramp input. 

Output 

Time, sec. 
Fic. 7.10. Response of system in illustrative example to unit step input. 

circle. The presence of this zero resulted in a settling time which was 

one sample time larger than the minimal system. 
The digital controller which is required to produce the over-all per- 

formance in this example is described by its pulse transfer function 

D(z), which is obtained by substitution in (7.5). This results in the 
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following expression after simplification: 

0.81 — 1.1062-1 + 0.4852~2 — 0.0692-* 
1 + 0.35221 — 1.1592? — 0.19823 Dg) = 

This response can be physically implemented by using four number 

storages in the manner shown in Fig. 4.10. The number of storages 
required is a measure of the complexity of the digital controller. This 

factor will be referred to again when different over-all prototype 

response functions are used. 

The foregoing example has served to illustrate many of the pertinent 

points applying to the design of “minimal” prototype systems. As 

shown there, minimal prototype systems cannot always be realized 

because of the presence of poles and zeros of the plant pulse transfer 

function which lie outside of the unit circle. In such a case, only a 

‘““minimum”’ response function can be obtained, which produces longer 

settling times than the minimal function, depending on how many 

uncancellable poles and zeros there are. A critical examination of the 

results of the previous example will show that the digital controller sup- 

plies the additional integration in the feedforward line of the system 

which is required to respond without error to a unit ramp input. The 

integration process implemented by the digital controller is a numerical 

integration, but the results on the over-all response are the same. 

A precaution which must be observed relative to the design of digital 

controllers is that cognizance be taken as to their output under expected 

operating conditions. For instance, in the previous example, the digital 

controller implements a numerical integration process. In doing so it 

produces a system which responds to a unit ramp with zero system error. 

Physically, this means that the output of the digital controller in the 

steady state is a constant. On the other hand, if the plant contained no 
integration of its own, the digital-controller pulse transfer function would 

show a double integration process in order to produce a system which 

responds to a unit ramp input with zero system error. In this case, the 

output of the digital controller would have to rise without limit since it 

provides both integrations necessary to implement the condition. From 

the practical viewpoint, this is impossible, and the system would saturate 

very quickly upon application of a ramp input. The general rule which 

should be followed is that the output of the digital controller should 

never be expected to rise above some practical limit under operating 

conditions of the system. 
Arbitrary response functions can be realized by taking the expression 

for K(z) and including more than the minimum number of terms. For 
instance, in the illustrative example, only a; and ag were-required in the 
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expression for K(z) in order to meet all the minimum requirements. If 

additional coefficients had been included, then a number of arbitrary 

samples in response to a test function could be realized. It is important 

to note that this is done at the expense of additional storage requirements 
in the digital controller. As a matter of fact, if the number of storage 
positions in the digital controller were increased without limit, a complete 

specification of the output at all sampling instants could be made. 

7.6 Implementation of Systems with Staleness Factor 

It has been demonstrated in the previous section that systems which 

are designed for minimum and finite settling time often do not give good 
performance when subjected to an input other than that for which they 

are designed. In this sense, minimal systems may be regarded as highly 

“tuned.” In addition, in obtaining minimum finite settling time at 
sampling instants, the severe shocks which result in the plant cause sub- 

stantial ripple in the continuous output, even though the output is cor- 

rect at sampling instants. These effects were noted in the literature!” 

and led to the introduction of a term in the over-all response function 

known as the “‘staleness factor.” This factor led to a “‘softening”’ of the 

response, with the result that a system could be expected to respond ade- 

quately, though not perfectly, to a number of test inputs. The choice of 

staleness factor can be arrived at by optimizing procedures‘ or by obsery- 

ing the response to some most likely form of test input. 

The staleness factor is introduced in the over-all prototype pulse trans- 
fer function in the following manner: 

6) es en 

where c is a constant whose value for stable systems can range from —1.0 

to +1.0, N is an exponent which may assume any positive value, and 

K,,(z) 1s the minimal pulse transfer function. Investigations! have 

shown that not too much is to be gained by making the exponent N higher 

than unity, so that it generally is taken as unity in practical systems. 

The staleness factor is defined as the constant c. In some systems, a 

sequence of terms of the form (1 — c;z~—!) may be used in the denominator 

of (7.28), in which case a number of different staleness factors are used. 

To illustrate the effect of the staleness factor on the response of systems, 

the minimal prototype z~! is used for K,,(z). 

=i KO) = ; az 
(7.29) 

If a unit step function is applied to this system, application of the final- 
value theorem will show that the steady-state output is a/(1 — c), se 
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that to obtain unit output for unit input, the constant a must be made 

equal to (1 — c). Thus, a unit steady-state response prototype function 

K(z) becomes 

‘ — c)z! 

— cet 
K@ = (7.30) 

For a unit step input, three response functions are computed and plotted 

in Fig. 7.11, one for c set equal to zero (the minimal prototype), one with 

c set equal to 0.5, and the third with c set equal to —0.5. It is seen that 

Output c(n7) 

3T 4T 5T 6T 

Time 

Fia. 7.11. Response of system with staleness factors of various amount to unit step 
Input. 

for the staleness factor c set equal to a positive number of damping effect 

very similar to that produced by a low-pass RC circuit in continuous 
systems is obtained. A negative staleness factor brings about an oscil- 

latory response, which is the usual result when a pulse transfer function 

has a pole which is negative real, in this case —0.5. In practice, staleness 
factors are taken usually as positive in systems having the form of (7.28) 

and the exponent JN is taken as unity or other small integer. 

EXAMPLE 

To illustrate the effect of a staleness factor on the performance of a 

system, the same problem which was considered in the example in the 

previous section will be considered here. The block diagram of the 
system is given in Fig. 7.8. The over-all pulse transfer function is the 

same as in the minimal prototype considered in this example, except 

for the addition of the staleness factor. Thus 

(+ 2.842"")(ae7! aoe +) 
LS U.ae- 

It is noted that K(z) contains the zero, 2.34, of G(z) which lies outside 

of the unit circle of the z plane. 

KG) — 
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Since the system is to respond to a unit ramp with zero system error, 

the second condition must hold, namely, 

1 — 2-1)2(1 + b2-! Salty 

1=K@=S=* Se 

As in the example in the previous section, only a1, a2, and b; are required 
to satisfy the two preceding equations. Solving for a; and az, 

a, = 0.56 

ag = —0.405 

This yields an over-all pulse transfer function K(z) given by 

0.562—1 + 0.8952-? — 0.9482- 
Ke) = r= 08 @e3h) 

The response of this system to a ramp input and to a step input is found 

by multiplying K(z) by the respective R(z), resulting in an output 
pulse transform 

C(z) = 

for the ramp input and 

Oley = 0.562-* + 0.89527? — 0.94827% 
1 = 1.524 + 0.5272 

for the step input. 

Inversion of these z transforms gives the pulse sequences, which are 

plotted in Figs. 7.12 and 7.13, respectively. It is seen that the system 
no longer has a finite settling time at sampling instants as did the 

minimum finite-settling-time prototype. Onthe other hand, the system 

approaches a tolerable error in a reasonable time, and the ripple com- 

ponent is not severe. The response of the system to a step input 

shows that the peak overshoot is less than that for the finite-settling- 
time prototype, being approximately 175 per cent, as opposed to 225 

per cent in the minimum prototype system. The system is seen to 

approach steady state gradually, with some ripple component which is 

not as severe as that for the minimum prototype. 

Substituting in (7.5) gives the pulse transfer function of the digital 

controller, 

0.562-2 + 0.8952-3 — 0.9482-4 

1 — 2.5271 + 22-2 — 0.5273 

0.56 — 0.8182—! + 0.3742? — 0.0527’ 

1 + 0.1127! — 0.942? — 0.1512-3 (7.32) D(z) = 

This pulse transfer function should be compared to that of the minimum 

- prototype. The comparison shows that the various coefficients and 

signs are different but that the required number of storages in the 

digital controller are the same. This means that a system with stale- 
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ness factor can be obtained merely by readjusting the linear program of 

the controller and not by increasing its complexity or design. 

In the illustrative example a staleness factor of 0.5 was used arbitrarily. 

Output 

Time, sec. 

Fic. 7.12. Response of system with staleness factor used in example to unit ramp input. 

Output 

| Time, sec. 

Fia. 7.13. Response of system with staleness factor used in example to unit step input- 

By increasing the constant toward 1.0, increased damping effect in the 

system is produced. When the damping factor is to be reduced, the 

staleness factor is lowered toward zero, at which time the minimum proto- 
type is reached. It has been shown‘ that a logical procedure can be used 

to select a desirable value of staleness factor. This procedure minimizes 
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the system error in the integrated-square sense, that is, 

io} 

g= » [E(mT)]? > min (7.33) 
m=0 

Using this criterion, the value of ¢ which minimizes S can be arrived at in 
logical fashion. 

The sum S is obtained in the z domain by use of (4.67). To illustrate 

the technique, a minimal prototype with a single staleness factor as given 

in (7.30) is used. It is assumed that the feedback transfer function is 

unity, so that the error pulse transform is 

E(z) = {1 — K(z)]R(z) (7.34) 

Substituting (7.30) in (7.34), there results the expression for the error 

pulse transform 

jo) = : ae) (7.35) 

Now, if R(z) is a unit step function z transform, H(z) is simply 

1 

DNS = (7.36) 

Using the integral for the summation S as given in (4.67), 

ag if 1 ei 
S= Sa te La hee dz (7.37) 

where it is recalled that [ is the unit circle. The residue is obtained 

resulting in a value for S given by 

I 
Ss = coe (7.38) 

It is seen that S is minimized for ¢ set equal to zero, that is, the minimal 

prototype is best for this input using this criterion. Looking further, 

however, when a unit ramp is applied, the prototype given by (7.35) will 

produce a steady-state error e() in response to a unit ramp with a unit 
sampling period, which is given by 

1 

Il = @ 

In this instance, if c is made equal to —0.5, the integrated-square error 

given by (7.38) rises by one-third, but the steady-state error to a ramp is 

reduced by one-third. Thus, if the inputs to the system were mainly 

step functions and ramp functions, a compromise choice in staleness factor 

would be about —0.5. Considerations like these can be used to determine 

the optimum value of staleness factor in different situations. 

Qe) = (7.39) 
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To illustrate further how minimizing techniques can be used to obtain 

the staleness factor, a system similar to that of the preceding illustrative 
example is used. Here 

(1 + 27})(ay27! + aye?) K(2) = —— (7.40) 

and 1 — K(z) = es ee ba) (7.41) 

By substituting (7.40) into (7.41) and solving for b; in terms of c, it is 

found that 

ee (7.42) 

Thus, the z transform of the error sequence is given by (7.34), resulting in 

E(z) = ao pylat Ee R(z) Gas. 
1 — cz} 

The sum of the squared errors is found by evaluation of (4.67), which 
results in the following for a ramp input: 

SIG == 2 

acu) oe 
and for a step input 

_ Stace 240 
S= aa ae (7.45) 

These functions are plotted in Fig. 7.14 over the permissible range of the 

staleness factor c. In this situation it is seen that no minimum can be 

found which will result in optimum 

performance for both step and ramp 
inputs, and it depends on which 

type of response is to be favored as 
to where the staleness factor is set. 

For the illustrative problem in this 

section, the choice of 0.5 favored 
the step response at the expense of 

the ramp response. 

Generally speaking, the use of the 
staleness factor is a means of obtain- 

-10 -05 0 0.5 1.0 ing a compromise performance of a 

Staleness factor, c system to more than one input. 

Fic. 7.14. Integrated-square error as Its use does not require additional 

function of staleness factor. complexity in the digital controller 
so long as the order of the denominator of K (z) does not exceed that of the 
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numerator. This can be readily ascertained from (7.5), where the ratio of 
K(z) and 1 — K(z) produces a polynomial ratio in z which is of no higher 

order than the numerator of K(z) if this condition obtains. Since most 

practical designs use a denominator in K(z) which is of first order, no 

increase in complexity of the controller is expected. 

7.7 The Design of Ripple-free Systems 

In general, there is ripple in the output of systems which implement a 

minimal prototype or staleness factor. This ripple may be objectionable 

under certain circumstances. For instance, if mechanical elements are 

involved, excessive oscillatory stresses will be superimposed on those 

required to cause the system to respond smoothly to an input. A desir- 

able objective is that the system contain no ripple after a suitably short 

transient period has elapsed. In this case, once the system has come to 

the steady state, no excess command input to the plant other than that 

required to maintain steady state is applied. 

It is evident that, to obtain this type of performance, the feedforward 

components of the control system must be capable of generating a smooth 

output which is the same as the input. For instance, if the input is a 

ramp function, the output of the plant must also bea ramp function. To 

generate such a ramp, an integration must be present in the plant transfer 

function so that a constant command to the plant will, in the steady state 

produce the desired output. If the integration were not present in the 

plant, it would have to be supplied by some other cascaded element. It 

will be assumed in the discussions which follow that the feedforward ele- 

ment satisfies the condition that it contain the necessary integrations to 

produce ripple-free outputs as required. The problem then is to design 

the digital controller such that it will drive the system to this steady-state 

condition after some finite transient period. 

The philosophy underlying such a design is to arrange the controller 
pulse transfer function in such a manner that the error-sequence response 

is of finite length, that is, the pulse transfer function H.(z)/R(z) contains 

a finite number of terms in 2z~!. Referring to Fig. 7.3, the pulse sequence 

E2(z) which is applied to the plant and hold system typified by the pulse 
transfer function G(z) is given by 

ju) = ae (7.46) 
aid COL KORG) (7.47) 

Substituting C(z) from (7.47) in (7.46), there results 

Ex(z) _ K(z) 
R(z) Gz) 

(7.48) 
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The over-all response function K(z) must be so chosen that H(z) /R(z) 
contain only a numerator polynomial in z~!. Recalling that G(z) is usu- 

ally the ratio of polynomials in z~!, it is immediately evident that K(z) 

must contain all the zeros of G(z), regardless of their location on the 

zplane. It is noted that this condition automatically includes the lesser 
condition applying to all error-sampled stabilized systems that K(z) con- 

tain zeros of G(z) which lie outside the unit circle in the z plane. In gen- 

eral, because K(z) must contain as its zeros the additional zeros, the 

settling time of ripple-free systems exceeds that of minimal systems in so 

far as sample times are concerned. 

The rules which apply to ripple-free design will be summarized: 

1. All the rules for minimal prototype response systems apply to ripple- 

free systems. 

2. To produce a ripple-free system response, it is necessary that the 

feedforward transfer function be capable of generating a continuous out- 

put function which is the same as the input function. 

3. The over-all pulse transfer function K(z) must contain as its zeros 

all the zeros of the plant pulse transfer function G(z) and not just the 

zeros of G(z) which lie outside the unit circle in the z plane. 

The application of these rules can best be illustrated by means of an 

example. The system used to illustrate the minimal prototype and stale- 

ness factor in Secs. 7.5 and 7.6 will be used. 

EXAMPLE 

It is desired to design the digital-controller program D(z) for the 

system of Fig. 7.8. The criterion is that the system respond to a step 

and ramp input with no ripple in the steady state and that the transient 

be of the shortest possible finite duration. First it is noted that the 

feedforward transfer function, including the zero-order hold, is capable 

of generating a continuous step or ramp function since a constant input 

E* into the hold system will cause a continuous ramp at the output. 

This being the case, the system design can be carried out in the manner 

outlined in this section. 
The feedforward pulse transfer function G(z) was found in the 

illustrative example in Sec. 7.5 to be 

@ 234257) =e OnlGzet ea 

60) = (= 2) oes 
It is seen that there are zeros of G(z) located at —2.34, —0.16, and o. 

To implement a ripple-free system, it is necessary that the over-all 

pulse transfer function K(z) contain all these zeros and not just those 
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which lie outside the unit circle in the z plane. Thus, 

K(z) = 271(1 + 2.342-1)(1 + 0.16271) (@o + az!) 

By containing no denominator polynomial in 2~1, this form of K(z) 
assures finite settling time, as well as ripple-free operation. 

The second specification on K(z) is that the system be capable of 

following a ramp input with zero steady-state error, in accordance with 

the requirement given by (7.15). This results in the equation for 

1 — K(z), given by 

1 — K(z) = 0 — 21)? + biz! + Doe?) 

Solving for K(z) from the two relationships which contain it, there 

result the following numerical values for the constants: 

ao = 0.73 

Cn —().47 

which produce an over-all prototype response K(z) given by 

IK(@) = 00825" qp Leis — OMe = Ole 

This solution should be compared to that of the minimal prototype 

design given in Sec. 7.5, where it is seen that K(z) contains terms in 

z—! only up to the third power, while the ripple-free design contains 

terms up to the fourth power. This means that in so far as sampling 

instants are concerned, this design has a longer settling time by one 

sampling interval. 

The response of the system to a unit ramp and a unit step are 

obtained by substitution of A(z) in 

CO) — a @@) 

where the appropriate expression for F(z) is used. The resultant out- 

put sample sequences obtained from the inversion of C(z) are plotted in 

Figs. 7.15 and 7.16, respectively. The intersample behavior of the 

system is sketched in solid lines, and it is seen that after the fourth 
sampling instant, the output ripple is reduced to zero. In the case of 

the step response plotted in Fig. 7.16, the overshoot is about 200 per 

cent, a figure which is comparable with that obtained in minimal proto- 

type design and higher than that obtained with a system designed with 

a staleness factor. 
The pulse transfer function of the digital compensator required to 

implement this over-all pulse transfer function is found by substitution 

in (7.5), resulting in 

Os OU Tegy > OAL See O06 3525° 

PO = Orem. — l O9deqa Onl iG2n* 
D(z) = 
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Again it is pointed out that the complexity of the digital controller is 

no greater with this approach than with the approach using minimal 

prototypes or staleness factor. 

In applying the ripple-free design criterion, it is seen that A(z) must 

contain as many zeros as does the plant pulse transfer function G(z). 

This means that the settling time at sampling instants will generally be 

Output 

Time, sec. 

Fic. 7.15. Response of system in example using ripple-free design to unit ramp input. 

Time, sec. 

Fic. 7.16. Response of system in example using ripple-free design to a unit step input. 

ereater than that of minimal systems which have over-all pulse transfer 

functions containing only those zeros of the pulse transfer function which 

lie outside of the unit circle in the z plane. Whether or not this is a dis- 

advantage depends on the application. If intersample ripple is con- 
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‘sidered a primary disadvantage, then the slight increase in settling time_at 

sampling instants is a trivial factor. 

7.8 Equivalent Digital-controller Systems 

It is often possible to realize the over-all prototype pulse transfer func- 

tions described in previous sections without the use of an actual sampled- 

data processing unit or digital controller. Except for the sampler, all the 

elements in such systems are analogue or continuous and take the form of 

networks, tachometers, or active electronic elements. The general form 

Fic. 7.17. Early feedback from system state variables. 

of the system is shown in Fig. 7.17, where the error sampler is followed by 

a zero-order hold and a linear continuous plant. It is necessary that 

early feedback connections from each of the first-order cascaded elements 

of the plant transfer function G(s) be tapped either directly or by simula- 

tion. The quantities being tapped are the “‘state variables” of the sys- 

tem. It is seen by a little reflection that the quantities B,, Bo, ... , Bn 

being fed back are linear combinations of the output and its n derivatives. 
As will be shown, it is possible to control the plant into ripple-free finite- 

settling-time operation, having these quantities available for feedback to 

the error line. 

To facilitate the analysis of this system, a fictitious sampler will be 

inserted in each of the feedback lines, as shown in Fig. 7.18a. While 

these samplers do not exist in the actual system, their presence in the 
model used for analysis does not alter the system because they are seen to 

be redundant with the error sampler. If they operate synchronously 
with the error sampler, the additional sampling operations merely con- 

tribute a sequence of samples which are again sampled to form the error- 

sample sequence. Sampling twice synchronously is the same as sam- 

pling only once since any information between samples is not transmitted 

anyway. 
The advantage of adopting this model is evident when it is realized that 

the feedback sequences at Bi, Bs, . . . , B, can be related to the error 

sequence by a number of partial z transforms Gi(z), G2(z), etc., as shown 

in Fig. 7.18b. These partial z transforms need further explanation, but 
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their product should yield the correct over-all pulse transfer function of 

the plant, Gi.(z). In the system shown in Fig. 7.186, only two state 

variables C; and C are shown, indicating that the plant transfer function 

is second-order. The process to be described can readily be extended to 

higher-order systems. 

Gy2(e) maa) wee 

rp -0 

(a) (0) 

Fic. 7.18. Z-transform relationships for early feedback system. 

The over-all pulse transfer function of the plant in Fig. 7.18b is chosen 

as Gi.(z), and it includes the hold system as well. If the continuous 

transfer function is separated as shown in Fig. 7.17, then the output of the 

first element, say Gi(s), is the first state variable. The pulse transfer 

function corresponding to G(s), namely, Gi(z), is found. The second 

pulse transfer function G2(z) is then given by 

G12(z) 

Gi(z) 

It is noted that G.(z) will not be exactly equal to the z transform cor- 

responding to the element @2(s), as would have been the case if a sampler 

G.(z) = (7.49) 

Fic. 7.19. Feedback system employing early feedback from system states. 

had actually separated the two elements. The pulse transfer function 

G.(z) is fictitious and is introduced only the purposes of analysis. If 

there are more than two elements in the feedforward line, the process is 

repeated. The feedback pulse sequences B,(z) and B2(z) are given by the 

relation 
Biz) = Gi(z)E2(z) Ki (7.50) 

and B2(z) = G2(z)Ci(z) (7.51) 

Having these relations, and referring to Fig. 7.19, it is possible to derive 
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the over-all pulse transfer function by the usual methods, to give the 

following: 

Oe) K Gi(2)G2(z) 
Riz) 1+ Ky oGi(z)Ge(z) + KoKiGi(z) 

The procedure in design is to adjust the gain constants Ko and K, to 

obtain the desired over-all pulse transfer function K(z) which fulfills the 

design specifications. 

K(z) = (7.52) 

Fic. 7.20. System used to illustrate design of system with early feedback. 

It is seen from (7.52) that in view of (7.49), the numerator contains all 

the zeros of the plant pulse transfer function, thus fulfilling the require- 

ment for ripple-free operation. The other requirements on K(z) to cause 

the system to respond with zero error to a test input are fulfilled by adjust- 

ment of the gain constants, of which there are as many as the order of the 

system. It should be emphasized that ripple-free operation cannot be 

obtained unless there are a sufficient number of integrations in the feed- 

forward line to make this possible. For instance, to respond to input 

steps or ramps, at least one integration is required to make the design 

practical. Another point is that in order to implement such a system it 

is necessary that each state variable, as indicated in Fig. 7.17, be avail- 

able for instrumentation. If this is not the case, these variables must be 

generated by an auxiliary means. In the extreme, if only the final output 

of the plant is available, a complete analogue-computer simulation of the 

plant would have to be placed in parallel with the actual plant and syn- 

thetic state variables extracted from it. Such a system might be as 

complex as a full digitally controlled system. On the other hand, where 

most or some of the state variables are available, the system has many 

desirable features. This is illustrated most graphically by an example of 

a simple instrument servomechanism. 

EXAMPLE 

To illustrate the design procedure, a servomechanism whose basic 

block diagram is shown in Fig. 7.20 will be used. The system consists 

of a sampler in the error line, a zero-order data hold, and a transducer 
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consisting of an integrator and simple time delay. The latter is a 
typical transfer function found in small servomotors. It is assumed 
that the intermediate output C, is available for instrumentation, 
although in fact the equivalent effect could be obtained by using a 

tachometer at the output shaft of the servomechanism. 

The design objective is to produce a system which is ripple-free, 

which has a finite settling time, and which is capable of responding to a 

step input without steady-state error. The desired over-all pulse 

transfer function K(z) is specified by these requirements. As outlined 

in the preceding section, K(z) must contain all the zeros of the plant 

pulse transfer function, which is given by 

Is (ame 

s*(s + 1) 

If it is assumed that the sampling interval JT is unity, then G12(z) 

becomes 

Gi2(z) =Z 

O868251(L -- Or 8ee1) 
Girlz) = @. = 290 = 03682) 

The zeros of Gi2.(z) must be contained in the desired over-all pulse 

prototype function K(z), thus, 

K(z) = 271 + 0.7182—!)ao 

Only dp is included in this function since a minimum settling time is 

sought. 

In order to respond without error to a unit step input without steady- 

state error, the following relation holds: 

1 — K(z) = 1 — 2) 4+ bie“) 

Solving these two relations containing K(z) for the constants do and bi, 

there result the numerical values 

a = 0.581 

b; = 0.418 

Substituting these values back in the expressions for K(z) and 1 — K(z), 

K(z) = 0.581z-4(1 + 0.71827) 
1 KZ) =e. = 2-7) lea, OA Lace 

In order to achieve an over-all pulse transfer function K(z) as specified, 

it is necessary that the equivalent feedforward pulse transfer function 

G.(z) be given by the usual expression 

K(e) 
G.(z) = Pee) 



DIGITAL COMPENSATION OF SAMPLED-DATA SYSTEMS 17/7 

which, upon substitution of the expressions for K(z) and 1 — K(e), 
becomes 

OFS Sige EO yals zm) 
G.(z) = @ — 250 + 0.4182) 

The selection of the gain constants Ky) and K, is made by causing the 

actual feedforward pulse transfer function of the system G,(z) to be 

equal to the required equivalent function G.(z). To obtain the expres- 

sion for the actual feedforward pulse transfer function, Fig. 7.20 is seen 

to consist of two elements Gi(z) and G2(z) such that their product is 

Gi2(z), which is to be altered by means of the early feedback to G,(z). 
The first step is to note that Gi(z) is given by 

1 
<= — gil Gi(z) (1-2 Gee D 

which is, after simplification, 
= Be = 0.6322 

I — OCs 

The second pulse transfer function G2(z) is given by 

Gi2(z2) 

Gi(z2) 

Substituting the expressions for Gi2(z) and G,(z), there results 

0.582(1 + 0.718271) 

1—2! 

Go(z) = 

G2(z) = 

_ Now from Fig. 7.20, the actual feedforward pulse transfer function 

G.(z) which relates the output C(z) and the command £;(z) is seen to be 

KGi(z) 

if + KoKiGi(z) 

Substituting Gi(z) and G2(z) previously obtained, G.(z) becomes 

K ((0.632) (0.582) (1 + 0.7182—1)z7} 

[1 + (0.632K 0K, — 0.368)z](1 — 272) 

If the system being designed is to be identical with the required feed- 
forward pulse transfer function, then 

Ga(z) = G.(z) 

Equating these two functions and evaluating the constants Ky and Ki 
by identity, the following relations are obtained: 

0.581 = (0.632) (Ky) (0.582) 
and 0.418 = 0.632K.K, — 0.368 

Ga(z) = G2(z) 

GA@)— 
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Solving these equations for the gain constants, 

Ko = 1.58 

K, = 0.786 

By adjusting the gains to these values, the servomechanism which is 

designed will have the ripple-free finite settling time indicated by K(z), 

which is 

K(zg) = 0.5812! + 0.4182—? 

The gain constant K, is seen to be a tachometer gain constant relating 

the signal which is fed back to the servoamplifier from the output 

shaft. 

The foregoing example illustrates how ‘‘early’’ feedback connections 

can implement the equivalent of a digital controller, provided that all the 

early outputs are available and can be instrumented. These “early” 
feedback connections are identified with the “states” of the system in 

that their specification fully describes the performance of the linear sys- 

tem. If all the ‘‘states’’ of the system are not available for instrumenta- 

tion, it is found that the full equivalence between the actual and desired 

feedforward pulse transfer function cannot be achieved and only partial 

compensation can be realized. In this case, a compromise in perform- 

ance is sought rather than the full realization, as was the case in the 

illustrative example. 

7.9 Finite-settling-time Systems Which Are Nonminimal 

Except for those systems employing a staleness factor, finite settling 

time has characterized the systems considered in previous sections. 

Even with the staleness factor, a minimum prototype is used in the basic 

over-all pulse transfer function. These systems contained only the mini- 

mum number of terms consistent with the requirement that they be 

stable and that they respond to a prescribed test input without steady- 

state error. If additional constants are used in the over-all pulse transfer 

function, it was stated that these constants could be arbitrarily assigned. 

This opens up the possibility of selecting the extra system constants with 

a view of optimizing the system under some criterion. An approach‘ to 

this problem is to minimize the integrated-square error sequence in 

response to a test input. 

In general, the over-all pulse transfer function for a system having 

finite settling time is given by 

K(@) =a! + aoe? + + > +s ane (7.53) 

and to respond to a test input polynomial of order n + 1 without steady- 
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state error, 

l= ik@ = (l= eel sp Ore Se 9 8 8 Se Op EO] (7D) 

Since (7.53) and (7.54) must be satisfied simultaneously, the order of the 

polynomials obtained by multiplying out must be the same; hence the 

final term in (7.54) must be of order m — n, as shown. The minimal 

prototype is the one which uses the minimum number of terms required to 

satisfy both (7.53) and (7.54). Any additional coefficients can be 

assigned values on the basis of optimization of the system, using the 

integrated-square error criterion. For a unity-feedback error-sampled 

system, the error to be minimized has a pulse transfer function given by 

E(z) = [1 — K(2)|R(@) (7.55) 

To demonstrate the technique, a system which has been designed to 

respond to a unit ramp input without steady-state error will be used. 

For this case, the error z transform becomes 

IH) = (Ql = BY se Ore VE) (7.56) 

The constant 6; is to be assigned a value which optimizes the response of 

the system to a unit step input. It is recalled that finite-settling-time 

systems of the minimal type have considerable overshoot with step inputs, 

and the reduction of this effect is sought by choice of bi. The integrated- 

square error is 

» le(mT)]2 = sy i. E(@) Ee) dz (7.57) 
m=0 

For a unit step input, H(z) is 

B@) =< - 10 + bee) (7.58) 
which simplifies to 

Ei) =1— (1 — bi)2z7! — bie (7.59) 

Substituting (7.59) back in (7.57) and evaluating the contour integral by 

the method of residues, there results for the integrated-square error the 

following: 

Y lel) = 1 + Gl — bi)? + by? (7.60) 
m=0 

Simplifying this expression, 

Y le(mT)]? = 201 — b1 + 5x?) (7.61) 
m= 
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It is seen that the sum of the squared errors is a function of the constant 

bi, which can, by ordinary methods, be evaluated to minimize (7.61). 

Differentiating and setting the derivative equal to zero, the value of b; is 

found to be 0.5. 

With this value of bi, the integrated-square error as obtained by substi- 

tution in (7.61) is 1.5. Had the minimal prototype been used instead, the 

integrated-square error sequence would have been 2.0, showing how a 

judicious choice of constant lowered the error in the sense shown. An 

important corollary is that by increasing the number of terms in K(z) 

beyond the absolute minimum, the digital controller is complicated by 

the fact that it must have additional storage. The controller pulse 

transfer function D(z) is of higher order the greater the number of terms 

included in K(z). 

To illustrate what can be done by these minimization procedures, a 

number of systems having the capability of responding to a ramp input 

with zero steady-state error will be considered. In general such systems 

have the error z transform given by 

IKE) (ON ee ACU oe ies a ae Se (7.62) 

If the minimal prototype is assumed, then all b’s will be zero. On the 

other hand, increasing numbers of arbitrary constants are available for 

evaluation as more terms of (7.62) are used. A’tabulation of the per- 

formance of this type of system is given in Table 7.2 for increasingly com- 

plex systems. The integrated-square error sequence is given for a unit 

impulse, a unit step, and a unit ramp input to the system. 

TABLE 7.2. INTEGRATED-SQUARE ERROR SEQUENCES FOR OPTIMIZED RESPONSE 

to Unit Step Input with Unit Imputss, Step, anD Ramp INPUTS 

» [e(mT)]? 

Type 

Concent Impulse Step input Ramp 

input (optimum) input 

Minimal b, = 0 6.0 2.0 1.0 

b, = 0.5 3.5 1D 1.25 

b, = 0.667 2.889 1.33 1.556 

b; = 0.75 2.625 1.25 1.875 

be = 0.50 

bs = 0.25 
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-- The first system for which all 6’s are zero is the minimal prototype. It 

shows that the unit step for which optimization was implemented has an 

integrated-square error of 2.0. The impulse-response and the ramp- 

response errors are 6.0 and 1.0, respectively. As the system becomes 

more complex, the integrated-square error sequences for the unit step 

input become smaller and smaller since this is the input for which minim- 

ization is implemented. The impulse input response likewise becomes 

better as more arbitrary constants are used. On the other hand, this is 

done at the expense of the ramp input, as the figures show. Such a state 

of affairs is typical since minimization with one form of input is generally 

achieved at the expense of the other form of input. Had the system been 

optimized for a ramp input, this performance would have been increas- 

ingly improved as the complexity of the system increased. 

The procedure outlined in this section is merely one way in which the 

arbitrary constants in the over-all response function can be evaluated. 

It is realized that the forms given here are for those systems where no 

complications such as those due to uncancellable poles and zeros arise. 

In these cases, the minimum number of constants is higher than for the 

class of systems described here, but the additional arbitrary constants 
over and above this minimum can be evaluated in much the same manner 

as for the uncomplicated case discussed here. It should be noted also 

that a compromise can be reached where the integrated-square error 

sequence is minimized not for just one input, such as the step chosen in 

this discussion, but that the response to a number of inputs can be 

reduced, though not to their respective minima. In all cases, the 

increased complication means that the digital-controller pulse transfer 

function D(z) will contain more terms in both numerator and denominator 

than with minimum systems. In the limit, if an infinite number of arbi- 
trary constants were permitted, the response to any input could be fully 

programmed, but, of course, this would require an infinite storage in the 
digital controller. 

7.10 Systems with Plant Saturation 

Systems in which a gain factor saturates are, of course, nonlinear and 

cannot be designed or analyzed by the procedures described in this chap- 

ter. Another view of such systems,* however, is that a controller be 

designed in such a manner that the system does not saturate when sub- 

jected to the most severe input expected. For smaller inputs than this 

one, the system certainly will not saturate. By adopting this approach, 

the design of the digital controller can be carried out as in the linear case. 

The requirement placed on the digital controller is that its output, which 

is the input to the plant, never exceed some upper limit under the worst 
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input condition. Referring to Fig. 7.21, this means that with the largest 
test input at R, the pulse sequence EH. should be limited to some upper 

bound E,,, the maximum command signal which the plant is capable of 

taking without saturating. The first condition required to bring this 

about is that the output of the digital controller be zero or a finite con- 

K(z) 

Dz) G(z) 

I 

Z Digital 
controller T 

Fic. 7.21. Typical system having plant with saturation. 

stant in the steady state. Assuming that this condition is met, there is a 

procedure’ for preventing the pulse sequence applied to the plant from 

exceeding its specified upper bound. 

This is done by noting that, by definition, 

C@ 

and that C(z) = E2(z)G(z) (7.64) 

from which there results the equality 

K(z)R(z) = E.(z)G(z) (7.65) 

The test input function pulse transform R(z) is specified, as is the plant 

pulse transfer function G(z). It remains to find the over-all pulse transfer 

function K(z) such that no pulse in E.2(z) has a magnitude exceeding the 

upper bound. 

Recalling the series form of the pulse transfer functions, (7.65) may be 
rewritten in the form 

[ro +rnezit-- Miiaeet + keen a) 5 kpz-?] 

= [eo tet +o + ee] [gme-™ + ging zoo" + + +] (7.66) 

. Multiplying this sequence through and collecting the coefficient of like 

orders of 2—!, there result a number of equalities obtained by equating the 

coefficients of like powers of z—!. These equalities are 

Tokm = €0Jm 

ToKm+1 + Tikm = €o9m+i + €19m 

TKm+2 + Pikm+s + r2km = CoYm+2 + €1Ym+1 + €29m 

etc. (7.67) 

Expressed in this form it is possible to obtain the various coefficients of 

the pulse sequence whose pulse transfer function is K(z). 
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_.The step-by-step procedure which is applied is to consider the first 

relation of (7.67). Here ro is the first pulse of the specified input pulse 

sequence, k» is the first coefficient of the plant sequence, and é is the first 

pulse in the command sequence whose pulse transfer function is H(z). 

From this relation, k» is obtained arbitrarily, so long as vt 1s not required for 

€o to be greater than its wpper bound. If the fastest possible rise time is 

desired, éo is set at this limit and k,, computed. The second coefficient of 

K(@), km+1, is obtained in a similar manner from the second equation in 
(7.67) by attempting to set k»+1 at the value which satisfies the require- 

ments for responding to a unit step or ramp without error. If so setting 

the value of k»41 causes the error coefficient e; to exceed the limit, e1 is set 

at this limit and the coefficient k»1 computed from this relation. The 

procedure is repeated until such time as the limitation on the coefficient 

eé, is no longer set by the equations of (7.67), after which time the other 

necessary conditions on K(z) can be imposed. The simultaneous satisfy- 

ing of the relations of (7.67) and those ordinarily imposed on K(z) will 

complete the design. 

It is recognized that while K(z) will represent a finite settling time 

using this procedure, this finite settling time will not be minimal or even 

minimum. Additional k’s are required to simultaneously satisfy the 

requirements of (7.67) with regard to the upper limit of the e’s. In 

effect, this procedure takes the controller design step by step during the 

transient period and limits the command magnitudes which the controller 

produces. At the same time, the general conditions on K(z) concerning 

its structure to follow input test functions and the requirement of non- 

cancellation of poles and zeros on or outside the unit circle in the z plane 

must be observed also. 

EXAMPLE 

An error-sampled system has unity feedback and a feedforward pulse 

transfer function G(z), including the data-hold circuit, given by the 

following: 

(0.368 + 0.2642-!)271 
SO) = Gee ca 

This pulse transfer function can be expanded into a power series in z~! 

by the simple process of long division, yielding the following series: 

G(z) = 0.3682-1 + 0.76722 + 0.9152-3 + 0.9682-4 + ++ - 

The coefficients of the series in z~! are the various values of g; given in 

(7.67). The input is assumed to be a unit step function whose pulse 

transfer function is, in series form, the following: 

IWM(®) = se ee ee ae ee ae 6 e - 
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The system is to respond to a step function with zero steady-state 

error, so that a requirement on the over-all pulse transfer function is 

that 
KG) — (ee bien, Ose ee 

where the various b’s are arbitrary or dependent on conditions brought 

about by saturation limitations. It is assumed that the maximum 

command signal applied to the plant not exceed 1.5 units. This limit 

is the saturation limit of the plant, and any higher signal at the input 

would produce no additional output. 
Starting with the first equation of (7.67), substitution of ro and gi: 

produces the relationship 
ky = (€o) (0.368) 

If there were no other terms in the over-all pulse transfer function K (2), 
all b’s in the expression 1 — K(z) would be zero and K(z) would be 

z1. Thus, if k; were taken at the minimal prototype value of unity, 

€o would be given by 

1 

~ 0.368 
SUT 

€0 

If the minimal prototype were desired, the first pulse applied to the 

plant is 2.72, which is higher than allowable. The maximum value of 

é) can be only 1.5, and hence the first term of the over-all pulse transfer 

function must be, from (7.67), 

ke = (1-5) (0-368) 

from which 

Po = (OSPR 

Thus, the first term of the series representation of the over-all pulse 

transfer function K(z) has been ascertained. 

To find the second term of K(z), the next higher-order prototype for 

K(z) is used. To respond to a unit step input without error, it is 

necessary that 

1— K(z) = (1 — 2) 4+ die) 

which, upon multiplying out, becomes 

1 — K(z) = 14 (b1 — 1)z7! — dye? 

from which K(z) is 

K(z) = — (by = zee + by27? 

Returning now to the second expression in (7.67) and substituting 

To, T1, k1, 0, 91, and ge, there results a relation between the second com- 



DIGITAL COMPENSATION OF SAMPLED-DATA SYSTEMS 185 

mand pulse and the second over-all transfer function coefficient, ke. 
Substituting numerical values, 

ke + 0.552 = (1.5)(0.767) + (e1)(0.368) 
Simplifying, 

Also, from the expression for K(z), ki is (b1 — 1), which has already 

been found to be equal to 0.552. From this same relationship, ky is 

seen to be equal to bi, which means that 

= (= y= 01552 
and bi — ke 

Solving, 
ke = 0.448 

This value of k, is required, where the first term of K(z) is equal to 
0.552271, if the system is to respond to a unit step input without error. 

Thus, from the expression relating k. and ei, 

ay = — (0.407 

Since this value is less than the maximum allowable value of 1.5, it is a 

feasible term and the value of k. is acceptable. Thus, K(z) is given by 

K(z) = 0.5522! + 0.4482-? 

With this value of K(z), the first command input to the plant is a pulse 

whose magnitude is 1.5 and the second a pulse of magnitude 0.407. 

This assumes, of course, that the input is a unit step function. If the 

input step is higher, the command signal to the plant will be higher in 

proportion and the design is not valid. In other words, the design is 

based on the largest input expected. 

The command sequence applied to the plant when a unit step is 

applied to the input can be found by applying (7.65), using the K(z) 

found in the example. Thus, 

K (@) ie) a— G(2) R(z) 

which becomes 
=i fr, pat ae) = (0.552 + 0.4482-1)(1 0.3682—!) 

0.368 + 0.26427 
Simplifying this expression, 

(d + 0.8121) — 0.3682) 

Reins 1 + 0.7162 

Inverting this pulse transform by long division, the command seauence 
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which is applied to the plant becomes 

e€(t) = 1.58(0) — 0.416(T) — 0.1538(2T) + 0.118(3T) — 0.0798(47) 
+ a) oe 

It is seen that the sequence applied to the plant never exceeds the speci- 

fied limit of 1.5. The price for this limitation is that the settling time 

has been increased from the minimal value of one sample time to two 

sample times and the digital controller has been made more com- 
plicated by requiring an additional storage. 

7.11 “Bypass” Digital Controllers 

One of the important concerns of the designer of a control system is that 

a failure of a component or controller should not result in damaging failure 

of the entire system. In the language of the designer, systems should 

‘fail safe’? when one or more components fail. As an illustration, a 
chemical process being automatically regulated should be inherently 

stable so that failure of the controller would cause no violent behavior. 

Another good illustration is the piloted aircraft which employs an auto- 

matic pilot. For reasons of safety, the aircraft being controlled is 

designed to be inherently stable so that its open-cycle behavior is accept- 

able. In such a situation, failure of the automatic pilot would merely 

cause a drift off course or a change of altitude, but no major instability. 

In this circumstance, where the automatic pilot has failed, the human 

pilot takes over control of the aircraft. In the other extreme is the guided 

missile, which is entirely automatic and which relies on automatic equip- 

ment to pilot and guide it to its target. In this case, any sacrifices that 

are made to produce an inherently stable missile are misdirected since a 

failure of the automatic equipment would result in a failure tc complete 

its mission. In this case, no direct problem of safety exists and a failure 

resulting in destruction of the missile would be acceptable. 

For that class of systems which lie somewhere between the two extremes 

described, a compromise structure can be devised. If it is assumed that 

a digital controller is not as reliable as straight-through continuous 

instrumentation and data-transfer equipment, a compromise can be 

achieved in which the reliability of the continuous system and the 

improved performance of the digitally controlled system are attained. 

The basic block diagram for such a system is shown in Fig. 7.22, where it 

is seen that the digital controller bypasses or is in parallel with a continu- 

ous connection from the error signal and the plant. The command 

signal to the plant H(z) is the sum of the continuous and digital con- 

troller signals. Thus, if the digital controller becomes inoperative and is 

taken out of service, a continuous closed-loop system remains operative. 



DIGITAL COMPENSATION OF SAMPLED-DATA SYSTEMS 187 

If this remaining system is designed to be stable, the system will not fail 

completely, though its performance will deteriorate. 

Digital Data 
controller hold 

Fic. 7.22. System employing bypass digital controller. 

The relations which hold for a system like this one are more compli- 

cated because the continuous and reconstructed sampled signals are 

mixed. Referring to Fig. 7.22, it is seen that 

C(s) = G(s) E3(s) (7.68) 

Also, the command signal transform H;(s) is given by 

E3(s) = Bi(s) + Et(s) D*(s)H(s) (7.69) 

Substituting (7.69) into (7.68), 

C(s) = G(s)Ei(s) + G(s) H(s) D*(s) ET (s) (7.70) 

Now it is readily seen that 

He (S)e— hc (s) eat: (S) (eile) 

and Eas) a —acea(S) nas) (7.72) 

Substituting (7.71) and (7.72) into (7.70), there results 

C(s) = G(s) R(s) — G(s)C(s) + G(s) H(s) D*(s) R*(s) 
— G(s)H(s)D*(s)C*(s) (7.73) 

Collecting terms and solving for C(s), 

GG) G(s) Neal 
C(s) = 1 + Gs) R(s) + Tae aie) Oe

 (s) R*(s) 

ey Ta) H(s)D*(s)C*(s) (7.74) 

Defining A(s) as 

aC) us (7.75) 

where it is recognized that A(s) is the over-all transfer function of the 

continuous system with the digital controller omitted, (7.74) can be 
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rewritten as 

C(s) = A(s)R(s) + A(s)H(s) D*(s)R*(s) — A(s)H(s)D*(s)C*(s) (7.76) 

Taking the z transform of both sides and recalling that the z transform of 
a pulse transfer function such as D*(s) is the pulse transfer function itself 

and replacing D*(s) by D(z), (7.76) becomes 

C(z) = AR(z) + AH(z) D(z) R(z) — AH(z) D(z) C(z) (7.77) 

Solving for C(z), 

AR(z) + AH(z) D(z) R(z) 

C@) = 1+ AH(2)D(2) (7.78) 

It is seen from (7.78) that an over-all pulse transfer function for the 

system is not readily obtained since R(z) is not separable from the expres- 

sion. It is possible, however, to define a quasi-over-all pulse transfer 

function as follows 

Kel) < £@ — (AR@/R@) + ANODE 
R(z) 1+ AA(z) D(z) 

It is seen that Kr(z) is dependent on the input R(z). On the other hand, 

if a design procedure is adopted where a desired response is sought for a 
given test input, it is acceptable to consider Kr(z) as an over-all pulse 

transfer function and to design a digital-controller pulse transfer function 

which will implement this desired result. Solving (7.79) for D(z), there 

results 

(7.79) 

1 Karz) — [AR()/RG@)] 
AH(z) 1 — Kr(z) 

As in the case of the other digital-controller designs studied in this 
chapter, there will be certain restrictions placed on the selection of Kr(z). 

The conditions of physical realizability are the same as those given in 

(7.9), where K(z) must have a term of zero order in the denominator. 

Secondly, if the system is to respond to a test input which is a power of 
time such as a step, ramp, or constant acceleration, the restriction on 

1 — K(z) given in (7.15) must be satisfied. Less obvious are the restric- 

tions placed on Kp(z) required to maintain a stable system. 
In order to maintain a stable system, the digital-controller pulse trans- 

fer function D(z) cannot be allowed to cancel poles or zeros of the system 

indiscriminately. It is seen from (7.80) that a situation similar to that 

discussed in Sec. 7.5 exists. The only difference is seen by contrasting 
(7.80) and (7.21). The numerator of (7.80), which must contain as its 
zeros all those zeros of AH(z) whose magnitudes are equal to or greater 

than unity, is Kr(z) — [AR(z)/R(z)], rather than the simpler form that 

would be found in (7.21), namely, K,(z). 
The condition relative to the form of 1 — Kar(z) is less obvious and is 

De) — (7.80) 
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found by manipulating (7.79) to yield the equality 

1 — [AR(z)/R@)] 

Solving for the characteristic equation, 

1+ AH(z)D) = 1 — [ARG@)/R©)] — 0 (7.82) 
I Kriz) 

It is readily seen that in order that the characteristic equation not contain 

zeros stemming from 1 — [A R(z)/R(z)] whose magnitudes are greater 

than unity, it is necessary that Kr(z) be so specified that 1 — Kpr(z) con- 

tains such zeros. 

These rules of design may be summarized as follows: 

1. The specified over-all pulse transfer function Kr(z) must satisfy the 

conditions of physical realizability as expressed in (7.9). 

2. In order that the system respond to specified test inputs which are 

time functions of the form ¢” with no steady-state error, it is necessary 
that 1 — Kr(z) contain a factor (1 — z)”*1. 

3. The digital-controller pulse transfer function D(z) should not cancel 

those zeros of AH(z) which have magnitudes equal to or greater than 

unity. This condition is met by selecting Kr(z) such that the function 

Kr(z) — [A R(z)/R(z)] contains all those zeros as its own. 

4, The zeros of the function 1 — [A R(z)/R(z)] whose magnitudes are 

equal to or greater than unity must be contained in 1 — Kp(z). 

By meeting all of these conditions, a stable system using a bypass con- 

troller is assured. 

EXAMPLE 

To illustrate the design procedure, the system given in Fig. 7.22 is 

assumed that 

1 

G6) = s(s + 0.5) 

The hold system is to be of zero order, and H(s) is then 

1 —e-s? H(s) = 
where T is taken as 1.5 sec. It is desired that this system respond 
without steady-state error to a unit step input so that 

s 
s 

R(s) = 
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From the definition given in (7.75), A(s) is 

1 

BNO) s?+0.5s + 1 

lt is recalled that A(s) is the over-all continuous response transfer 

function with the digital controller not connected. In this respect, the 

system is stable in the absence of the controller, but it is underdamped 

and has an undamped resonant period of some 6.6 sec. 

The transfer function A(s)H(s) is given by 

1 
Als IEN(s 97 Geren t**) =e EaSa ea) 

Taking the z transform of this expression, 

0.7424" + Oo f2z3 

1 — 0.162-! + 0.472 

It is seen that AH(z) has no zeros of magnitude greater than unity. 

This means that the restriction set forth in rule 3 above does not apply. 

Thus, Kr(z) can be chosen arbitrarily and is taken as 

Kr(z) = ay “E Ag? 

where the a’s are constants to be determined. 

To satisfy the condition that the steady-state error in response to a 

unit step input be zero, the condition on Kpr(z) is that 

1 — Ke(z) = A — 27) $+ dye) 

The final condition is that given in rule 4. The required expression is 

AR(e) _ Z{1/[s(s? + 0.58 + 1)]} 

ALG) i= 

R(z) TAS 

which is 
Athy (@ uma ae ih 

none Caos s(s? + 0.5s + 1) 

It is seen that this expression is identical to AH(z) in this problem so 

that the previously derived numerical expression can be used. Sub- 

stituting this expression in the following, 

AR(z) _ 1 — 0.9027! — 0.102-2 
R(z) 1 — 0.162! + 0.472 

The zeros of this expression are at 1.0 and —0.10, which means that 
1 — Kr(z) must also contain a zero at 1.0 to produce a stable system. 

It so happens that this requirement is also that for having the system 

respond to a step input without steady-state error. Thus, 

Kr(z) = ayz71 + ogne 

and 1 — Kr(z) = 0 — 2) H+ bie) 

i 
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It is seen that these two conditions on Kpr(z) are satisfied by taking 

a. and 6; equal to zero and a; equal to unity. This would produce a 

system having a finite settling time of one sampling interval. The 

extra terms permit the arbitrary assignment of one coefficient. Taking 

a value of 0.567 for ai, it follows that a2 and b; must be 0.483 and 0.433, 
respectively. Thus, 

Kr(z) = 0.5672-1 + 0.4332-? 

This expression holds only for a unit step input since the form of K r(z) 

depends on the input. 

The output pulse sequence resulting from the application of a unit 

step input is obtained by inverting C(z), 

0.56724 + 0.4332 

U2) = 1 — 27! 

which upon inversion yields the output sequence c*(f), 

e*() = 0.5676@) + 1.06¢ — 7) + 1.00¢ — 27) +: --: 

The system settles at sampling instants in two sample times. In con- 

trast, the system without the digital controller would have a sequence 

of values measured at sampling instants given by 

e*() = 0.7426(¢) + 1.4305¢ — T) + 1.1936 — 27) 
L OLR08G = BM) se > 

The digitally compensated system settles in a shorter time and, as 

expected, can respond to a step input with zero steady-state error. It 

should be pointed out that there will be intersample ripple in the 

digitally compensated system which does not appear in the sequence 

representation. It should also be pointed out that the assumption is 

made that the input step function appears at the instant of the first 

sample. If this does not occur, there will be more overshoot since the 

digital compensator does not produce a command output until a sample 
time is reached. 

The illustrative example shows how the design procedure is applied to 

a simple problem. By properly designing the bypass digital controller, 

improved performance can be achieved. Naturally, the sampling period 

must be high enough to generate command outputs frequently. This is 

particularly important for those cases where the input occurs at instants 

of time not corresponding to sampling instants. During the period pre- 

ceding the first sample time, the system is controlled by the continuous 

elements and the desired response is not achieved. Experimental results 

obtained on a system like that of the illustrative example? show that 

systems may have overshoots which are many times greater than those 

obtained with a step function applied at or near a sampling instant. To 
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prevent this form of overshoot, the sampling frequency is increased and 

the effect is reduced. 

7.12 Effect of Disturbances on Digitally Controlled Systems 

In the previous discussions, it was assumed that the only excitation of 

the control system was at the input, where it was subtracted from the 

output to form an error signal. Such systems are classed as servo- 

mechanisms or duplicator feedback control systems. In practical sys- 
tems, inputs may be experienced elsewhere in the system and are usually 

Fia. 7.23. Digitally stabilized system with disturbances. 

in the form of disturbances to which the system should not respond. A 

pure regulator system has a fixed reference or set point, and the only 
dynamic effects are the result of disturbances which the controller 

attempts to neutralize. In regulator-system design, these inputs are the 

important ones, and the controller design is dictated by them rather than 

response to set-point changes. 

A general discussion of regulator-system design is not entirely possible, 

because the disturbances may enter almost anywhere in a system. For 

purposes of discussion, however, the system shown in Fig. 7.23 will be 

used. In this system a disturbance input is assumed to enter the system 

just before the plant and after the data hold of the digital controller. 

This input N is assumed to be systematic, that is, it is a definable func- 

tion, such asa step. The reference input R is assumed to be a constant 

and, since the system is linear, only that component of the output caused 

by the disturbance need be considered since it can be superimposed on 

any other outputs produced by other sources of excitation. The relations 

which hold in this system are 

C(s) = N(s)G(s) + Ei(s)G(s) (7.83) 
and E,(s) = E%¥(s) D*(s)H(s) (7.84) 

Also, since the input R is assumed to be zero for this development, 

E}(s) = —C*(s) (7.85) 

Combining (7.83), (7.84), and (7.85), 

C(s) = N(s)G(s) — C*(s) D*(s)H(s)G(s) (7.86) 
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Taking the z transform of both sides of the equation, 

C(z) = NG(z) — C(z) D(z)GH() (7.87) 

Solving for C(z), 

uf NG(z) 

It is seen that an over-all pulse transfer function relating the output to 

the disturbance cannot be obtained because it is not possible to separate 

N(z) from NG(z). 

Using an approach similar to that of the previous section, a quasi-over- 

all pulse transfer function is obtained as follows: 

NG(z)/N(z) 

i) ame ETI) (7.89) 

This pulse transfer function is meaningful only for a particular N(z) and 

must be used in that manner. 

Recalling that the over-all pulse transfer function for excitation at the 

input F is given by 

Ee VOGHe 

It is readily ascertained that 

Kw) = 37S - KO) 7.91) 

If the system is to regulate to cancel out a disturbance N (z), it is necessary 

that Ky(z) have a form which produces zero steady-state error for the 

particular N(z) for which it is designed. 

As an example, if N(z) is a step-function disturbance such as that pro- 

duced by the sudden closure of a valve in a process control system, then 

to cancel out this effect in the steady state it is necessary that 

Kl) = (lh oN) (7.92) 

where F(z) is an unspecified polynomial ratio in z. In many cases it is 

seen from (7.91) that this is automatically satisfied since the same require- 

ment may have been put on1 — K(z). There is the possibility, however, 

that the term NG(z)/N(z) may affect the result. 

EXAMPLE 

The example relates to the system whose block diagram is shown in 

Fig. 7.23. The plant transfer function G(s) is 

1 

ENS) ea) 
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The data hold is of the zero-order type, and its transfer function is 

since the sampling interval T is taken as 1 sec. The disturbance N is a 

unit step function so that 

Nie = 

The various pulse transfer functions required for substitution in (7.91) 

are 
OS682511) =- OF718zs%) 
(1 — 21)? — 0.368274) 

NG(z) = 

and 
i 

aa pears 

The system has been designed to respond to a unit step input with zero 

steady-state error, and the design for this condition leads to the result 

1 — K(z) = @ — 274) + 0.418273) 

Substituting these pulse transforms in (7.91), the disturbance pulse 

transfer function becomes 

0.3682-1(1 + 0.7182) (1 + 0.418273) 
1 — 0.36824 

It is seen that Ky(z) does not contain 1 — z~! as a factor so that it 

will not reduce the disturbance to zero. As a matter of fact if a unit 

step function is applied, the steady-state output (or error) is obtained 

by the usual final-value theorem and turns out to be 1.43. This is not 

good performance in reducing the effect of a disturbance; as a matter of 

fact, the output amplifies the disturbance. This result is not too sur- 

prising when it is recalled that regulating effect is produced by a high or 

infinite gain in the feedback line between the output of the plant and 

the point of application of the disturbance. The system design results 

in no integration in the digital controller since none is needed to respond 

to a step at the input. é 

To reduce the effect of the disturbance to zero in the steady state, it 

is necessary that 1 — K(z) contain an additional factor 1 — 2-1. Thus, 

for steady-state error suppression, it is necessary that the following be 

true: 

Ky(@) = 

1 — K(z) = 0 — 2)°F (2) 

if the error is caused by a step disturbance applied at N. This result 
causes the digital controller to supply an additional integration in the 
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‘feedforward loop so that the system will not only reduce the effect of a 

step disturbance applied at N to zero in the steady state but will also 

make the system capable of responding to a ramp at the input. 

7.13 Implementation of Digital Controllers 

A linear digital controller is characterized by a pulse transfer function, 

which was shown in Sec. 4.6 to represent a linear recursion formula in the 

time domain. The output sample of the controller is the weighted sum of 

a number of past input and output samples. This process requires a 

storage function which holds the past samples and an arithmetic operation 

which carries out the weighting and summing. Such a program can be 

implemented by a digital computer which is programmed to carry out the 

necessary operation. Schematically, the operation of the computer is 

shown in Fig. 4.10, where the sequence of operations is shown. From a 

practical viewpoint, however, digital controllers need not be in the form 

of digital computers. For instance, it is possible to implement the con- 

troller using completely analogue techniques. 

A typical analogue implementation* is shown in Fig. 7.24a, where the 

two groups of eight dials operate potentiometers which adjust the weight- 

ing coefficients applied to eight input and eight output samples. Lower- 

order pulse transfer functions are realized by setting some of these 

coefficients to zero. The sequence of operations is controlled by a set of 

stepping switches actuated by a central timer. The latter is a constant 

adjustable speed drive which operates a set of cams and microswitches. 

It is possible to obtain sampling intervals ranging from 1 to 20 sec with 

this system. This unit is strictly for experimental laboratory use and 

was not designed for field applications. 

One of the disadvantages of a fully analogue unit is the drift which 

occurs in the storage units. The use of condensers, and the mechanical 

switching involved, leads to leakage problems. It is more advantageous 

to use drift-free storage elements, such as digital registers, for data stor- 

age. On the other hand, the simplicity of analogue methods to perform 

the arithmetic operations and the fact that the plant must be supplied 

with an analogue command signal suggests that a mixed system of this 

type is optimum from a practical point of view. Such a system shown in 

Fig. 7.24b has been designed and constructed.+ If a digital computer is 

used for other functions in a complex system, it can be programmed to 

give real-time command signals to the plant at sampling intervals. 

Digital control, whether it be by the use of a complete analogue imple- 

* This unit was constructed at the Department of Electrical Engineering, Columbia 
University, New York. 

} Department of Electrical Engineering, Columbia University, New York. 
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mentation or by mixed implementation of a fully digital implementation, 

is practical. 
One of the advantages of digital controllers is that they are particularly 

applicable to systems having large time constants, on the order of minutes 

or even hours. If such systems were to be compensated by conventional 

continuous methods, inordinately large time constants would be required 

i : iE iB 

Fic. 7.24. Laboratory implementation of digital controller. (a) Early analogue 
model. (b) Later model using digital number storage and analogue arithmetic 

operations. 

in the compensating networks. For instance, there are some chemical 

processes whose time constants are measured in hours or fractions thereof. 

Since the digital controller can store data for very long periods, provided 

that drift-free methods are used, it is relatively simple to implement a 

digital controller for such a plant. The sampling interval would be 

chosen consistent with the plant characteristics and, regardless of its 

magnitude, a digital controller could be designed. In those systems 
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where a digital computer forms part of the data-processing system, a 

control program could be used which would compute commands to the 
plant at sampling instants. The exact form of the digital controller 

depends on the application. 

7.14 Summary 

Feedback control systems can be compensated by means of active 

devices known as digital controllers. These devices accept a sequence 

of input samples and process them linearly to generate a sequence of 

commands which are applied to the plant. The linear program is 

designed to compensate for deficiencies in the plant pulse transfer func- 

tion and to produce a system which has an over-all pulse transfer function 

which is acceptable and desirable. 

There are a number of possible over-all prototype response functions. 

The minimal prototype is one which produces the shortest finite settling 

time consistent with steady-state characteristics in response to some test 

function applied to the input. In this, as well as other prototypes, there 

are certain limitations imposed by the poles and zeros of the plant pulse 

transfer function which lie outside of the unit circle in the z plane. In 

such cases, the minimal prototype response cannot be realized, but, 

instead, a longer minimum finite settling time results. One of the dis- 

advantages of minimal prototypes is that the system emerges from the 

transient in a nonneutral state and continues to ripple between sampling 

instants long after the system has settled at sampling instants. Another 

disadvantage is that the system response to inputs other than that for 

which it is designed is apt to be poor. 

A compromise prototype response function is the one employing a 

staleness factor, which essentially smooths the response to various inputs 

and which produces acceptable but not minimum response. This system 

also has ripple at its output, and the settling time even at sampling 

instants is infinite. Ripple-free prototypes having finite settling time 

can be devised. In this prototype, the system emerges from the transient 

in a neutral state after the transient period at sampling instants has 

passed. The settling time at sampling instants is always longer than 

that of the minimal prototype but the improvement obtained in ripple- 

free operation is generally desired. In all cases, the desired over-all 

prototypes can be realized by programming a linear relationship between 

the input and output samples of the digital controller. 

An equivalent effect can be achieved by the use of multiple early feed- 

back from the feedforward system. In this form, continuous elements 

are used, and by adjusting a set of gain constants, an equivalent effect to 
that produced by a digital controller is achieved. Still another form of 
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digitally controlled system is the one using the bypass digital controller, 

in which failure of the latter produces no serious effect other than 

degraded performance. 
Digital controllers can be used with systems that are normally continu- 

ous. In such cases a sampling operation is deliberately introduced, and 

the sampled data so derived are applied to a digital controller. In this 

way, the advantages of this form of system can be applied to systems 
which are not sampled normally. On the other hand, where the data are 

normally in sampled form anyway, digital control is a natural means for 

processing the data and compensating the system in which they occur. 

Practical digital controllers need not be complex devices, and their use in 

the field is practical. 



CHAPTER 8 

BEHAVIOR OF SYSTEMS BETWEEN SAMPLING INSTANTS 

The z transformation describes the behavior of the sampled-data sys- 

tem at sampling instants only, unless a modified or delayed form of the 

transformation is employed. Despite this apparent limitation, the 

simplicity, clarity, and ready manipulation of the standard z transforma- 

tion makes it a most valuable tool. On the other hand, where critical 

evaluation of the performance of sampled-data filters or control systems 

is to be made, the behavior of the system between sampling instants is an 

important factor. For instance, some systems which are designed to 

have finite settling time at sampling instants do not necessarily settle to 

an equilibrium condition between sampling instants. There will be 

over- and undershoots in the output of such systems, even though the 

response at sampling instants is perfect after the finite settling time has 

passed. A comprehensive design procedure should include behavior 
during the sampling intervals, as well as at sampling instants. 

The behavior of the system between sampling instants has been 

referred to as “‘ripple.”’ Under certain conditions, this ripple may take 

the form of ‘hidden oscillations,’ !?24 whose amplitude might increase 

without limit with time despite the fact that the response at sampling 

instants is perfect. While this phenomenon is of academic interest, it 

can be readily avoided in practice and is therefore only of secondary 

importance. Various techniques are available for the study of the per- 

formance of sampled-data systems between sampling instants. These 

will be discussed in this chapter. While there are advantages and dis- 

advantages in the application of the various methods, it is generally true 

that each method should be thoroughly understood in order that it can 

be applied to optimum advantage in each circumstance. 

8.1 Approximation of Ripple Using Infinite Summation 

If a linear continuous system is subjected to a sampled input, the out- 

put at sampling instants is fully described by the z transform. On the 

other hand, if the continuous output is desired, the Laplace transform of 

the continuous output must be obtained. Referring to Fig. 8.1, the 

transfer function of the continuous system is G(s). The input to the 
199 : 
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system has a Laplace transform given by R*(s). The output of the 
continuous system is C(s), whose inverse gives the time function which 

contains the ripple component being sought. If this output is sampled 

by a synchronous switch, the output pulse sequence is obtained from 

C(z). An approach to obtaining C(s) is to express the pulse sequence at 

the input of the system by the Laplace transform R*(s). 

The Laplace transform of the continuous output C(s) is given by 

C(s) = R*(s)G(s) (8.1) 

Recalling that R*(s) is given by the summation of displaced transforms 

as follows: 
+ 2 

Rs) =), RG + nie (8.2) 

where wo is 27/T, the output C(s) is then given by 

1 
C(s) = 7 ) R(s + njwo)G(s) (8.3) 

It is recognized that the central term of this series, R(s)G(s), is the output 

that would be obtained had the system not been sampled or sampled at a 

very high rate. Thus, (8.3) can be written as follows: 

565 

Gio 7 G(s) R(s) ie 7 G(s) R(e + njou) (8.4) 

where the first term in (8.4) represents the ‘‘smooth”’ output and the 

summation represents the ripple 

Ris) R*(s) Gis) LCS)-~___, component. The summation is the 
T Riz) T Cl) result of sampling and may be ex- 

Linear system pressed as a percentage of the smooth 
Fia. 8.1. System used for evaluation of output at the various sampling inter- 

Tupple. vals. While the inversion of (8.4) is 

possible in principle, it is evident that consideration of an infinite number 
of terms is not practical. As a result, only the first few terms of the 

summation are employed in practical situations. 

EXAMPLE 

To illustrate the application of this representation of ripple effects, 

it is assumed that G(s) in Fig. 8.1 is 

G(s) = 
1 

sta 
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If the input is a unit step function, R(s) is 

1 
R(s) = = (s) = = 

For these assumptions, the continuous output C(s) is 

+ 0 

if 1 1 

06) = es ta) ee 
1 n= 

where it is assumed that the sampling interval T is unity. 

The ripple component is given by the summation, and it will be 

approximated by considering only the first terms in which n = 1 and 

n = —1. The inverse of the ripple component so described is 

() = 24 : 4 : ‘ (s + a)(s + juo) * (8 + a)(s — Jeo) 
which reduces to 

Dt) Ea 2 (cos wot 1 = sin Gui = C ~) 

The smooth component of the output is 

1 — e—1 
c(t) £ s(s + a) 

which reduces to 

il — pat c(t) = = (1 — e*) 
The ripple component can be compared to the smooth output at each 

sampling interval and can be obtained as a percentage by dividing the 

ripple component p(t) by the smooth component c,(¢). 

A useful result can be obtained by consideration of the steady-state 

condition which expresses the ripple as a percentage of the steady-state 

smooth output. The former is obtained by taking only the sinusoidal 

terms in p(t), which can be combined to give 

Des(t) = = COs (wot + ¢) 
TET 

The steady-state smooth output obtained from c,(¢) is 

1 
Cab) — a 

The per cent ripple is obtained by dividing the steady-state ripple by 

the steady-state smooth output; hence, 

F 2a 
Tl le = ——_—. X 100 

ee a/a? + wo? 
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This steady-state ripple is constant and dependent on the sampling 

frequency and system time constant. 

The procedure outlined in this section and illustrated in the example is 

not readily applicable to the problem of obtaining an exact expression for 

the ripple. Other procedures to be 

described in later sections can be 

used to better advantage for this 

problem. However, forsteady-state 

conditions where ripple is present, 

Fic. 8.2. Feedback sampled-data sys- the approach outlined in this section 
tem used for evaluation of ripple. i Aa a 

as considerable usefulness 

The method outlined here has more limited application in the case of 

feedback systems, such as those shown in Fig. 8.2. Here the Laplace 

transform of the continuous output C(s) is related to the Laplace trans- 

form of the sampled error sequence H*(s) by the expression 

Cs) — 1G (yas) (8.5) 

and it has been shown that H*(s) is given by 

iL es 
7 R(s + njwo) 

E*(s) = -S=5 (8.6) 

1+ A » G(s + njwo) 
Dy Lays 

Then C(s) is given by n 

- D RCo ate) 
CGC) = amet G(s) (8.7) 

ee ~ Dy G(s + njwo) 

The inversion of (8.7) is a difficult, if not impossible, procedure. It is 

possible, however, to obtain approximations by taking only a few of the 

terms of the infinite summations in both numerator and denominator. 

If the system is low-pass relative to the sampling frequency, only the 

first term or two is significant. In view of the fact that other methods 

are available to obtain exact expressions for the ripple in any given 

sampling interval, the approximation techniques described here are of 

limited value. 

8.2 The Multiple-rate Sampling Technique 

An approach to the evaluation of the ripple involves the use of a 

fictitious sampler at the output of the system whose period is a fraction 
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of that of the input sequence.*® As originally proposed, this method 

places a sampler whose period is one-half that of the input sampler at the 

output of the sampled system, as shown in Fig. 8.3a, in which it is seen 
that the input sampling interval is T while the output sampling interval 

is 77/2. Subsequent extensions of this theory”? have considered the case 
where the output sampler is operated at a period 7'/n, where n is any 

integer. This more general theory will be treated in the next chapter, 

and this discussion will consider only the case where n is taken as 2. 

——o 
Cle 

R(s) we C(s) 
(a) 

ere 
* i T/2 Cleo) 

Renae 

R(s) Rizo) Riz5) C(s) 

(0) 
Fia. 8.3. (a) Sampled-data system with double-rate output sampling. (b) Equivalent 

system. 

By operating the fictitious output sampler at twice the frequency of 

the input sampler, a value of the continuous output at the mid-point of 

the basic sampling interval is obtained. While this does not define the 

entire ripple, it does give an additional piece of information which enables 

the designer to estimate the true value of the ripple over the entire 

interval. It is seen that the input sampler closes at every other sampling 

instant of the output sampler. This suggests the use of a modified 

auxiliary variable z2, which is defined by 

Zo ene (8.8) 

It is seen that z2 is related to the variable z, as previously used, by 

45> ed (8.9) 

To obtain relationships between the double-rate sampled output and 

the input pulse sequence, reference is made to Fig. 8.3b. In this figure, 

the sampler operating at the basic interval T is preceded by another 

sampler operating at the interval 7/2. Since the second switch closes 

only at every other closure of the fictitious double-rate sampler, its intro- 

duction has not altered the input sequence to the continuous system in 

any way whatsoever. The z transform of the pulse sequence of the input 

applied to the continuous system is R(z). On the other hand, in view 

of (8.9), it is readily seen that this input sequence is also given by 

R(z) = Res") (8.10) 
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The input is now expressed in terms of the double-rate auxiliary variable 
z2 by the simple process of squaring all z’s and then replacing them with 

zo’s. Physically, this means that every other double-rate sample is zero, 

as expected. 
The double-rate output pulse transform C(z2) is related to the input 

double-rate pulse transform R(z:”) by the double-rate pulse transfer 

function G(z2), 

C(é2) a G(z2) R(22?) (8.11) 

The double-rate output pulse transform is inverted in the usual manner 

to obtain the double-rate pulse sequence. This inversion includes an 

extra sample midway between two sampling instants of the basic rate. 

This procedure is easy to apply but, at the same time, it produces informa- 

tion on the output ripple only midway between the basic sampling 

instants. If this is considered sufficient, the slightly increased complexity 
involved in determining the double-rate output pulse transform is well 

worthwhile. 

EXAMPLE 

To illustrate the technique, the same example given in the previous 

section will be used. In this system, 

G(s) = 
s+ 4a 

and R(s) = 

The z transform of the input at the basic rate is given by 

1 
he) ane 

The double-rate z transform is obtained by replacing z by 2z.’. 

it 
1-— Zou 

R(Z2”) = 

The double-rate pulse transfer function G(z2) is given by 

Ge) = ft [ete 
The output double-rate z transform is given by (8.11) and becomes 

plished is. Lelie), eo iain 
(1 aers Zan wen Ca ae) 

which, upon inversion by the normal procedure, gives 

cx(t) = 1 + e976 — T/2) + (1 — e-*7)6¢ — 27/2) 

+ e-9T/2(] — e-*T)6(¢ — 87/2) + (1 — e+ e777) 6 — 47/2) + °-- 

C(z2) = 
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By contrast, if the normal z transform at the basic rate, C’(z), is taken, 

its inversion will yield 

c*() =14+ tee ae — T) + A +e? +e") 6(t— 2T) + + - 

It is seen that every second term of the double-rate sampling sequence 

corresponds to the terms of the basic rate sequence. The extra point 

obtained from C(z2) gives the mid-point value of the ripple. 

By using higher than double-rate sampling at the output, more points 

describing the ripple can be obtained within a given sampling interval. 

The procedure is very much the same as that for double-rate sampling 

and will be discussed in the next chapter. Though the resulting expres- 

sions are more complex than those for double-rate sampling, the cost in 

labor is not prohibitive. 

T E,(e) | Da T alo | 
Controller 

—o 
P/2 Cleo) 

C(s) 

Fic. 8.4. Digitally compensated system with double-rate output sampling. 

Feedback sampled-data systems are analyzed for the ripple in very much 
the same manner as for open-cyclesystems. Forinstance, atypical system 

is one given in Fig. 8.4, where a digitally compensated control system is 

shown. The double-rate sampled output of interest here is expressed by 

C(z2), which is the double-rate z transform of the output obtained by 
means of a fictitious sampler. The continuous plant transfer function, 

including the data hold, is G(s), and it is the output from this component, 

when subjected to the pulse sequence /2(z), that describes the ripple. It 

has been shown that the z transform F(z) of the control error is given by 

Ey(z) = [1 — K@)]R@) (8.12) 

where K(z) is the over-all pulse transfer function. The output of the 

digital controller, which is the input to the plant including the data hold, 

is then given by 
E.(z) = D(z){1 — K(z)|R@) (8.13) 

As shown previously, the double-rate z transform corresponding to E2(z) 

is simply E2(z22), where z2? replaces z. Thus, from (8.13), 

E2(22”) = D(22?){1 —d K (22?)] R (22?) (8.14) 

The double-rate z transform of the output C(z2) is given by 

C(z2) = E(22?)G(z2) (8.15) 
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which, upon substitution of H(z”) from (8.14), becomes 

C(22) = D(eo?)[1 — K (22?)] R(22”)G(z2) (8.16) 

Inversion of C(z2) will give the mid-points of the output ripple of the 

system. It should be noted that if K(z) has been chosen to produce a 

finite-settling-time response, it does not necessarily follow that C(z2) will 

invert into a finite-settling-time sequence. Only every second sample 

will definitely exhibit this property since the mid-point samples are sensi- 

tive to ripple. On the other hand, if the over-all prototype response 

function has been designed to be ripple-free, inversion of C(z2) will pro- 

duce a ripple-free response at all sample times after the transient period 

has passed. 

8.3 Partial-fraction Expansion Technique 

A useful technique for obtaining the ripple in any chosen sampling 

interval involves the expansion of the plant continuous transfer function 

Fic. 8.5. Typical sampled-data system for which ripple is to be determined. 

into partial fractions.®° This technique takes advantage of the simple 

relationships obtainable with ordinary z transforms and combines them 

with the Laplace transform describing the plant. To illustrate the 

method, reference is made to Fig. 8.5, where it is seen that the continuous 

output of the plant is given by the inversion of C(s) in response to an 

input R(s). The continuous plant transfer function includes the data 

hold, although, as shown later, part of the data-hold transfer function is 

separated out and included in the relation describing the z transform of the 

error sequence. While the discussion which follows centers around the 

system illustrated in Fig. 8.5, it will be readily seen that only minor modi- 

fications of the method will be required to handle other configurations. 

Referring to Fig. 8.5, it is seen that the Laplace transform of the con- 

tinuous output is C(s) and is related to the error transform H*(s) by 

C(s) = G(s) E*(s) (8.17) 

where G(s) is G,(s)G,(s). It has been shown that the Laplace transform 
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of the error pulse sequence is 

R*(s) 

from which it follows that 

_ G(s) R*(s) 

The problem is to reduce (8.19) to a form which will be amenable to ready 

inversion into the time domain. The exact procedure for doing this 
depends somewhat on the form of the data hold. 

If it is assumed that the data hold is a simple clamp, or zero-order 

hold, the transfer function G(s) is given by 

il = aS 

Eo) = —— (8.20) 

and the approach is to include all factors containing rational powers of s 

in the plant transfer function G,(s). For the situation assumed, the 

Fria. 8.6. Model of system used for determination of ripple at output. 

model used to develop the desired relationships is given by Fig. 8.6, where 

it is seen that the numerator of (8.20) is a pulse-to-pulse relationship and 

is contained in a separate box. ‘The addition of the extra sampler in the 

error line is redundant since the operation 1 — e~7* represents the differ- 

ence of two samples. The modified plant pulse transfer function is now 

G,(s)/s and is assumed to be the ratio of rational polynomials in s. 

If G(s)/s is the ratio of rational polynomials in s, it may be expanded 
into partial fractions as follows: 

G(s) a Ay A; AG = pee 3 ae soe 
get sta aap nes (8.21) 

As 
s gti ar ‘gs? a 

where n is the order of the pole of G,(s) at the origin. For purposes of 

discussion it is assumed that all other poles are simple. This decomposi- 

tion into partial fractions makes possible the rearrangement of the model 

into the form shown in Fig. 8.7. The output of each elementary path 

contributes to the continuous output. At the same time, it is possible to 

connect fictitious samplers at the output of each elementary path to 

obtain expressions describing the pulse sequences of these paths. For 

instance, the output pulse sequence of the gth path, c}(¢), is described by 
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its z transform, C,(z), given by 

acme ee) 
OE) eaten) 

where G,(z) is the pulse transfer function of the qth path and the term 

(1 — 2!) enters in consequence of the difference operation between E,(z) 

and E(z). 

Having the expression for C,(z) makes it possible to obtain the contribu- 

tion to the ripple by this elementary path during any desired sampling 

interval. The reason for this is that by having expanded the plant trans- 

G,(z) (8.22) 

* 
c(t 

figee Ae 
! 
| 

cx(t) 

Fia. 8.7. Expanded feedforward transfer function. 

fer function into partial fractions of the first order, the time function in 

any interval is fully specified by the initial value of the time function at 

the beginning of that interval. The latter is obtainable directly by 

inversion of (8.22) for the sampling instant in question. For instance, the 

time function c,(t) in the ath path is given by 

BAG Se ere (m+ 1)T >t > mT (8.23) 

for the time interval specified. It is seen that the time function depends 

on a knowledge of c.(mT), which is the mth sample obtained from the 

inversion of C,(z) in Fig. 8.7. 

For those elementary paths which are dependent on simple and multiple 

poles at the origin of the s plane, the contributions to the continuous out- 

put during the interval extending from mT to (m + 1)T are given by 

e(f) =L+M(t—mT)+N¢— mT)?+°--- (8.24) 
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where the order of the polynomial depends on the highest order of pole at 

the origin contained in G,(s)/s. The evaluation of the various constants, 

L, M, N, etc., in (8.24) can be handled by considering simultaneously all 

the channels in Fig. 8.7 containing terms of the form 1/s%. Their various 
contributions are contained in (8.24). 

Assuming for the sake of illustration that the highest-order term in 

1/s of G,(s)/s is the third, then (8.24) will contain terms of the second 

order in time. The constant L is the initial value of the polynomial 

at time mT and is the sum of the various terms of c,(¢) at that instant. 

Thus, if ci(¢), co(t), and c3(¢) are the continuous outputs from the ele- 

mentary channels whose transfer functions are 1/s, 1/s?, and 1/s*, respec- 

tively, L is given by 

L = ex(mT) + co(mT) + c3(mT) (8.25) 

The second term of (8.24) has the constant M, which is the slope of the 

polynomial at the time m7’. Since the slope of the term from 1/s is zero, 

only the contributions of the other two channels are considered. Thus, 

if the z transform corresponding to sC;(s) is formed for these two chan- 

nels and is inverted at the time m7’, the value of the initial derivative is 

obtained. Thus, 
M = c(mT) + ci(mT) (8.26) 

Finally, the third term in (8.24) has the constant N, which is one-half the 

second derivative of c,(t) at the beginning of the interval at time mT. 

Since the first and second channels containing 1/s and 1/s? have zero 

initial second derivatives, the only contribution is given by the channel 

containing 1/s*. Thus, the z transform corresponding to s?C;,(s) is 

formed for the third channel and is inverted at the time m7 and the value 

of the initial second derivative obtained. Thus, 

N = 4e'!(mT) (8.27) 

In the manner outlined previously, it is seen possible to obtain the time 

function which describes the ripple in any chosen sampling interval. 

This is very valuable since ripple may be undesirable only at given inter- 

vals and trivial at others. For instance, when a step input is applied to 

a sampled system, it is only the first overshoot which may be excessive, 

and the procedure outlined above permits its calculation without the 

necessity of calculating all other intervals. Thus, by adding the con- 

tributions of all channels, an exact determination of the ripple is possible. 

In addition, by having divided the contributions to the ripple in terms of 

each of the poles of the plant transfer function, it is possible to localize the 

more significant effects, should that be necessary. 
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EXAMPLE 

To illustrate the method, the system shown in Fig. 8.8 will be used. 

Here the plant is a simple integrator, and the data hold is an RC circuit 

Fia. 8.9. System used in example expanded into partial fractions. 

as shown. In this case, the over-all plant transfer function including 

the data hold is 
1 

SON s(s + 1) 

which can be expanded into the partial fractions 

1 1 

Seren aren 
thus giving two elementary paths, as shown in Fig. 8.9. Referring to 

the corresponding z transforms G(z) and G2(z) as follows: 

1 
Gi(z) = ae 

fe 1 

i Se 

in Giese 
s+l 

ty 1 

et ee ee 

The significance of these transfer functions is better seen in Fig. 8.9. 
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The z transform of the first elementary output Ci(z) is given by 

_ R)Gi) 
ON) > TEE) 

and C’2(z) is given by 

_ R)G2() 
CAE) aeraies 

where G(z) is the loop pulse transfer function. G(z) is given by 

1 
GG) = BT) Ta) 

(1 — e-?)z7! 

re QS ey = oa) 

if, further, it is assumed that the input is a unit step function, so that 

R(Z) is 

1 
TE) = mane 

then, substituting the various expressions, C1(z) and C2(z) become 

1 Culem 

Cie) 1 —2z! + 1 — 2e-Tz-1 4 e-Tz-? 

and Co(z) = — : 
1 — 2e-Tz-! + e-Tz-? 

It will be assumed for purposes of illustration that the sampling 

interval T is such that e~7 is 0.5. Using this value and inverting Ci(z) 

and C2(z), 

ey(mT) = 1 + 2-”” sin mr/4 

comT) = —2-"/? (cos mr/4 + sin mr/4) 

In view of the fact that there are no higher-order poles than the first, 

the continuous output during the interval from mT to (m+ 1)T is 

given by 

6) = Ci(@ol) += eGo C2 

The continuous output c(t) can thus be obtained for any desired interval. 

For instance, supposing that it were desired to obtain the continuous 

function for the interval between 27 and 37, then c;(27) and c2(2T) are 

computed by substituting m = 2. Doing so results in the values 

GQ) = IW 

The continuous output function for the interval is 

c(t) = 1.5 — 0.5e—¢?”) 
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This output is plotted in Fig. 8.10 in the interval in question. The out- 
put samples in this plot at other sampling instants are obtained by 
inversion of C(z) in the normal manner. 

It is seen that the application of this technique is relatively straight- 

forward, though it can be tedious in the case of more complex systems of 

Output c(é) 

(T=In 2) 

0 T al eye 4T 5T 6T 

Time 

Fic. 8.10. Continuous response in third interval for unit step input in example. 

higher order containing a data hold such as the zero-order type. On the 
other hand, it has the advantage of giving the continuous time function 

at any chosen sampling interval without requiring the computation of the 

function at other intervals. Thus, if a peak overshoot is being investi- 

gated, its position to one sampling interval is readily estimated, and the 

continuous time function computed for that interval only. The method 

is exact, so that no hidden effects will be unnoticed. Finally, the expan- 

sion of the system into its partial-fraction form permits an evaluation as 

to which terms in the expression contribute most to the ripple. 

8.4 Use of Advanced or Modified Z Transforms 

Advanced or modified z transforms can be applied to the problem of 

determining the ripple at the output of a sampled-data system.!?:??-74 

The application of the modified z transform is best shown by referring to 

the block diagram of Fig. 8.11. A fictitious negative delay or advance 

AT is placed in cascade with the plant whose ripple output is to be studied. 
If the output of the system containing this fictitious time advance is 

sampled at synchronous rate, the output samples will be displaced in time 
from the input samples by atime AJ’. If A is taken as a number ranging 
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between zero and unity, it is seen that the value of the continuous output 

is explored at any and all sampling intervals. 

If G(z) is the pulse transfer function of the system shown in Fig. 8.11a, 

oe ale) 

Yr Cle) | 
t 2 Pts | 

R(s) Riz) C(s) 

[——_ --70 
! C(z,A) 

r(t r*(t) ATs 

C\s) 5s O 
Ris) = 5 | ea : 

(b) 

Fia. 8.11. Application of modified z transform to determine ripple. 

then the output of the system at sampling instants is obtained by inver- 

sion of the output 2 transform C(z), given by 

C(z) = G(z) R(z) (8.28) 

With the fictitious time advance inserted as shown in Fig. 8.116, the z 

transform of the output is a function of A and is given by 

C(z,A) = G(z,A) R(z) (8.29) 

Inversion of C(z,A) gives the output as a function of the sampling instant 

and A. Hence, 

c(mT,A) = Z-1C(z,A) (8.30) 

By leaving A as a parametric variable, it is possible to determine the out- 

put anywhere within a sampling interval. 

EXAMPLE 

If the transfer function of the continuous element G(s) in Fig. 8.11 is 

taken as 

1 
G(s) = pags 

From Appendix II, the advanced pulse transfer function G(z,A) is given 

by 
e@AT 

GGA) = a 
If the input to the system is a unit step function, then the advanced 

output C(z,A) is given by 

Ces). — 
e7aAT 
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Inverting C(z,A) and keeping A as a constant parameter, the output 

pulse c(mT’,A) is, by evaluation of (4.20), the following: 

— p=olp—maLr 

AGE Nn = (: ES ) eer 
1 — e@? 

Thus, if the ripple in any sampling interval following the mth sampling 

instant is desired, the appropriate value of m is substituted in 

this expression and A is permitted to vary from zero to unity. It is 

seen that for this simple example, the ripple at any sampling instant 

is an exponentially decaying term whose initial value is that in the 

parenthesis. 

While the example is a very simple one, it does illustrate the basic 

technique. Its application to more complex systems involves merely 

more labor but does not add to the theoretical complexity. The same 

technique can be applied directly to feedback systems with only minor 

modifications. Referring to Fig. 8.12, the block diagram shown is that 

G(z,A) 

Fig. 8.12. Feedback system using modified z transform to determine output ripple. 

of an error-sampled system having a feedforward transfer function G(s). 

The technique is to insert a fictitious time advance, just as in the case of 

open-cycle systems. In so doing, however, the loop pulse transfer func- 

tion is affected, thus resulting in an erroneous over-all response function. 

To restore the system so that it is the same as the actual system except 

for the time advance in the feedforward element, it is necessary to insert 

an equal time delay in the feedback line. In this manner, the over-all 

pulse transfer function is unaffected except for the advance in the output 

pulse transfer function. By varying the number A, it is possible to deter- 

mine the variations of the output between chosen sampling instants. 

Referring once again to Fig. 8.12, it is seen that the sampled output is 

given by 

G(z,A) 

1+G@) 

Inversion of C(z,A) gives the output samples as a function of A, which is 
varied as a parameter from zero to unity. The application of the method 

is best illustrated by means of an example. 

C(z,A) = Rs) (8.31) 
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EXAMPLE 

To demonstrate the application of the method of modified pulse trans- 

forms, the same problem which was considered in the previous section 

will be used. The basic system is shown in block form in Fig. 8.8, 

where it is seen that the feedforward transfer function G(s) is 

I 

Os S\(Speree) 

Inserting the time advance in this feedforward element, 

G eATs 

(s,A) a s(s al. 1) 

From the tables of advanced z transforms in Appendix IT, the advanced 
pulse transfer function G(z,A) is 

b= Gk LG We = GE) 

Oe) = (Gs BC ote) 

If A is set equal to zero, the ordinary z transform for the feedforward 

element results. 

Substituting G(z,A) in (8.31), the advanced output pulse transform 

becomes 
in Gd =e) BAe’ = 

UA) = Cae lS Ee) Bed Se) ) 

If, for the sake of illustration, T is chosen as In 2 so that e-? = i, 

C(z,A) becomes 
mee A il AN fees GEA) = a OO" = 270.8 0.5) 

z)(1 — 0.52-1) + 0.5271 
R(z) 

If, for purposes of illustration, it is assumed that the input is a unit 
step function, then 

IL 

L =o 
in) 

Substituting this expression in the delayed z transform of the output 

and simplifying, there results 

(1 = 0. 2710s = 0.8) 
= St ies Sa 

This transform can be inverted by long division by expanding C(z,A) 

into a power series in z~! as follows: 

Ciz,A) = A+ (B+ 2A)z1+4+ QB 4 2.5A)2? + (2.5B 4+ 2.5A)z°3 

se (5/8) = CAA ea ao 0s 
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where the parameters A and B are defined as follows: 

An Oe 

Be 05>) — 0 

This expression is inverted to yield the following impulse sequence: 

ed) = Ao) + (B 4 2A)s¢ — T) + CB 25400 = 2m 
+ (2.5B + 2.5A)e(i — 37) + (2.5B + 2.254)5¢ — 4) 

If the ripple in the sampling interval between 37 and 4T is desired, 
the fourth term in the expression for c(¢) is considered, so that 

e3(t) = 2.5(1 — 0.54) + 2.5(0.54 — 0.5) 

If A is taken as zero, the ordinary z-transform inversion is obtained, 

which gives the values of the pulse sequence at sampling instants. 

This sequence is 

e*(t) = 0.567 — T) + 1.06¢ — 2T) + 1.256 — 3T) 

+ 1.256¢ —4T)+--- 

The pulse sequence represented by c*(é) is plotted in Fig. 8.13, where 

it is seen that the values of the output at sampling instants as given by 

c*(t) are marked. The intersample instant ripple as given by c;(¢) is 

plotted in the third sampling interval by allowing the parameter A to 

vary between 0 and 1. The ripple at any other sampling interval 

could be obtained by a similar procedure, although the peak overshoot 

probably occurs in the interval shown. 

As with the methods discussed in previous sections, the use of advanced 
or delayed z transforms is relatively 

2.0 t straightforward theoretically, though 
somewhat complex to apply. This 

should be expected since the Laplace 
1.5 Ripple c(t) x 

S wee Phe transform of the continuous output 

EI is itself very complicated. The use 
2 of the advanced or modified z trans- 

form has the advantage of being 

orderly in form and of requiring the 
development of no new techniques 

for itsinversion. Tables of modified 

z transforms are used directly, just 

San Bine insteaua) as in the case of ordinary z trans- 

fie 18; Mo of cutput pple belveen’ forms, Because d appears usualy a 
example. an exponent in the resultant modi- 

fied z transform expressions, it is not 
readily evident how to synthesize systems having prescribed specifica- 
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tions in regard to ripple component directly from the transform expres- 

sions. On the other hand, the partial-fraction-expansion method shows 
the major contributory terms producing output ripple somewhat more 

explicitly than does the modified z-transform method described in this 

section. 

8.5 Hidden Oscillations in Sampled-data Systems 

It has been mentioned previously that it is possible for sampled-data 
systems to have hidden oscillations! which are not detected by the 
inversion of the ordinary z transform of the output pulse sequence. This 

Output e(é) 

0 T 2T 3T 4T 5T oT 

Time 

Fic. 8.14. Output of system containing “hidden oscillations.” 

comes about from the fact that the continuous output may contain oscil- 

latory components whose frequency coincides exactly with the sampling 

frequency or integral multiples thereof. In this circumstance, the 

sampler takes values of the continuous hidden oscillation at the same 

relative phase each time, and the output of the sampler will be zero or a 

constant. For instance, if the sampler takes values of an output as shown 

in Fig. 8.14, no evidence of the presence of an increasing oscillation will 

be contained in the output c(nT’), even though the system is oscillating. 

As mentioned previously, this circumstance is hardly to be expected in 

practical situations and can readily be avoided in theoretical studies by 
making note of the continuous-system transfer function poles and deter- 

mining if their imaginary parts are integral multiples of 21/T. 

The condition for the presence of hidden oscillations is that the system 

have a continuous element in the control loop whose transfer function 

contains poles whose imaginary component is an integral multiple of the 

sampling frequency expressed in radians per second. This is seen by 
considering a continuous loop transfer function G(s)H(s) which contains, 
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among others, partial fractions of the form 

E@uGr fs SAE in aa (8.31) 

where wo is 2r/T and kis aninteger. If the z transform corresponding to 
G(s)H(s) is taken, it results in the following expression for GH(z): 

A As 
_ gvikeoTy—1 aly 1 — etikeoTz-1 ae GH(z) = i (8.32) 

From the definition of wo, it is seen that kwoT is simply 2rk and that 

e~tkwoT ig unity. Thus, the loop pulse transfer function GH(z) becomes 

Ai Ao 

SiN ee Gare 
It is seen from (8.33) that the oscillatory effects which are present in 

the impulsive response resulting from the inversion of G(s)H(s) are 

totally hidden in the sampled sequence resulting from the inversion of 

GH(z). This condition is the basic theoretical source of the hidden oscil- 

lation. However, unless the imaginary component of the pole of G(s) H(s) 

is precisely a multiple of the sampling frequency this condition will not 

occur. 
In the practical situation, if it is desired to observe the effect of hidden 

oscillations of this type by means of ordinary z transforms, all that need 

be done is to alter the loop transfer function slightly so that it is not 

“tuned” to the sampling frequency. This will ensure that the inversion 

of the z transform will contain such oscillatory terms. This simple pro- 

cedure forms the basis of the statement that hidden oscillations can 

readily be coped with and that the subject tends to be of academic 

interest only. 

see (8.33) 

8.6 Summary 

The application of the ordinary z transform to the analysis and syn- 

thesis of sampled-data systems gives information which can be used to 

evaluate the variables at sampling instants only. In a complete study, 

however, the behavior of the system between sampling instants is of con- 

siderable importance. For instance, finite-settling-time-systems proto- 

types may have considerable overshoots between sampling instants dur- 

ing the transient period, even though the response at sampling instants 

has settled completely. The oscillatory behavior in the time domain 

between sampling instants is called ‘“‘ripple.”’ 

Unfortunately, the direct inversion of the Laplace transform which 

gives the continuous output of sampled systems is very complex, and its 

use does not lead to results which are readily assessed or corrected should 
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they be unacceptable. Various techniques have been developed which 

will permit partial or selective evaluation of the time function between 

sampling instants. The least accurate of these methods uses the infinite- 

summation form of the Laplace transform of the sampled signal combined 

with the continuous plant transfer function. The resultant expression is 

inverted approximately by taking only the first few significant terms of 

the infinite summation. This method is very difficult to apply to feed- 

back systems and has only limited value. 

A more satisfactory method involves the use of multiple-rate sampling 

at the output of the system. Ey obtaining exactly the values of the 

extra samples which lie between the unit rate samples of the variable a 

measure of the ripple is obtained. The method gives only limited though 

accurate information describing the ripple, but because of its simplicity, 

it can be readily applied and interpreted. 

The partial-fraction technique is an exact method which gives the 

Laplace transform of the continuous output in any chosen interval. 

Because the particular sampling interval can be chosen at will, this 

method can be applied directly to feedback control systems whose peak 

overshoot is being sought. Furthermore, because the continuous-element 

transfer function is decomposed into partial fractions, the components 

which contribute most to the ripple output can be readily identified. 

Corrective compensation can then be applied, though even with this 

method it is not readily accomplished. 

A closely related method is the one in which advanced or modified 

z transforms are used. In this approach, an exact expression for the 

ripple is obtained by using methods which are entirely analogous to those 

for ordinary z transforms. A disadvantage of the method as compared 

with the partial-fraction-expansion method is that it is not readily evident 

which parts of the plant transfer function contribute most significantly to 

the ripple. On the other hand, the one-to-one relationship to the ordi- 

nary z-transform method makes the advanced z-transform technique 

attractive. 

A phenomenon which is observed in sampled-data systems is that of 

“hidden oscillations.”” These can occur as a result of the presence of 

poles in the continuous elements, which happen to produce oscillations 

whose periods are exactly equal to or multiples of the sampling period. 

From a practical viewpoint, these can be readily anticipated and avoided 

by the designer. In conclusion, the behavior of sampled-data systems 

between sampling instants can be studied by one or more methods, each 

of which has advantages and disadvantages. They should be applied 

with a view of obtaining the desired information with the least effort. 
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CHAPTER 9 

MULTIRATE SAMPLED SYSTEMS 

The sampled-data feedback systems which have been discussed so far 

have sampling switches, all of which operate with the same period or 

sampling rate. ‘These systems are single-rate systems. It is the purpose 

of this chapter to extend the treatment of sampled-data control to a 

study of multirate systems. A multirate sampled-data system is defined 

as a system which has at least two samplers which operate at different 

rates. An open-loop example of multirate operation was given in the 

last chapter, where a double-rate switch was used to read the intersample 

ripple. In Chap. 6 a method was described for the design of continuous 

shaping networks for single-rate systems by an approximation which 

resulted in the introduction of double- or higher-rate sampling. The 

practical value of multirate sampling, however, goes beyond the mere 

convenience of such systems used as an analytical tool. It will be shown, 

for example, how multirate digital controllers can be designed to improve 

the response of systems which are receiving data sampled at a lower rate. 

Another practical possibility exists in that large-scale control systems 

may have a number of links which are, for reasons beyond those pertain- 

ing to the control function, sampled at different rates. In particular, 

systems which include remote data-transmission links are most likely to 

involve several different data rates in the same control loop. For all 

these reasons, it is important to understand the analysis methods and 

the synthesis possibilities inherent in multirate feedback systems. 

The introduction of different sampling rates in the control loop requires 

a redevelopment of the basic system analysis techniques which were 

described in the early chapters for single-rate systems. At the present 

time the theory of multirate systems, which is largely due to Kranc,”*??:30 
is able to handle, in a practical pencil-and-paper manner, only those sys- 

tems containing sampling rates whose ratios are the ratios of small 

numbers. While more complicated cases, including sampling at widely 

different rates, can, in theory, always be analyzed, the complicated nature 

of the resulting equations forces one to think in terms of simulation or 

automatic computation as aids in their analysis and design. As in the 

previous chapters, the emphasis in this chapter will be on the single-loop 
220 
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error-sampled configuration, which displays the essential characteristics 
of the problem in the simplest possible way. 

9.1 Analysis of Open-loop Multirate Systems 

As in the ease of single-rate sampled systems, the important concept in 

dealing with linear multirate systems is the pulse transfer function. Asa 

first example, consider the system shown in Fig. 9.1, where an input F is 

sampled with the uniform period T 

and applied to the continuous sys- ees ee) Gis) 
temG. The output of G is sampled z 7 
at an increased rate with period T7/n Fic. 9.1. Multirate system with slow 

toformasequenceofoutputsamples ™Ptt arog! Haste Olu SEIN: 
whose transform (which will be defined shortly) is designated C(z,). The 

analysis problem requires that the input transform F(z) be related to this 

output transform. The necessary relation can be established directly from 

the convolution summation developed earlier for single-rate systems. By 

adding up the impulse responses of the linear system G, the continuous 

output c(t) is calculated to be 

Clzn) 

AO) = » r(kT)g(t — kT) (9.1) 
k=0 

The samples which appear at the output of the “‘fast’’ switch are the 

values of (9.1) at the times ¢ = /T’/n, or 

(UBD) = > r(kT)g C a KT) (9.2) 
k=0 

If the transform of this output is to be of use in later calculations, it 
must obviously include all the samples in (9.2); that is, the output trans- 

form must be defined on samples separated by 7'/n sec rather than the 

T sec which separate samples of the input r*(é). To distinguish the 

transform variables according to the separation between successive 

samples which they represent, the variable z, will be used in the pulse 
transform of samples separated by 7'/n sec and the variable z retained for 

sequences separated by 7 sec. In all cases, the definitions will be made 

clear by the example problem. For the case illustrated in Fig. 9.1 and 
described by Eq. (9.2), the z, transform of the output is defined as 

oo 

G@,) = y CU cna 

= > r(kT)g (Z — er) a (9 3) 
1=0 k=0 
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For large values of z,, where the series of (9.3) converges uniformly, sum- 

mation with respect to / and k may be interchanged, with the result 

Ce) — » r(kT) » g (2 _ er) gran (9.4) 

k 1=0 =0 

In the second sum, it is always possible to find an integer 7 such that 

(1 — nk) = j, and the transform may then be written in terms of j as 
follows: 

EN ae 
cea — ») r(kT) > g (; =| Zin Ek) (9.5) 

0 j=0 jp= 

The second sum in (9.5) is written from 7 = 0 rather than from 7 = —nk 

because the realizable impulse response g(t) is zero for negative values of 

the argument. The powers of z, can be separated out so that 

y (kT) (en) > 4 (; r) ac (9.6) 
k=0 j=0 

R(2n")G (Zn) (9.7) 

A word must be said about the notation in (9.7). As is evident from 

(9.6), the function R(z,”) is the z transform of the input R(s) (based on 

samples separated by 7’ sec) with the variable z replaced by 2,7. For 

example, if 

I Ce) 

it R(s) = — 
1 

then R(z) = ees 

and R(én") = >: 

As a matter of fact, it should not be surprising that z and z, are related. 

On a Laplace-transform basis it is already known that z = e*7, and it may 

be shown that z, = e*7/", so that in fact 2,” = z¢ and the operation indi- 

cated above is a simple change of variable. The transform G(z,) is the 

ordinary pulse transfer function of the linear system, based on a sample 

separation of 7T'/n sec. The variable z, identifies the period of the 

samples used in determining G(z,). 

The problem illustrated in Fig. 9.1 is the same as that which results 
from a search for ripple in the output of a single-rate system, and (9.7) 

expresses the solution to that problem. A more difficult case, from an 
analytical point of view, is shown in Fig. 9.2. In this case the continuous 
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output is given by the usual expression of superposition 

AG) 5 ; ( =) ; ( a =) (9.8) 
k=0 

The output of the second sampler is a periodic impulse train modulated 

by c(é) with a period of T sec. The corresponding sequence of output 

values is given by 

CUia— ) r (: =) g (ur —k =| (9.9) 

An attempt to take the z transform of (9.9) by multiplying by z~ and 

summing on / leads to difficulty because it is not possible to make a direct 

change of variable to separate out 

that part of the transform which Rs} Rie.) Ce) 

depends on the input from that part or — Gis) ani 

of the transform which depends on n 
Fig. 9.2. Multirate system with fast 

the system. The source of the difi- . 
input and slow output sampling. 

culty may be readily seen from a 

graph (shown in Fig. 9.3) of the component signals from g(t) which make 

up the output c(t). In this graph n = 3 and all input samples are taken 

to be the same value to avoid confusion as far as possible. It is noticed 

A: Output at sampling instants 

Time 

Fic. 9.3. Signal components of output of system of Fig. 9.2 with triple-rate input. 

from Fig. 9.3 that there are in fact three distinct sequences of weights given 

by the system weighting function g(t) to the input samples. The first 

weighting sequence is marked with crosses and applies to input samples 

which occur at 0, 7, 27, .... This sequence is g(0), g(7), g(27), 

The second weighting sequence, distinct from the first, is marked 
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with circles and applies to inputs which occur at 7/3, T + (T/3), 
2T + (T/3), . .. and consists of the values g(27/3), g[T + (2T/8)], 
g[2T + (2T/3)], .... Finally, the third sequence, which is marked 

with squares, weights inputs applied at 27/3, T + (27/3), 2T + (27/3), 
.... The sequence of weights for this portion of the input is g(7'/3), 

g(T + (T/38)], g[2T + (T/3)], . ... This peculiarity, a sort of segrega- 

tion of input samples according to their location within a sampling period, 
is a direct consequence of the multirate system with more frequent input 

samples than output samples. In any other case all the inputs are 

treated alike and the simpler methods of earlier chapters apply. 

r(t) + C;(E) 

neat: Ones 
(a) 

Fia. 9.4. Steps in the development of an equivalent circuit to Fig. 9.2 for n = 3 show- 
ing switch decomposition. 

An analysis of the system illustrated by Fig. 9.2 and Fig. 9.3 can be 

obtained by separating the input into three—or n—paths, where all 

samples on a given path will be weighted alike. The separate results are 

added together at the end to give the total output. For example, again 

considering Fig. 9.3, the first sequence of samples, 7(0), r(7), . . - , 1s 

simply obtained by a switch operating at the basic rate of T sec/sample. 

This sequence is weighted by g(0), g(7’), g(2T), . . . and consequently 

may be applied directly to the system G and added in to the output as 

shown in Fig. 9.4a. The summing point has been left to permit inclusion 

of the effects of the other sequences. The second sequence is r(7’/3), 

r[T + (T/3)], r[2T + (7/3)], . . . and is obtained by a sampling switch 
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operating on the input shifted T/3 sec to the left. This sequence is 
weighted by 0, 9(27/3), g[T + (27/3)], ..., which is the impulse 

response sequence shifted to the right by T/3 sec. Therefore, the first and 

the second contributions to the output are obtained by the circuit shown 

in Fig. 9.4b. Finally, the last contribution necessary to complete the 

output is given by the sequence r(27/3), r[T + (2T/3)], r[2T + (27T/3)], 

. , which is obtained from the inputs shifted to the left by 27/3 
through a transfer function e@7/**), This input sequence is weighted by 
the sequence 0, g(7'/3), g/[T + (T/3)], . . . , which is effected by passing 

the input sequence into G and delaying the response by 27/3 sec. The 
total equivalent circuit is shown in Fig. 9.4c, where the common transfer 
function G is combined in one box. This figure shows clearly that one 
sampling switch has been ‘‘decomposed”’ into three switches which oper- 

ate at one-third the rate of the equivalent switch. The method of switch 

decomposition is general and may be applied to the analysis of any multi- 
rate system. 

From a mathematical point of view, the switch decomposition is based 

on the rather obvious fact that a convergent sequence fy + fi + fe + f3 + 

- may be summed in parts such as (fo + fs +fe+ °° °) + (fi + 
jase jaar? & 9) =P Gia se iis aPaear °° 3h Os tin wanegall, 

» f(kE) = » Y Acin ee) Ge SO Oa) 
k=0 m=0 7=0 

Applying (9.10) to the expression for the output samples, (9.9), 

c(i a Dy | Gin +m) 2 ar jer - 7 Gin + m)| (9.11) 

The z transform of the output is 

o 

co y UM 4 

5, Yr[ont mt] Solar M2) + corn 
m=0 j=0 1=0 

Making the substitution 7 — 7 = k in the last sum of (9.12), 

O@) = > > r (sr + “ Caml > g (er — “ pe (1185) 

m=0 j=0 k=0 

In terms of the Laplace transforms of r(¢) and g(t), it is possible to write 
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(9.13) in the form 
n—-1 

C(z) = > Z[R(s)e™?/)]Z[G(s) e~mt/™9] (9.14) 
m=0 

which may be visualized by aid of the block diagram of Fig. 9.5. This 

figure shows the general case of switch decomposition. 

Fia. 9.5. General case of switch decomposition. 

EXAMPLE 

A simple illustration of the use of the switch-decomposition method 

for the analysis of an open-loop multirate system will be given by con- 

sidering a triple-rate system with a single time-constant plant and a 

step input. That is, for a system like Fig. 9.4, let 

Il R(s) = = 
1 

GUS) ig 

T = 1 sec 

iia 

Either from inspection of the figure or from Eq. (9.14) one can obtain 

the output transform as 

1 1 e3/3 e738/3 e28/3 e728/3 

OO) Ae Sem or. eae PaaS 
il e72/3g-1 

S02) aS 
—1/3,—1 

a é VA 

(Ce ae) Uae) 
pl i ++ (er 4- Cae em } 

~ d-290 — e 27) 
(9.15) 
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The open-loop system shown in Fig. 9.2 may also be analyzed by the 
technique illustrated in Fig. 9.6. In this case a mathematical or phantom 
sampling of the output is done by a switch operating at the rate 7'/n. 

The output of this switch, C(z,), can be readily calculated from single- 

rate-system theory based on a period of 7'/n sec. The actual output 
transform, C(z), can be represented symbolically as the z transform of 

R Clz,) (Zn) ‘A | ¢ | A en a C(z) 

n Th 

Fic. 9.6. Open-loop analysis of multirate system by phantom switch. 

Genor AIC): This operation is defined as follows. The output has 

the value c(k7T/n) at sampling instants separated by T’/n sec. Then 

transforms are defined as 

GG) = » é (: =| act (9.16) 

and C(z) c(IT) 2 (9.17) 
1=0 

These transforms are related and, since (9.17) contains only a portion of 

the samples of (9.16), it should be possible to derive C(z) from C(én). 

This is in fact the case. By the inversion theorem, 

C (: Ty nj =| Ose Ge. (9.18) 

The substitution of (9.18) in (9.17) with k = In gives 

» = i C(en)2n'™—! dzn |= 

l= 

1 fos Son] 
l1=0 

if 1 dzn Fos i OC rae el oe (9.19) 
eo @. 

C(z) 

The contour T on the z, plane must be so chosen that it encompasses all 

the poles of C(z,)/z, but excludes the poles contributed by the factor 

(1 — 2,21). The reason for this is that in the interchange of summation 

and integration in (9.19) requires that the infinite sum » (ize be 
1=0 

absolutely convergent. This is assured only if |z,”z—'| is less than unity. 

Thus the factor (1 — 2,27!) cannot be zero in the region over which (9.19) 
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is to be valid and the poles introduced by this factor must lie outside the 

contour of integration. The condition also implies that the region of the 

z plane over which the resultant C'(z) is valid lies outside the circle whose 

radius is z,”. Since I contains all the poles of C(z,) on the z, plane, the 

corresponding locus on the z plane contains all the poles of C(z), so that 

the inversion of C(z) by the usual inversion integral will be correct. The 

contour I which contains all the poles of C'(z,)/zn but which excludes the 

roots of (1 — z,"z~1) thus produces the correct expression for C(z). In 

evaluating (9.19), it is possible to do so either by obtaining the residues at 

the poles of C(z,)/2n which are contained inside I or by obtaining the 

residues at the n poles which are the roots of (1 — 2,2!) which lie outside 

IT. An example will illustrate the evaluation of (9.19). 

EXAMPLE 

As an example of the use of (9.19), consider again the situation shown 
in Fig. 9.4¢ with 

ik 
fi(s) = = 

it 
DOs rash 

and io 

no 

One can write down immediately that 

C(en) = R(2n)G(2n) 
: 1 
~ Gd —2 0 — 2,4) 

ae 
= = Ga (9.20) 

From (9.19) evaluated by obtaining the residues at the poles of 

C (én) /2n, 
1 Zn" iL dzn 

TO) ae | ee eye 
1 e-l/n 

a (tea) Ge) a (e" — 1) — e327) 

and, for n = 3, 

WS Ge) Sa =e) 
C@) = Gad 0 ee) 

oe 1 + (e-¥3 + Cae) 2m 

fan =e) Se 
which checks with the previous result obtained by switch decomposi- 
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tion. The latter form could have been derived by evaluating the 
residues at the three poles contributed by (1 — 23827). 

In addition to the analysis of systems as illustrated by the example 
above, the relation (9.19) can be used to show general properties of a 

z transform in terms of the z, transform. For example, if C(z,) has a pole 

at z, = a, then C(z) has a pole atz = a”. The function C(z,”), formed 

by replacing z by z,” in C(z), has n poles of magnitude a located at equal 

angles around a circle of radius a, as illustrated in Fig. 9.7. This last 

result can be obtained from the fact that if C(z) has a pole at z = a”, then 
C(z,”) has poles where 

2,” = a” (9.22) 

Since e??"" = 1, (9.22) is equivalent to 

Cae Nae UO, Me Paral 8G 

and therefore en ae 11) eo a (9.23) 

which is the desired result. In addition to the added insight given by 

Fig. 9.7 and the relation (9.23) into the characteristics of multirate trans- 

forms, these results will be very useful in design problems to be described 

later. 

9.2 Analysis of Closed-loop Multirate Systems 

The analysis of closed-loop multirate systems is most readily carried 

out by the use of the switch-decomposition method described in the last 
section to reduce the problem to asin- 

gle-rate system. Such a reduction is 

possible only if all sampling rates in 

the system are integral multiples of 
a single basic rate. For example, 

the rates 2/T, 3/T, and 4/T are all 
multiples of the basic rate1/T. The 

complexity of the analysis problem 

is directly related to the number of 
parallel switches which result from 

the decomposition process. For the 
three rates listed above, it would be | D Pole of Cizg) 

necessary to perform three decom- Fic. 9.7. Sketch of corresponding poles 

positions, leading to two, three, and of C’(Zn) and Cn"). 

four parallel switches, respectively. If the rate 3/7 were missing, then 

decomposition could be accomplished with respect to a basic rate of 2/7’ 

and the problem would be greatly simplified. The method of analysis is 

straightforward and best illustrated by example. The techniques used in 
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this example apply to any multiloop single-rate sampled-data system and 

consist essentially of the following two simple rules: 

1. Select as unknown variables all those signals at the inputs to sam- 

pling switches. This rule is based on the fact that pulse transfer func- 

tions multiply when separated by samplers. The choice of variables at 
the inputs to switches ensures that switches separate all transfer functions. 

2. Use the principle of superposition to obtain the relations between the 

chosen variables. 

Although these rules are obvious and simple to apply, they are very 

important to the success of the analysis of the system. In certain cases, 

and particularly when such ‘“‘natural”’ variables as the system output or 

the actuating error are not inputs to switches, a person with limited 

experience can rapidly become involved in enormous, complicated expres- 

sions for no reason except that he failed to follow these rules. The 

following example will illustrate both the switch decomposition method 

and the analysis method mentioned above. 

EXAMPLE 

The block diagram which must be analyzed is shown in Fig. 9.8a and 

the single-rate equivalent to the system obtained by switch decomposi- 

tion is shown in Fig. 9.8b. This system will be analyzed to find the 

response to an input step. The analysis will of necessity include 

determination of the characteristic equation so that the stability of 

the system can be checked as the analysis progresses. In Fig. 9.80 the 

variables at the inputs to the switches have been designated Hi, He, C1, 

Cs, C3, and in terms of these variables the system performance is 

described by the equations 

—sT/3 —2sT/3 

: |- e@z|S | Bin(@) — Al ru (S) ier 2) 5 | _ cx(ey2| — 

est/2 e78T/3esT/2 

Bee — “Get 2 C1@)z aes C2(z)Z ————_ 

C (2) z e72sT/3esT/2 
—C; (Fe 

ee : (9.24) 
Ce) Et ZG - ee E.(2z)Z —— rag 

es? /2@s8T/3 

Cx(z) = Ex(e)Z pi teer ae 
e78T/292sT/3 

Equations (9.24) are written by inspection, using superposition. The 
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14 transforms which are included in (9.24) are simple examples of the 

““modified”’ transform discussed in the last chapter in connection with 

the intersample ripple problem. The solution of (9.24) for one of the 

unknowns—L,(z), for example—is largely a matter of algebra. For 

Fig. 9.8. Block diagram for example of closed-loop multirate system analysis. 

example, substitution of the known functions for 7’ = 1 sec into (9.24) 

and elimination of Cy, Co, and C; leads to the two equations 

1 -- e—l/3,-1 + e—2/8g-1 

F(z) a R(z) a Ey(z) ( am zy(1 ar e-lz-1) 

eo l/2g—1 a e7Vby—-1 + e—9/6y—2 

= Ble) hs BNC = ate) 
1 —1/3 —2/384—1 

E.(z) = Z[R(s)es?/2] — E,(z) a a ay To =e 

—T/2y—-1 + e— /8g—-1 “+ e—/6g—1 

(Gl = ey = E-s) 

Finally, if R(s) = 1/s, the response of the error is given by the solution 

of (9.25) to be 

E\(z2) = 

= JI) = (9.25) 

i dt (G48 = gy 

2 (FT =e eV 26 Fe VO TL G88) 2-1 4 e-iz-2 

(9.26) 

JEG) = Ra (=) = I SAO HB ele oye Le 
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The algebra involved in obtaining (9.26) from (9.25) is fairly com- 

plicated and, in particular, requires that several common factors in the 
transforms be divided out. In carrying out such an analysis it is help- 

ful to keep the order of the characteristic equation in mind and to 
continually look for common factors to reduce the expressions. The 
output of the system is readily calculated from one of the equations in 

(9.24). 

9.3 Synthesis of a Multirate Digital Controller 

Methods for the design of digital controllers for control of single-rate 

sampled-data systems were given in Chap. 7. In that chapter were given 

several design criteria, such as minimum finite settling time, staleness- 

factor design, and ripple-free design. All these methods, as developed in 

that chapter, were applied to systems which are single-rate. The 

manipulated variable which came from the controllers operated at the 

same basic rate as the error information fed to the controllers. 

In many cases of practical importance the design can be improved by 
adopting a multirate controller. The block diagram of a system which 

employs a multirate controller is shown in Fig. 9.9. In this system the 
error signal, i, is sampled at some basic period 7 which is presumed to 

be fixed beyond the control of the system designer. The digital con- 

troller is designed to operate at a reduced period, T/n, so that the samples 

to the plant G are supplied more frequently than the input is sampled. 

The properties of such a design are briefly these: 

1. Both the output ripple and the response time, or ‘‘rise time,” are 

less than in the comparable single-rate system because of the shorter 

period of the samples at the input to the plant. 

2. The input signals to the plant from the multirate controller are 

larger in amplitude than comparable signals from the single-rate system, 

with the result that saturation effects are more serious in the multirate 

system. 

3. The multirate controller has the same memory or storage require- 

ments as the corresponding single-rate design, but must operate at a 

higher speed. 

The designer must decide whether or not the improved speed and the 

ripple performance are worth the price of increased speed of computa- 

tion of the controller and greater saturation limits in the plant. If the 

decision is favorable to a multirate controller, then the design may be 

readily carried out using the procedures to be described here. 

The design problem for a multirate controller to be used in the system 
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of Fig. 9.9 consists of the specification of a desired over-all transfer func- 

tion K(zn) such that the response will have suitable transient and steady- 
state behavior and also such that the necessary controller pulse transfer 
function will be physically realizable. The first step in the design 

Fic. 9.9. Block diagram of system with multirate controller. 

requires the relation between the controller pulse transfer function, 

D(z,), and the system transfer function, K(z,). For the variables as 

defined in Fig. 9.9 one can readily write 

Ex) = Re) — Ce) (9.27) 

and, using the results expressed in (9.7), 

Ge) = Pie ADE NEG) (9.28) 

In order to eliminate H, from (9.27) and (9.28), it is necessary to take the 

z transform of (9.28), as defined in (9.19). 

C(z) I|> ZC (2n)] 
= Z[Ey(2n") D(en)G@(2n)] (9.29) 

Ey(z)Z[D (2n)G@(Zn)] I 

where C(z) is the single-rate z transform corresponding to the multirate 

transform C(z,). 

The last step leading to (9.29) makes use of the fact that the z transform 

of a product which includes a factor depending on z alone is the product 

of z transforms. In the case of (9.29), E(z2n”) is the factor which depends 

on 2 alone and is therefore factored out. If (9.29) is substituted in (9.27), 

one can solve for £,(z) as 

R(z) 

DO) eEriD eee) 
the expression (9.30) may now be substituted into (9.28) to relate the out- 

put to the input 

(9.30) 

R(2n”) D(2n)G (en) 
Cen) = 1 + Z[D@n)GEn)] 

(9.31) 
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The pulse transfer function of this system is defined as the ratio 

CG) 

ie) 

“ D(2n)G (én) 

Wie Zz D ence) 

Equation (9.32) is the fundamental equation of analysis for the multi- 

rate controller system. If the controller pulse transfer function D(zn) 

and the plant transfer function G(z,) are given, then (9.32) or (9.31) show 

the response of the system. In order to synthesize the controller transfer 

function, it is necessary to invert these expressions and solve for D(z,) in 

terms of K(z,) and G(z,). The first step toward this inversion is to take 

the z transform corresponding to (9.32). 

Tze) | — Kae) 

_ LD @n)Gn)] 

1 + Z[D(2n)G(en)] 

In writing (9.33), use has been made of the fact that 1 + Z[D(en)@(2n)] is 

a function of z and may therefore be factored out of the z transform opera- 

tion. Solving (9.33) for the term containing the unknown controller 

transfer function D(z,), 

K (én) = 

(9.32) 

(9.33) 

UD een] = ~~ (9.34) 

1+ 2D@)Ge)] = EG (9.34a) 

The solution for the controller pulse transfer function may be completed 

by substituting (9.34a) into (9.32): 

r(y\ — _D@n)G@n) 

1 K (én) 
therefore D(2n) (9.36) 

7G@) T2kG 

Once a desirable over-all transfer function K(z,) is prescribed, (9.36) 

gives the transfer function of the multirate controller necessary to produce 

the desired response. The design of the multirate controller, like that of 

the single-rate controller, is therefore reduced to the specification of a 

suitable over-all transfer function K (z,). 

The design objectives and limitations associated with the specification 

of a suitable over-all pulsed transfer function for use in a multirate con- 

trol system are essentially the same as those already outlined in Chap. 7 in 

connection with the design of single-rate systems. Any of the design 

methods discussed for single-rate systems applies to the design of multi- 

rate systems, with the sole exception that the formulas leading to the 
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desired results differ in the two cases. It is possible to design a multirate 

system for minimum finite settling time with zero steady-state error to a 
polynomial input, or to design for a ‘“‘staleness-factor”’ type of response, 
or to design for a ripple-free response. Since each of these designs has 

been discussed in detail in Chap. 7, only the essential parts of the designs 

will be worked out here to illustrate the special problems introduced by 

the multirate character of the system. 

Three basic requirements on the design of any control system are 

physical realizability, stability, and steady-state behavior. Each of 

these requirements will be discussed in turn for the system of Fig. 9.9. 

The most fundamental of these requirements is that of physical realizabil- 

ity. Inits most elementary terms, this limitation of physical equipment 

is expressed by the statement that to be physical, a device must not 

respond prior to the application of the excitation. In terms of the multi- 

rate control system, the controller pulse transfer function described by 

(9.36) will be physically realizable if K(z,) is made to have a zero at 

infinity of at least the order of the zero of G(z,) at infinity. That is, if 

the expansion of G(z,) about infinity (in powers of z,—!) starts with the 

Zn” term, then the similar expansion of K(z,) must not start until the 

Bo? WEA, 

The requirement that the system be stable is met by having all the poles 

of K(z,) lie inside the unit circle and by avoiding the cancellation of poles 

or zeros of G(z,) which are outside the unit circle by the controller pulse 

transfer function D(z,). This restriction of the poles and zeros of the 

controller transfer function is equivalent to the similar situation dis- 

cussed in Chap. 7 in connection with the design of unit-rate systems. 

For the multirate controller described by (9.36), stability requires that all 

the zeros of G(z,) which are on or outside the unit circle be contained as 

factors of K(z,) and all poles of G(z,) which are on or outside the unit 

circle be contained in 1 — A(z,"). In other words, if 

GG) = == ne) (9.37) 
yaa anes 

where F'(z,) is a ratio of polynomials in z, containing all its zeros and poles 

inside the unit circle of the z, plane and where |a|, |b) > 1. Then, for 
stability, it is necessary that 

KG(@*))e— ei (lee) AN (2) (9.38) 

and LS 1K(@ee) = Cl = Was 2 BeX) (9.39) 

A peculiarity of the multirate character of the problem is indicated by 

(9.39). In this equation, because of the nature of K(z,”), it has been 

necessary to introduce n roots in the function 1 — K(z,”) in order to 

remove one root from G(z,). As mentioned in Sec. 9.2, all these roots of 
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1 — K(z,”) are equally spaced around a circle of radius b and are therefore 
outside the unit circle. The design would be stable if all these extraneous 

roots but the one in G(z,) are left in D(z,) because none of them involve 

pole or zero cancellation in an unstable region. The controller transfer 
function which results from the inclusion of the extra roots of 1 — K(z,”) 

in D(z,) is of very high order, however, and the device used to realize this 

transfer function is unnecessarily complicated. The design can be 

greatly simplified by including these extraneous roots from 1 — K(z,”) in 

the over-all transfer function K(z,) so that they do not appear in the con- 

troller transfer function. In terms of the design equations, the more 

practical constraints on the transfer functions for the plant with the trans- 

fer function given by (9.37) are 

Keesha ces Aen aa Bie ae ot Ae (9.40) 
and Ge") — 62) (22?) (9.41) 

Since physical realizability requires that K(z,) contain the zeros of the 
plant which are at infinity, which is certainly outside the unit circle, (9.40) 

and (9.41) actually express the constraints sufficient to ensure both sta- 

bility and physical realizability in the design. In these two equations, 

the functions A(z,) and B(z,") are general functions which include the 

design requirements other than removal of the zero at a and the pole at b 

in the plant. If there are other poles or zeros in the plant which are out- 

side the unit circle, they must, of course, be treated in the same manner 

as the two selected in (9.37). The final constraint on the transfer func- 

tion which is fairly universal is the specification of the steady-state 
performance. 

The requirement on steady-state response is most conveniently defined 

in terms of the system response to a polynomial input. As discussed in 

Chap. 7, the designer frequently requires that the system follow an input 

whose transform is 1/s* with zero error at sampling instants in the steady 

state. This requirement can be translated into a specification on K (zn) 

for the multirate system. The error of the system of Fig. 9.9 is the 

variable £;, which satisfies the relation 

Ey(2n) = Rn) — Cn) 
= R(zn) — R(éa")K (en) (9.42) 

If R(s) is of the form 1/s*, then it is easy to show that 

P(2n 

P(e," and Re) = gee (9.44) 
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where (9.44) is obtained in the manner defined earlier, which is to take the 

z transform of R(s) and replace z by z,”. The functions P(z,) and P(z,”) 

are polynomialsinz,!. If (9.43) and (9.44) are substituted in (9.42), one 

obtains the equation for the z, transform of the error 

eee) IP(@2 IK (Eq) 

The steady-state performance one would like to specify is that the final 

value of E;(z,) in response to the polynomial input be zero. The final- 

value theorem may be used to express this condition in terms of K(z,). 
Tf all poles of Hi(z,) are inside the unit circle, then 

€1(0) = me (1 = 2n7!) Ei (2n) ; (9.46) 

In order for Ei(zn) as given by (9.45) to meet the requirements for the 

application of (9.46), it is necessary, first of all, that K(z,) contain as 

zeros all the roots of (1 — z2,~”)* except the kth-order root at unity. As 

discussed in Sec. 9.2, these roots lie equally spaced around the unit circle 

and must be removed if the final-value theorem is to apply. Therefore, 

by inspection, it can be stated that for proper steady-state behavior, 
K (gn) must be of the form 

1 — 2,7") KG) = Sh Fe) 
= (1+ get + ag? ot apt) EF (2,,) (9.47) 

where the correctness of the polynomial in z,—! can be readily verified by a 

process of long division and where F'(z,) is as yet arbitrary. Substituting 
(9.47) in (9.45), 

IFAC) IZA) 

OD ee ek 
_ Ip) = PG EQOME») 

(Beam) 

If, now, the final value of £i(z,) is to be zero, then (9.48) must have no 

pole at z, = 1. This means that the numerator of (9.48) must have a 

kth-order zero at 2, = 1. That is, if Q(z,) is defined as 

(9.48) 

OG) FeCl EAE) (9.49) 

then the steady-state constraint may be satisfied by requiring that 

OC, y— 5 erm) ie) (9.50) 
Or, equivalently, 

EOE nc omen ol nee ee 1 (9.51) 
Ve Nae Zn=1 



238 SAMPLED-DATA CONTROL SYSTEMS 

Equations (9.47) and either (9.50) or (9.51) express the necessary and 

sufficient conditions on A(z,) such that the final value of the error will be 

zero in response to an input with the transform 1/s*. These same condi- 

tions take care of the requirement that the steady-state error be zero in 

response to any (k — 1)th-order polynomial input. 

EXAMPLE 

As an example of the application of the steady-state constraints 

expressed by (9.47) and (9.51), consider the design of a minimum finite- 

settling-time pulse transfer function which must have zero steady-state 
error in response toaramp input. The plant has no poles or zeros out- 

side the unit circle except for a simple zero at infinity. In this case, 

2 an 

R(s) = = (9.52) 

Rie ee ee 9.53 (Zn) a n We =e pee ( . ) 

From (9.53) and (9.54) it is obvious that the numerators of R(z,) and 

R(én”) are 

IAG p= a 

TEC Sa yas (9.55) 

Applying the first of the steady-state constraints, given by (9.47), and 

the physical-realizability constraint one can write 

1 
K (én) = eo (fren 1 + foen) (9.56) 

Only two terms are included in the arbitrary F(z,) in (9.56) since the 

design is to be a minimum settling time, and a look ahead shows that 

the constraint given by (9.51) requires only two free constants. From 

(9.55) the function Q(2n) is formed as 

Q(2n) an ae a D2, aahiene =F feen) (9.57) 

The constraint equations obtained from the application of (9.51) to 

the function given in (9.57) are 

fh 
as T (fi + fe) = 0 

F_ Tin + Uf — Tat fr = 0 (9.58) 
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The solution of the simultaneous equations given in (9.58) is given by 

a 

fr= 1 
and the final required form of the pulse transfer function is 

KC a I (" ile a i 2-1) (9.59) 
l=2,73 n 

To illustrate the design given above with a numerical example, con- 

sider the design of a double-rate controller for the control of a plant 

with the transfer function 

1—e? 4.6 
G(s) = z EG (9.60) 

with T = 1 sec. In this case, 

ah 0.925 

CD) a (9.61) 

and, from (9.59), 

1G) a) (lieu eo lsocm lame) (9.62) 

From (9.62), taking the terms in z2~°, 

K (22?) Ce (9.63) 

The substitution of (9.61), (9.62), and (9.63) in the fundamental design 

equation (9.36) yields 

l= Ota Laat 
Den) eet = eae oe 

A — Cie 0.5 = a) 
7 OSU = ae oe 

The block diagram of the multirate system is shown in Fig. 9.10a, and 

a single-rate system designed for the same system by the techniques of 

Chap. 7 is shown in Fig. 9.106. The responses of the two systems are 

shown in Fig. 9.11, where the two curves show clearly the advantages 

of the multirate controller in reducing the output ripple of a sampled- 

data system. The particular example chosen may seem slightly arti- 

ficial in that the basic sampling rate is taken to be quite slow compared 

to the time constant of the plant, but in fact this is the only situation 

in which ripple is a serious problem anyway. 

EXAMPLE 

Asa second example of the design of a multirate controller, the design 
of D(z,) for the finite-settling-time control of a plant with the pulse 
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(1-0.1294)(1.5—z5}) 

0.9(1—25})2 

(a) 

(1—0.01 27} (2—27}) 

0.99(1—271)2 

(6) 

Fig. 9.10. Block diagrams of (a) double-rate and (b) single-rate systems designed to 
the same specifications. 

o Response of double rate system / 
x Response of single rate system A 

4 a 

Output c(t) 

T 2T 3T 4T 

Time 

Fig. 9.11. Ramp responses of double- and single-rate systems of Fig. 9.10. 

@ n 

G (zn) a 

to follow a step input with zero steady-state error at sampling instants 

is considered. In this case, the plant is open-loop unstable, and the 

design requires the application of the constraints expressed by (9.40), 

(9.41), (9.47), and (9.51). Combining these equations for the present 

example, it is found that the over-all pulse transfer function must 
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satisfy the two equations 

I= py? Il == Bhp © 
K(@n) = Eeaiiqpestos = (HA oP RS) (9.66) 

eae) — (ls 2t2n (Dien | Ooeamc) (9.67) 

The two constants gi and gz in (9.66) are to be determined from the 

steady-state requirement and from the fact expressed by (9.67) that 

1 — Z[K(z,)] must contain the factor 1 — 2"2z-!. The constants b; and 

be in (9.67) are only functions of the g’s and will automatically fall out 

of the solution. The essence of the constraint expressed by (9.67) can 

also be stated in the form 

Z[K (zn)] = 1 (9.68) 
Z=2n 

The steady-state requirement given by (9.51) requires the formation 

of the Q(z,) function from (9.49). In the present example the design 

requirement is for zero steady-state error to a step, so that one can 

write immediately 

1 
R(s) = a 

1 

Me Digi 
1 

gs 
Caan 

Je) = Il 

and, from (9.49) and (9.66), 

Iie Bg oe 
Q(én) = 1 — TT So (Gis > AP Gee 9) 

The steady-state requirement of (9.51) reduces to 

Q(zn) eid = 0 
1 

for a step input for which k = 1. Therefore, the two constants g; and 

g2 must satisfy the equation 

1 

27 — 1 

The second equation satisfied by gi and gz is obtained from (9.68) and 

requires the calculation of Z[K(z,)]. This calculation can be made 

either by expansion of K(z,) and selection of the z,—” terms or else by 

use of the formula developed earlier that 

RC eee (9.70) 
20j T (1 — ecm Cn 

gi + g2 = (9.69) 
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When K(z,) represents a finite settling time there is little difference in 

labor involved in the two methods, but when K (z,) does not represent a 

finite settling time then (9.70) offers considerable advantage over the 

direct expansion method. The application of (9.70) is greatly simpli- 

fied by recognition of the fact that any function of z,—" may be factored 

out directly before evaluation of the integral. That is, as may be 

readily verified from an elementary consideration of Fig. 9.1 and (9.7), 

ZF (2n")G@(2n)] = F(2@)ZIG(2n)] (9.71) 

For the present example, substitution of (9.66) in (9.70) leads to the 

integral 

ZK (én)] = 
i 1 2," 1 = 22,2" gizn) + Geen Gee 

207 ie —z2,11—22,1 1 = 272s (erga) 

The application of the results given in (9.71) to the integral in (9.72) 

simplifies the problem to the form 

Fy yA bps ca) learn) (gi2n + go) den 
ASG) = 20] i, (Zn — 1) (én — 2)(1 — 2n"2 en (9.73) 

The path of integration T for the integral of (9.73) is a circle with 

radius greater than 2, and the evaluation of the integral is simply done 

by the method of residues. The final result is that 

DA 7 
Zee G —1)gi+ 0| 2! G32" sae (9.74) 

The application of the constraint equation (9.68) to (9.74), which 

requires the evaluation of (9.74) at z2 = 2”, can be simplified to the 

equation 
Qnvl 

291 + g2 = Ta (9.75) 

Finally, the two constants can now be evaluated from the solution of 

(9.75) and (9.69), with the result 

Qntl — 1 

n= eT 

Substitution of (9.76) in (9.66) and (9.74) permits one to calculate the 

two transfer functions necessary to get the controller pulse transfer 

function. 

g,) ae Denn 

— Zn” 1 ae 2°27 Qrtrl —- 1 

J eee = oa 
= Zi @ aa i 22 at) (9.77) 

It should be noted during the algebra leading to (9.77) that 1 — Z[K (2n)] 
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can always be factored because the design has included specification of 

the roots of this function. Substitution of (9.77) and (9.65) into the 

basic design equation (9.36) leads to the final design objective, the 

pulse transfer function of the multirate controller D(z,). 

Se ale Wve 2 , 
D(2n) = Te > ~ ee l= ax (9.78) 

The multirate design which has resulted in the specification of the con- 

troller pulse transfer function given in (9.78) may be evaluated by com- 

paring the response of the multirate system with that of a single-rate sys- 

tem operating on the same plant and with the same over-all specifications. 

1 15-1423! 
7 1-23} 

(i 

Fia. 9.12. (a) Triple-rate and (6) single-rate controllers for an unstable plant. 

To illustrate the point, a multirate controller having an output sample 

rate three times the input sample rate will be used. This means that 

n = 3 in evaluating (9.78). The triple-rate controller is shown in Fig. 

9.12a, along with the continuous plant transfer function leading to (9.65). 

The single-rate system is shown in Fig. 9.126. It is noted that the com- 

plexity of the controller in each case is the same, that is, both controllers 

require no more than two storage elements. The response of these sys- 

tems when subjected to a step input is shown in Fig. 9.13, where they 

may be compared. First of all, the overshoot in both cases is quite large 

and equal. This is to be expected with an unstable plant used in the 

example. Also, the triple-rate design does not show much improvement 

in settling time because the unstable plant can be stabilized only by feed- 

back and the first feedback sample is applied to the error system after 

1 sec in either case. A system which is open-loop stable can reach 

steady state in much less time, as shown in the first example. 

Each of the example problems worked out for multirate controller 

design have been of the minimum-finite-settling-time variety. The 

application of staleness factors or the design for zero ripple could also be 
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done with a multirate controller, of course. The techniques are the same 

as for the single-rate case discussed in Chap. 7, except for the change in 
details of constraint applications as discussed above. The comments 
regarding the relative merits of each of these designs as given in Chap. 7 

apply equally well to the multirate case and need not be repeated here. 

9.4 Design of Multirate Controllers with Single-rate Techniques 

For the usual problem in control-system design with plants to be con- 

trolled which are open-loop stable, the multirate controller may, under 

certain circumstances, be designed using single-rate techniques. This 

© Response of triple rate system 
X Response of single rate system _ 

PSO wo fF aA Dn N CO UO OO 

_ 

Time 
Fig. 9.13. Step responses of single- and triple-rate systems of Fig. 9.12. 

design procedure, which was first described by Bertram in a discussion of 

ref. 30, takes advantage of the fact that for finite-settling-time designs 
(which include the zero-ripple design) it is always possible to select the 

speed-up factor n in the multirate controller in such a fashion that all 

transients in the system at sampling instants are over in one period of 

length T. Although this technique applies to any finite-settling-time 

design, the emphasis here will be placed on the zero-ripple case, which, of 

the several possibilities, is the most attractive in terms of performance 

and among the most complicated in terms of design steps. For the zero- 

ripple design, the speed-up factor is so chosen that transients at all 

instants are made to terminate in one period of length T. To concentrate 

for the moment on the step response, the operation of a multirate system 

designed on the basis being proposed here can be described as follows, 

with reference to Fig. 9.9. Upon application of the step at R, a single 
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pulse of amplitude rp is supplied at ZH, to the multirate controller. The 

controller then applies a sequence of pulses to the plant at intervals of 

T/n sec, which pulses are so designed in amplitude that the plant output 

is brought to the new required level or position with no further error 

detected at H;. The parameter n must be chosen sufficiently large that 
the required change in output level can be accomplished in the allotted 

time. The minimum value of n necessary to do this can be determined 
by inspection of the design equations. 

The reason that single-rate techniques can be used to design the multi- 

rate controller pulse transfer function for the operation described above is 
that the entire design is essentially based on open-loop equations. The 

controller receives a single pulse from H#; and proceeds to change the out- 

put level of the plant sufficiently to reduce the detected error to zero with 

no feedback at all. Of course, if for any reason the output level did not 

reach the desired position, then a second error pulse would supply the 

feedback information. In other words, although the system operates on 

feedback principles, it can be designed on an open-loop basis. 

In terms of design equations, the procedure for realizing the pulse 

transfer function of the multirate controller using these principles is quite 

simple. The design objective may be realized by requiring the multirate 

system of Fig. 9.9 to produce an output in response to a step input which 
is identical to the output of a single-rate system designed for the same 

plant and a sampling period T/n. The only difference between them is 

that the multirate controller gets only a single pulse input instead of a 
sequence of pulses. 

To be more specific, the transform of the output of the system of Fig. 
9.9 is 

C(én) = Ey(2n") D(en)G (Zn) (9.79) 

and, if n is so chosen that only one pulse appears at Hj, then (9.79) reduces 
to 

Cen) = roD(en)G (en) (9.80) 

where 7o is the value of the first error sample supplied to the controller. 

If the input is a unit step, then rois unity. A single-rate system designed 

for zero-ripple response with the plant G would have an over-all pulse 

transfer function K(z,). The output of the single-rate system would be 

C(en) = R(zn) BK (en) (9.81) 

If these two system outputs are to be identical, then the multirate con- 

troller pulse transfer function must be 

R(en) K(2n) 

LNGa) = ro Gen) 
(9.82) 
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and, if there is to be no transient after T sec, then the output given by 

(9.81) must have reached the steady state in n samples, and n is chosen 

accordingly. 

It is possible to express (9.81) completely in terms of the plant pulse 

transfer function if the design is based on zero-ripple step response. If 

Aen? 

Gz.) = {+—— (9.83) 

» Bien Bo #0 
j=0 

Then, from the principles of Chap. 7, K(z,) contains all the zeros of 

G(z,) and for proper steady-state behavior K(1) = 1. Therefore 

R¢,) = =——— (9.84) 

) a 
i=1 

The upper limit on the numerator sums in (9.83) and (9.84) is deliberately 

taken as n because the order of K(z,) determines the number of pulses 

necessary for the output to reach the steady state and this number equals 

the order of the numerator polynomial inG(z,). For example, if G(z,) has 

a second-order numerator, then a double-rate system is sufficient. Sub- 

stituting (9.84) and (9.83) in (9.82), with the z, transform of a step for 

R(zn), the controller pulse transfer function is found to be 

Dea eee es (9.85) 

If the plant has an integration, then the 1 — z,—! factor will cancel in 

(9.85). It is observed that the nwmber of pulses applied to the plant 

(which number is regulated by. the order of the controller transfer func- 

tion), is determined by the order of the difference equation describing the 

plant, or, in other words, by the number of poles in the plant pulse trans- 

fer function. The length of time necessary to reach the steady state, 

however, is determined by the order of the numerator polynomial of 
G(zn) or by the zeros of the plant pulse transfer function. Therefore, as 
mentioned earlier, it is the number of zeros of G(zn) which determine the 

speed-up rate n in the multirate system. 
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EXAMPLE 

As an example of the design principle outlined in this section, a 

second-order plant with zero-order hold is considered. The pertinent 
transfer function of the continuous element is 

i aes e7sT/n 1 

S s(s + 1) 

From previous calculations (see Sec. 7.8) it is known that the pulse 

transfer function of this system has two zeros, so that n = 2. UH, for 

Ro+ 1 
r s(s+1) 

G(s) = (9.86) 

Cc 

(a) 

c(t) 

Time 

(0) 
Fic. 9.14. (a) Block diagram and (b) step response of a multirate system designed 
for zero ripple. 

purposes of this example, 7’ is taken to be 2 sec, then the previously 

calculated pulse transfer function can be used, namely, 

0.3682.-1(1 + 0.718227) 
CO) = Sal = OR (ew) 

Substituting from (9.87) into (9.85), 

_ €=2790 = 03>) 
Ne) — TL =) 

Le O868255: 
¥ 0.632 Mes) 

A block diagram of this system and the associated step response are 

shown in Fig. 9.14. 

It is possible to generalize the interpretation of the basic design equa- 

tion given as (9.82) considerably beyond the step-response case worked 

out in detail in (9.85). In some cases it is desirable, and for plants with 
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two integrations it is necessary, to base the design on zero steady-state 

response to a ramp rather than a step input. In these cases, the usual 

single-rate design for K(z,) is used, but some care must be exercised in 
the choice of effective input R(z,) selected to be entered in the formula. 

The design based on a ramp response will result in a multirate controller 
which will drive the plant into a ramp upon receipt of a single error sample 

and will settle the output in the steady state on the presumed ramp 

before being able to check the validity of the assumption. The difficulty 
of the situation is as shown in Fig. 9.15, where several possible input 

ramps are shown which lead to the 

same first error sample of amplitude 

ro. By appropriate choice of R(2n) 

entered in (9.82) the designer can 

drive the plant output to a steady- 

S _ state correspondence with any of 
these or with the unlimited other 

class of inputs which give the same 

initial sample value. The choice of 

0 T oT which first-order polynomial to de- 

Time sign for must be made by the de- 

Fria. 9.15. Three ramp inputs which give signer of the system based on his 

the same initial sample value. knowledge or estimate of the best 
case for hissystem. The decision here is not unlike that of the first-order 

hold discussed in the early chapters, where one had a choice of designing 
for full or partial slope correction in a data-hold operation. 

A second alternative suggests itself for the design of multirate control 

systems upon inspection of the dilemma of Fig. 9.15. Since this con- 

templated design results in a new steady state of the plant being estab- 

lished in each period, there is no reason why the rule for determining this 

steady state cannot be modified from one period to the next. In other 

words, it should be possible to set up the controller with provision for 

selection between designs for zero error to a step and zero error to a ramp. 

The decision to select one or the other of these possible performance rules 

could be made by a device which operates on the back difference of EF. 
If this back difference is less than some threshold, the slower but smoother 

step-response design is used, and for rapidly changing inputs the ramp 

design is used. Further development of this idea is necessary to evaluate 

its effectiveness in reducing following errors in any particular case. 

9.5 Summary 

A multirate sampled data system is a system which contains two or 

more signals which are sampled at different rates. In case the ratios of- 
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the different rates are the ratios of small numbers, it is possible to analyze 

a multirate system by reducing it to an equivalent multiloop single-rate 

system. This reduction of the multirate problem to a single-rate problem 

involves the decomposition of a sampling switch which operates with a 

period 7'/n into n parallel switches (with delay and advance operators) 
which operate with the period T. The method, which is called switch 
decomposition, is practical for pencil-and-paper analyses only if the total 

number of switches in the equivalent system is relatively small. For 

multirate systems where an exact equivalent single-rate system would 

involve a large number of samplers, it is frequently possible to obtain an 

approximate system which should provide sufficient accuracy to answer 

the most important questions. For example, switches with sampling 

rates in the ratio 22:7 could probably be considered to be in the ratio 3:1 

without a great loss of accuracy. 

The theory of multirate control systems is important to the synthesis of 

new systems as well as to the analysis of existing systems. A multirate 

controller can be designed which accepts error data at intervals of T sec 
and supplies data at intervals of T’/n sec. This effective speed-up in the 
data rate into the plant or process means that, in general, the response 

time of the output will be reduced and the ripple between samples will 

be lessened. The multirate controller can be designed for the standard 

prototype response functions, such as minimum finite settling time, stale- 

ness factor, or zero ripple, and will in each case effectively speed up the 

time scale of the response. There is a limitation on the response-time 

improvement in case the plant is open-loop unstable because such systems 

can only be stabilized by feedback and the multirate controller does not 
increase the speed of feedback sampling. 

For finite-settling-time designs, it is possible to obtain the pulse transfer 

function of the multirate controller by using single-rate techniques. 

With this combined design method, the speed-up factor in the multirate 
system is included as a design parameter and not left to arbitrary choice. 

There is some indication that the method can be extended to provide a 
basis for a nonlinear adaptive control-system design. 



CHAPTER 10 

SAMPLED DATA SYSTEMS WITH RANDOM INPUTS 

In the previous chapters all the input signals have been considered as 

deterministic, or known, functions of the time. In many cases of prac- 

tical interest, however, this is not the case, and some or all of the signals 

must be considered to be random functions of time. That is, one is not 
able to make a statement such as ‘‘r(¢) is unity for all positive time and 

zero for all negative time,” but instead must be content with a descrip- 

tion in probability such as ‘‘r(¢) is between 0.9 and 1.1 in 80 per cent of 

the signals in this class at this time.” 

Several rather broad treatments of random signals in control systems 
are readily available (see, for example, ref. 34), and the present chapter 

contains only a brief review of certain aspects of the theory and an appli- 

cation of these techniques to sampled-data systems. As in the previous 

chapters, the point of view here is influenced greatly by the simultaneous 
presence of discrete and continuous signals which characterizes sampled- 

data systems. The attention of this chapter is accordingly focused on a 
combination of the analysis of strictly discrete systems and the analysis 

of strictly continuous systems and signals. 

10.1 Review of the Analysis of Random Signals 

One can imagine many possible sources or generators of random signals, 

as, for example, a vacuum tube whose plate current is subject to fluctua- 

tions because of the random emission of electrons from the cathode (a 

phenomenon known as shot noise) or a conductor which contains ther- 

mally excited electrons which give rise to thermal noise. A random input 

to a control system might arise as the command signal from a gyro 

mounted in an aircraft or ship which is being rocked by wind or waves. 

All of these signals are examples of random variables which must be 

described in probabilistic terms. 

The mathematical description of a random process depends upon the 

concepts of a probability-distribution function and probability-density 

functions of various orders. The first-order probability-density function 
associated with a random signal X(t) is designated fi(z,t). This function 

is defined so that the product f1(z,t) dx is the probability that the variable 
250 
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X(t) has a value in the infinitesimal range + < X(t) < x + dz at the 

time t. More generally, the probability that X(¢) lies in a finite range 

a < X(t) < b at the time ¢ is given by the integral 

Pla < o6@) <a = i ° fi(a,t) dx (10.1) 

The second-order probability-density function associated with a random 

variable X (¢) is designated f2(a1,t13;%2,t2) and is defined to be such that the 

product fo(#1,t1;%2,t2) dx: dx2 gives the probability that the variable lies in 

the range 21 < X(t1) < v1 + dz, at the time ¢, and also lies in the 
range %2 < X(te) < x2 + dxe at the time ¢,. Clearly the second-order 

density function provides a more detailed description of the signal than 

does the first-order function, and as higher-order density functions are 

prescribed more and more detail is available about X(¢). It is seldom 
indeed, however, that one is so fortunate as to know the probability- 
density functions of all orders which describe a random signal, and in 
many cases one must settle for much less specific information. 

In a typical situation one may know some of the moments of the dis- 

tributions which describe the random signal being considered. The first 

moment is the expected value or average or mean and is defined by the 

integral 

E[X(h)] = [%, afte) de (10.2) 

This moment depends upon the first-order density function, and gives, in 

a rough sense, the d-c content of the signal X(t). The generalized 

second moment of the random variable X(t) is the autocorrelation func- 

tion, defined by 

®,.(t1,t2) = X (t1).X (t2) = je ie XX of o(a1,t1 522, t2) dx, dx. (10.3) 

which is the average of the product of values of the variable at t; times the 

values of the variable at time t. For the special case when ¢; equals to, 
then x; equals x2, and 

®,.(t1,t1) [0 [0 eetilestiywats) des dar 
= les r17f1(x1,t1) dx 

E[X?(,)] (10.4) 

which is the mean-square value of the variable at t;. In the second step 

of (10.4), use has been made of the fact that the integral of the second- 
order function f2 over all values of x2 is just the first-order density func- 

tion fi. That is, the probability that the variable has a value in the 

range 21 < X < x + dz, at time ¢; and has any value at all at time f2 is 

simply fi(v1,t1) dvi. From the symmetry of (10.3) it is obvious that 
®,2(t1,t2) equals ®,,(t2,01). 

I 
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Where the analysis of two related random processes is involved, as, for 

example, in the consideration of the input to a filter, x(¢), and the output 
of the filter, y(¢), one must define joint probability-density functions to 

describe the simultaneous characteristics of the two variables. The first 

joint density function is defined so that the product fii(2,t1;y,te) dx dy 
gives the probability that X has a value in the range x < X < 2+ dzat 

time t; and Y has a value in the range y < Y < y + dy at timete. The 

most elementary moment of the first-order joint density function is the 

cross-correlation function, defined as 

®,.,,(t1,t2) = EX (1) Y (t2)] 

= sad he fir(w,trjy,te)cy da dy (10.5) 

If the variables X and Y are independent, then the joint density function 

is the product of the individual first-order density functions for X and Y, 

and the cross-correlation reduces to 

Pry (tite) = E[X(t1)] BLY (t2)] 

= X(h) Y(t) (10.6) 
Therefore, if the mean value of either of two independent random vari- 
ables is zero, their cross-correlation is zero. It is important to note that 

the converse of this statement is false. That is, a zero cross-correlation 

between two variables, one or both of which have zero mean value, does 
not imply the independence of the variables. The cross-correlation is 

the average of the product of values of X at ¢; times the values of Y at te. 

Since this average is unchanged if X is replaced by Y and é1 by és, it 
follows that ®,,,(t1,t2) equals ®,,(t2,t1). 

In many cases of practical interest it is possible to make the simplifying 

assumption that the random process is stationary. That is, the prob- 

ability-density functions do not depend on the origin of time, they are 

stationary in time. If this assumption can be made, then the expected 
value given by (10.2) becomes independent of ¢; and is written simply as 

E(X) =X (10.7) 

The second-order density function of a stationary process is written 
fe(x1,22,7) and expresses the probability that the variable X has a value 21 

at some time and a value x27 sec later. The autocorrelation function of a 

stationary process becomes 

®,,(7) = ines ee X1Lof o(21,22,7) Axi dre (10.8) 

and has even symmetry since ©®,,(r) equals ®,,(—7). The mean-square 

value of the stationary variable is independent of the time, and (10.4) 
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reduces to the simple relation that 

$.(0) = (a) = [_ x%f.(z) de (10.9) 
The cross-correlation of two stationary random signals is 

€,,(7) = ie a fiula,y,r)ay dx dy (10.10) 

which has such symmetry that ®,,(7) equals ©,,.(—7). 

A further simplifying assumption which is usually made during the 

analysis of stationary signals is the ergodic property. This hypothesis 

states that under certain conditions present in many physical cases, the 

moments of a stationary process obtained by a process of averaging in 

time on a particular signal are identical to the moments obtained by 

averaging over the probability-density function. For example, where 

the ergodic hypothesis applies, 

EX) =X = <x> 
where, by definition, 

T 

2rs = jim 2 | ota (10.11) 
T- 0 2T —T 

and furthermore, the autocorrelation function is given by 

&,.(r) = ELXOX(t +7) 

= line x(t)a(t + 7) d (10.12) 

and the cross-correlation may be determined from 

Py(7) = E[XQYV( + 7)] 

= en ae a(t)y(t + 7) dt (10.13) 

It will be assumed that all processes considered hereafter are both sta- 

tionary and ergodic where necessary. Another property of random 
signals which is of some interest to the analysis of sampled random signals 

is that the autocorrelation function of a stationary and ergodic process 

may be obtained by an average of samples according to 

+N 

oa iim aN 1 an » a(nT)x(nT + 7) (10.14) 

n=—N 

for positive T. 

An important technique in the analysis of linear systems is the resolu- 
tion of signals into their frequency content by Fourier or Laplace trans- 
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formation. In the study of random signals this technique is embodied 

in the concept of the spectral-density function. This function is an 

average similar to the moments defined above but expresses the average 
power contained in a signal in an infinitesimal frequency band. Physical 

interpretations of the spectral density usually speak of averaging the out- 

put of a very narrow band filter, whose input is the signal in question. 

For the purpose of this brief review, the spectral density is defined as the 

transform of the autocorrelation function 

Ss) i ®,,(7)e—*" dr (10.15) 
—7o 

from which the inverse transform gives the result 

re 

on) = =| S.2(s)e" ds (10.16) 
2M i) 70 

The transform used in (10.15) and (10.16) is the bilateral Laplace trans- 

formation, and those familiar with Fourier analysis may replace the 

variable s by jw to obtain possibly more familiar forms for the equations. 

The form given is chosen because it seems pointless to continually rotate 

the same complex plane in order to avoid imaginary limits in certain early 

expressions when one knows they will occur later anyway. By use of the 

bilateral Laplace transform, bounded time functions for positive time are 

represented by singularities of the transform in the left half of the s plane 

and bounded time functions for negative time are represented by singular- 

ities in the right half plane. It is noted that the path of integration for 

the inverse transform (10.16) is the imaginary axis and singularities on 

this axis are not allowed in the present analysis. 

From (10.9) and (10.16) it is seen that the mean-square value of a 

random variable may be obtained by summing (integrating) the spectral 

density over all frequencies. 
je 

®,,(0) = aa / Szz(s) ds (10.17) 
2a page 

The result expressed by (10.17) is the reason for the name “spectral 

density’? because S,,(s) gives the density of mean-square value of the 

variable over the spectrum of real frequencies (imaginary s). The cross- 

spectral density is a function defined for two random variables as the 

transform of the cross-correlation function. 

Soy(s) = [", ®ay(r)e* dr (10.18) 

As mentioned above, the principal use of the spectral density is in the 
analysis of random processes in linear systems, where one can use the 
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result that the spectral density of the output of the system is related to 

the spectral density of the input by the well-known equation 

Syy(s) = Szz(s)H(s)H(—s) (10.19) 

where H(s) is the transfer function of the linear filter or the Laplace trans- 
form of the response of the filter to a unit impulse. 

10.2 Analysis of Sampled Random Signals 

In the study of sampled-data systems one is immediately faced with the 

analysis of the situation shown in Fig. 10.1, where a continuous random 

signal x(t) is modulating the amplitudes of a train of rectangular pulses of 

SSSA SNSSS SNES SSS S SS SSS 

Fic. 10.1. Pulse sequence used for determining statistical parameters of sampled 
signal. 

fixed width y. The modulated pulse train represents the sampled signal 

z*(t), which has a gain factor of 1/y introduced to make the area of the 

pulses equal to the values of the signal at the sampling instants. This 

gain normalization will make the limit process as y tends to zero simpler 

to perform later when impulse modulation is introduced. 

If the origin of time in the modulated pulse train is random, then the 

process x*(t) will be stationary and ergodic if x(t) is stationary and 

ergodic. In this case, the autocorrelation of «*(t) may be found by taking 

a time average of the product x*(t)x*(t + 7) as follows: 

To 

©,+,+(T) = lim a i Babe + T) dt (10.20) 

To 2T 9 —To 

Sketches of a typical x*(¢) and the shifted x*(¢ + 7) are shown in Fig. 10.2. 

The integral of (10.20) may be broken up into a sum of integrals, each 
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over one sampling period and expressed in the form 

© N 

BelGjl= > Jim aot » x(nT)a(nT + kT) 
k =O nrn=- 

1 T/2 

7 Hs p(o)p(o ++ —kT) do (10.21) 

where p(c) is a pulse of width y and height 1/y. From (10.14) the sample 

average in (10.21) is recognized to be ®,,(kT), so that (10.21) reduces to 

o 

T/2 

aa) > B.:(kT) 7 Se p(c)p(o +7 —kT) do (10.22) 
k=—o© 

The integral in (10.22) is the convolution of pulse trains and results in a 

periodic train of triangles of height 1/y7' and base 2y centered at ‘‘sam- 

pling instants” kT. A sketch of the autocorrelation of a typical sampled 
signal is shown in Fig. 10.3. As mentioned before, the gain factor 1/y 

- 
y 

Y 
LY 
Ly A 

Fia. 10.2. Pulse sequences corresponding to normal and shifted sampled signals. 

was introduced in the description of the sampling process to make later 

limiting processes simpler. If the gain factor is removed for the moment, 

one is left with a signal consisting of pulses of width y and height x(nT), 

and the modified autocorrelation function would be given by the expres- 

sion of (10.22) multiplied by y?. From Fig. 10.3 it is obvious that the 

value of the modified autocorrelation at the origin which is the mean- 

square value of the conventional sampled signal with no extra gain is 

v/T({®,:(0)|. That is, the mean-square value of the pulse amplitude- 

modulated wave equals the mean-square value of the original signal 

multiplied by a pulse duty factor, y/T. This result checks with physical 

reasoning, as it should. 
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The analysis of the sampled signal shown in Fig. 10.2 gives a physical 

picture of the results of sampling but leads to an unnecessarily awkward 

mathematical formulation of the problem. As in the earlier chapters on 

the treatment of deterministic signals, it is convenient to let the modulat- 
ing-pulse width approach zero while the modulator gain approaches 

NANRRueennneecee ee AULLTLUSS ESSE 

Fig. 10.3. Autocorrelation function of random pulse sequence. 

infinity, with the result that the sampling process is approximated by 

impulse-area modulation. By inspection of Fig. 10.3 or (10.22) it is obvi- 

ous that the autocorrelation of the impulse sampled signal reduces to a 

train of impulses which can be expressed as 

ie) 

ee > = &,.(kT)5(r — kT) (10.23) 
k=—o 

Following the treatment of deterministic signals, the sampled autocorrela- 

tion is defined as the sequence of values 

BA (kT) = 7 ®.(ET) (10.24) 

where the 1/T factor is arbitrarily introduced in the definition (10.24) to 

simplify later expressions. 

The spectral density of the signal whose autocorrelation function is 

given by (10.23) is the transform of this equation and has the form 

S7(8) 
k=—o2 

ie » Be (T)6(r — kT)e-*" dr 

Oe (RIM oe (10.25) 
Se 

This function is called the sampled spectral density, or the sampled power 
spectrum, of the signal z(t). If e*” is replaced by z, it is recognized that 

the sampled power spectrum of the signal is simply the two-sided z trans- 
form of the sampled autocorrelation function, &*,(kT). 
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The discussion of sampled signals thus far has been concerned with the 

interpretation of sampling as a process of amplitude modulation of con- 

tinuous signals. For discrete signals which are number sequences only 

the situation is exactly the same as in the case of deterministic signals. 
The autocorrelation of a sequence of numbers r(n7) is defined as 

N 

o* (kT) —— 7 pe oN +1 > r(nT)r(nT = kT) (10.26) 

and the sampled power spectrum of the sequence is defined as the z trans- 

form of the autocorrelation, 

Sle) = ) Oh (eT)e* (10.27) 
k=—@ 

The factor 1/T in (10.26) is arbitrarily introduced to simplify later 

expressions. 

The mean-square value of a sequence of numbers or of a continuous 

signal x(t) may be obtained from the sampled power spectrum using the 

inversion formula derived in Chap. 4 and either (10.27) or (10.25), which 

relate the sampled autocorrelation function to the desired mean-square 

value. By (10.24) and the inversion formula (4.20), 

P22(0) = T7,(0) 

b [ Sz2(z)z dz (10.28) 
2m 

where the path of interration, I’, is the unit circle. The formula (10.28) is 

equivalent to the expression 
» fa/T 

®,.(0) = = ie m Sz.(jw) dw (10.29) 

I 

which is sometimes given for the mean-square value of a discrete variable. 
The equivalence of (10.29) to (10.28) may be shown by a change of vari- 

able 2 = eT in (10.28). 

Although the forms for the sampled power spectrum [given by (10.25) 

and (10.27)] find the greatest use in the analysis of sampled random 

signals it is also possible to view this spectrum as the summation of 

harmonics introduced by the sampling process. If the complex Fourier 

series representation of the modulated impulse train in (10.25) is used, one 

obtains 
oo 

St(3) = fa), Sule + jn) (10.30) 
n=-—2 

where S,,(s) is the spectral density of the continuous signal x(¢). 
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10.3 Calculation of the Sampled Power Spectrum 

Since the sampled power spectrum defined in (10.25) is required in the 

analysis of sampled random signals, it is desirable to be able to calculate 

this function easily from given data. For example, one may be given the 

power spectrum of the continuous signal x(¢) and be required to find the 

sampled power spectrum. A simple formula is possible in this case if 

Sz2(s), the given power spectrum, is a rational function of s. Suppose 

the known power spectrum is 

Soo(s) = [~ _ ®sa(n)e" dr 
which may be written 

0 a Seo(s) = fo, Bealr)ew dr + f° Baalr)e—™ de 

Since (7) is an even function, the change of variable ¢ = —7 in the first 
integral leads to 

Seo(s) = [ Sec(o)e do + f° Beo(nyen" dr 
= G(—s) + G(s) (10.31) 

Where all the poles of G(s) le in the left half plane and all the poles of 

G(—s) lie in the right half plane. 
From (10.24) and (10.25) the sampled power spectrum is given by 

Lyes y &,,(nT)e xe Tr ox 
n=—2 

0 0 

=F | » b..(nT)2e" + » Bex(n Tz — #0) 
n=— n=0 

by substitution of k = —n in the first sum 

Ser(Z) = = Bs ®,.(kT)2® + >, ®,,(nT)z" — #.(0)| (10.32) 

k=0 n=0 

The formula for the sampled power spectrum depends upon the ability to 

express each of the three terms in (10.32) in terms of the function G(s) 

given in (10.31). A comparison of these two equations shows immedi- 
ately that 

Y bx(nT)e* = ZIG(s)] 
n=0 

which may be evaluated by complex convolution (4.10) as 

1 fete dd 
Z[G(s)] => a | ; G(A) T—ete» (10.33) 

c—jo 
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It is also noted that 

ino] 

Pex(kT')2* = Z[G(—s)] 
k=0 

Ie Wy Ae dn 

~ aj la GN To ere ee 
1 c+je 

and ®,,(0) = =— / G(s) ds (10.35) 
277 c—jo 

The substitution of (10.33), (10.34), and (10.35) in (10.32) gives 

OO Nar aye (1 — e?7) dd 

The combination of three terms in the one integral (10.36) requires that a 

common path of integration be found for all the terms. This require- 

ment will be met if the function G(s) [which is half the partial-fraction 

expansion of S,,(s) as expressed in (10.31)] has no poles on or to the right 

of the imaginary axis. The desired common path is then the imaginary 
axis itself. The evaluation of (10.36) may be effected by equating the 

desired contour integral to the closed integral around the left half plane, 
in which case the poles of the integrand are the poles of G(A). A difficulty 

arises if G(A) tends to zero as \ tends to infinity only as1/\. In this case 

the integral around the semicircle completing the closed contour does not 

vanish unless a slight shift of g(t) @ sec to the left is made, which intro- 

duces a factor e® in the integrand which forces the integral over the semi- 
circle to be zero. ‘This artifice is necessary because of the way the z 

transform is defined and leads to no real difficulty. 

EXAMPLE 

As an example of the application of the technique developed above, 
suppose it is desired to find the sampled power spectrum of the random 
signal whose spectral density is 

a 2w4 = 1 1 
Szz(S) ‘Le wy? Grd 2 ss, wy a 8 Dats (10.37) 

= G(s) + G(—s) 

Substituting (10.37) in (10.36), | 

ie ap pee Selatan / 1. ie eluate 
T2029 J —jo or +ALL — e Te ][1 — et Te] 

oa ips SCaNiecsk Salelenis Bese ~ TL — e tere, — etre] 

eT ao! alien Cae (10.38) 
TA = eP2-1)\ (1 — e- Tz) 
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The usual substitution 2 = e*? is made in the last step of the reduction 
of (10.38). 

10.4 Random Signals in Sampled Systems 

The principal use of the foregoing analysis is in the study of signals in 

linear sampled-data systems. For this purpose, consider the system 
represented by the block diagram 

of Fig. 10.4 and the problem of caleu-  *!4) 7 x*(t)! His) | yl) y*(t) 
lating the autocorrelation function, - 
cross-correlation functions, and the fFy¢. 10.4. Open-loop sampled-data sys- 
power spectra defined for the various tem with input and output variables 

continuous and sampled signals ap- ‘efned. 
pearing in this elementary system on the assumption that the autocorrela- 

tion function of the input x(¢) and the system function of the network are 

given. It follows immediately from the analysis of Sec. 10.3 and conven- 

tional analysis expressed by (10.19) that the power spectrum of the out- 

put is given by 

Sy,(s) = Sz.(s)H(s)H(—s) (10.39) 

or, in terms of the real frequency, 

Syy(jo) = Sz.(jo)|H (je)? (10.40) 

if one assumes that the sampled signal x*(¢) may be sufficiently weli 

approximated by the periodic impulse modulation of x(t). If pulse 

modulation of finite width y is a better approximation to the sampled 

signal, this effect can be generated by passing the (nonexistent) impulse- 

modulated signal through a filter whose response is a rectangular pulse of 

the proper width. In this case the output of this particular system has 

an autocorrelation function of the type sketched in Fig. 10.3 and a 
spectrum 

Gu | = Gu Sa(s) = St) —— (10.41) 
aS: 

A more common situation is the use of a clamp, or zero-order hold, for the 

system or filter, in which case the spectral density of the output is 

iL = ans Lael —— al! 

SO) = S20) === = (10.42) 

Before going further into the analysis of the signals in Fig. 10.4 in 

general terms, it is instructive to observe some of the characteristics of a 

particular random signal and to consider the effects of passing this signal 
through a particular system. For example, consider the signal x(t) with 
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the autocorrelation function and power spectrum given by 

oe) — ee 

204 

Pa na ag 
(10.43) 

The sampled power spectrum for this function was obtaincd in Sec. 10.3 as 

i en e7 2017 1 
Sal?) = 7 GS eo) Ses) (10.38) 

which can be written in terms of the real frequency as 

se (ja See (10.44) 
T cosh wT’ — cos wT 

Certain characteristics of this spectrum are immediately evident from an 

inspection of (10.44). The spectrum is periodic in the variable w as 

expected and, since the maximum value of cos w7' is unity and minimum 

value of cosh wT is also unity, the magnitude of the fluctuations in the 

spectrum depend greatly on the value of w:7'. If this quantity #17’, which 

is proportional to the ratio between the signal bandwidth and the sam- 

pling frequency 1/7, is large, then cosh w1T is large and the spectrum is 

virtually constant. From another point of view, this means that if the 

sampling period is long compared to the signal fluctuations, the samples 

are nearly uncorrelated and the spectrum is ‘‘almost white,” that is, 

almost constant. On the other hand, as the sampling period becomes 

very short, (10.44) becomes indeterminate and a limiting process must be 

followed. Although the form of power spectrum given by (10.44) cor- 

rectly represents the impulse-modulated signal, it is clear from (10.29) 

that a multiplying factor of JT? must be included in S¥,(jw) to maintain a 

comparative amplitude as 7 approaches zero. For small 7, consider 

: 6 5 RR sinh wT 
2 Ox == Se 

ba MSra\J@) = ae cosh w17' — cos wT’ 
2 E 

= at aes ce ow? — va (Jw) (10.45) 

The limiting process as 7’ — 0 given in (10.45) shows that with the proper 

amplitude modifying factcr, the sampled power spectrum has the shape of 
the continuous power spectrum as the sampling operation is made faster 

and faster. 
Another approach to the same problem of fast sampling may be made 

through consideration of (10.42), which expresses the power spectrum of 

the signal at the output of a zero-order-hold circuit. Substituting (10.44) 

in (10.42) and manipulating the expression slightly, one obtains, in terms 
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of the real frequency, 
1 sinh wT 2(0 > cosiol) 

Swe) = T cosh oil’ — cos wT w? (10.46) 

It is possible to verify by integration of (10.46) over all frequencies that 

the mean-square value of the output is unity, which is the same as the 

mean-square value of the input. This particular calculation is really 

--—--—— S,,(jw) input 

\ ——-— S,;,Vw) output of sampler 
\ On Sy,y(jw) output of clamp / 

ee na 
4 37 

ie ae 

Fia. 10.5. Plots of spectra showing the effects of sampling and clamping. 

unnecessary, however, because by inspection of Fig. 10.3 with the gain 

factor removed and y = T itis obvious that the mean-square value of the 

output of a zero-order hold is always equal to the mean-square value of 

the input signal. For very small 7, the spectrum of the output closely 

resembles that of the input and, in the limit as 7’ — 0, one obtains 

1 sinh w,T 2(1 — cos wT’) 

pas Sw(je) = pm T cosh wiT — cos wT" w?” 
pbs Qa 

“orto 
= Szz(jw) (10.47) 

Plots of S,2(jw), T?.S*,(jw), and S,,(jw) for the example under consideration 
are given in Fig. 10.5 for the particular case of w:1 = 1, 7 = 1. The ratio 
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of sampling frequency, 1/7, to signal “bandwidth,” w:/2z, is 2x in this 
case, which is a moderate sampling ratio, neither fast nor slow. The 

mean-square value of the signal x(t) is given by the area under T?S*, (jw) 

between —t <w <7. From the plot of Fig. 10.5 it is not easy to obtain 

a quantitative idea of the closeness with which the output of the zero-order 
hold approximates the original signal. Later, a comparison based on the 

mean-square error will be made between this system and other somewhat 

more sophisticated schemes for the reconstruction of random signals, but 

before a discussion of the filtering problem can be begun, some more 

results must be derived from Fig. 10.4. In particular, expressions are 

needed for the autocorrelation function or sampled power spectrum of the 

sampled output of the system and for the cross-correlation between output 

and input. 
Since y*(é) is the impulse-modulated y(¢), one would expect from (10.24) 

and (10.25) that the sampled power spectrum of y*(t) would be the two- 

sided z transform of S,,(jw). In other words, intuitively, one would 

expect that 

S,,(2) = Z[S2,(s)H(s)H(—s)] 
Sx2(2) H(z) H (27?) (10.48) 

This result will be derived directly from the fundamental relations 

between the signals and the filter impulse response h(t). The first step 

toward finding S,,(z) is to find ,,(k7), the autocorrelation function of 

y(t) at integral values of 7/T. 
By definition of impulse sampling, 

y*) = Y  y(eT)a¢ — kT) (10.49) 
k=—© 

and, from the convolution integral, 

o 

y(kT) = > h(nT)a(kT — nT) (10.50) 
n=0 

Since the process y(é) is ergodic the autocorrelation function of this pro- 

cess may be obtained from the time average 

N 

P 1 
$,,(kT) = ae IN +1 »; y(IT)yT + kT) 

=—N 

(y(IT)yUT + kT) (10.51) 
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If (10.50) is substituted in (10.51), 

Diy) = e Y keatyxr = nt) Y AGT)xOr + eT — iT)» 
n=0 j=0 

» h(nT) ) AGT) (aT — nT)x (IT + kT —jT)) (10.52) 
j=0 

I 

n=0 

oo 

I » h(nT) ) h(jT)®.AnT + kT — jT) 
n=0 j=0 

where, in the last step, the ergodic nature of the processes is used along 
with (10.14). 
By the definition (10.27), the sampled power spectrum of y*() is the 

2 transform of &*,(kT) = Fb (kT). ane rerare® 

S,,(2) = LS y h(nT?) E h(jT)®2(nT + kT — jT) 

— (10.53) 

= y h(nT) y h(jT) y OF (nT + kT — jT)z* 

n=0 k=—o 

= J(@\VEle 1)8..(2) 

which is the desired result. As before, the sampled power spectrum, 

S,,(z), is the power spectrum of the impulse-modulated y(t). The mean- 

square value of y(t) may be obtained from S,,(z) by the use of either 

(10.28) or (10.29). 

The cross-correlation between a sampled and a continuous signal may 

also be computed directly. Let x*(t) = > x(t)d(t — kT) represent a 
k=—o0 

sampled signal and y(t) represent the nonsampled signal. Then 

To = 

@,+,(7) = Ha all a(t)y(t + 7) » 5(t — kT) di (10.54) 
To 

k=—-—0 

The right side of (10.54) contains an integral over the limits from — 7") to 

T of a train of uniformly spaced impulses extending over all time. Those 

impulses falling outside the limits of integration cannot contribute to the 

value of the integral, and one can terminate the summations on k at 

N = +(T /T), the largest integer contained in 7/7. If the summation 

is terminated at these limits, then the integration limits may be extended 
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to infinity in both directions without affecting the results. It is also 
noticed that the interval length 7p is within one period of (2N + 1)T. 

In view of the above remarks, 
N 

®,+,(7) = ae ON EDF De i x(t)y(t ala T)d(t +7 kT) dt 

N 

=f tim > a(kT)y(kT +1) (10.55) 

For the special case where y(¢) is the output of a linear filter whose input is 

x*(t) and whose impulse response is A(t), the relation 

i} 

y) = ) kG = nTe(nT) (10.56) 

applies, and therefore : 
N © 

itt 
®,+,(7T) = 7 lim aN 1 > x(kT) », h(r + kT — nT)x(nT) 

k=-—N n=—o 

If a change of index is made on the second summation from n tol + k 

then 
a N 

6) =7 > he = 1) lim se i : y (kT) x(kT + IT) 
[=o ASN Wwe 

s 7d h(t — IT)@,,(1T) 

z h(t — IT) @*,(IT) (10.57) 
l=—oa 

the transform of (10.57) yields 

S.+,(s) = Sz,(s)H(s) (10.58) 
which states simply that the cross power spectrum between the sampled 

input to a linear filter and the output of the filter depends only on the 

sampled power spectrum of the input and the continuous transfer func- 

tion of the filter. 
In a manner similar to that used to find (10.58) one can obtain the 

other spectra relating the variables which are defined in Fig. 10.4. A 

tabulation of these spectra is given in (10.59). The variable z is used in 

the second and the last of the expressions in (10.59) because all of the 
functions involved in these particular expressions are sampled functions. 



SAMPLED DATA SYSTEMS WITH RANDOM INPUTS 267 

Syy(s) a Sz,(s) H (s)H(—s) 

Syy (2) ag Size () ell (eth (2am) 

Say(s) = 7 Seals) (s) 
(10.59) 

Sx*(s) = T Szr(s) H*(s) 

Szory(s) = Sz,(s)H(s) 
Sxty*(Z) = Szr(2)H (2) 

10.5 Linear Filtering of Sampled Random Data 

In this section attention is turned from the analysis problem to the 

synthesis problem. Sections 10.3 and 10.4 were concerned with analyz- 

ing the random signals which might appear in sampled-data systems and 

determining the effects of the system on the signal characteristics. The 

Fie. 10.6. Block diagram illustrating formulation of the linear filtering problem. 

present section is concerned with the design or synthesis of systems 

intended to operate in the presence of random sampled data. The design 

of any system depends on the characteristics of the signals on which the 

system operates, on the constraints placed on the system behavior, on 

the desired operation required, and on the criterion used to evaluate 

the actual performance. The value of the design to the ‘consumer”’ 

will depend upon how closely these four conditions match his situation. 

Although a variety of problems suitable for different situations in the 

filtering of discrete data have been treated in the literature,” 1! 12,3745 only 

one of these will be discussed here. That one is the linear least-squares 

filtering—smoothing and prediction—of sampled random data in the 

presence of additive random noise. The approach used is that of “‘spec- 

tral shaping,’”’ introduced by Zadeh and Ragazzini,®’ and is closely 

related to the method of Bode and Shannon.$ 

The filtering problem under consideration is most easily visualized by 

considering Fig. 10.6. The design objective is the selection of a filter 

with the transfer function H(s) which will operate on the sampled signal 

r*(t) in such a way as to minimize the mean-square value of the error 

e(t). The input signal is assumed to be the periodic impulse modulation 

of the sum of a random message, m(t), and a random noise, n(¢), and the 
error is defined as the difference between the filter output and the ideal or 

desired output, ca(t). Typically the desired output is the result of a 
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linear operation on the input message, such as ideal prediction, differentia- 
tion, or, in general, 

ca(t) = [", halr)m(t — 2) dr 

where ha(r) is the impulse response of the filter (which is not necessarily 

physically realizable) which will perform the desired operation. As this 

problem is formulated, the only information concerning the input which 

is required in order to perform the minimization is the autocorrelation 

functions of noise and message and their cross-correlation. 

The problem diagramed in Fig. 10.6 is particularly simple to solve when 

the successive samples of the input are statistically independent. In that 

case the autocorrelation of the input is zero for |r| equal to or greater than 

the sampling period 7’ and the input sampled power spectrum is a con- 

stant for all z. Such an input spectrum is said to be “almost white.” 

The mean-square value of the error defined in Fig. 10.6 is 

(e*(t)) = ([e(t) — ca(t)]?) 
(c2(t)) — 2e(t)ea(t)) + ca®(t)) 
$.-(0) — 26..,(0) + Beacg(O) (10.60) 

Each of the terms in (10.60) will be evaluated separately in terms of the 

relations defined by Fig. 10.6. 

The mean-square value of the output of the filter, ,.(0), can be 

obtained from the inversion of (10.39) as 

&,.(0) = = i h(x) dx | ; h(y) dy ®,.( — y) ia — jae 
k=—-0 

(10.61) 

On the assumption that the input is white, the autocorrelation function 

®,,(kT) is zero for k # 0 and 

(0) =f Wa) de [Wy dy Pale — ale - 9) 
ut fel i [h(x)]? &,,(0) dx (10.62) 
Tp 

The second term in (10.60) is given by 

To 

©7,,(0)'= io oF 7, cleat) dt 

1 re Tp 
tu slate |, h(x)r(t — x) 

eo 

° 6¢—a — kT) ae| ca(t) dt (10.63) 

k=—@ 
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If the order of integration with respect to x and ¢ is reversed, 

rc) To = 

®..,(0) = dx h(x) lim isk / r(t — 2x)ca(t) 2 6(¢ — a2 — kT) dt 
0 Tir © 2T 0 —To 1a 

N 

[ dx h(x) lim OVD? De r(kT)ca(kT + 2x) (10.64) Il 
N- © 

= i JA@RuONE 

With the substitution of (10.63) and (10.64) in (10.60) 

(e*(t)) = oe ie [h(x)]? Cit ~ i) h(x) @re4(x) Ghe <P ®.4c4(0) 

®,,(0) e Prcq(L) : 

T i, Ee = ae ie 
1? (Brea)? i if See) dt + Be(0) (10.65) 

Since the last two terms in (10.65) do not include the unknown h(x) at 

all, and since the first term is either positive or zero, it is obvious that the 

least squared error will result if, and only if, 

Preg (x) ge) = ®,.(0) ae > (10.66) 

which leads to the transfer function 

ee eee emt 
(Ss) — [ a0) dx (10.67) 

A filter with the transfer function given by (10.67) will perform least- 

squares smoothing on inputs which are almost white, in the sense dis- 

cussed previously. For arbitrary input spectra, an extension is possible. 

t r(t) YP D's) pit) | ai | elt) 

Fie. 10.7. Block diagram for spectral shaping to form almost white noise. 

The extension discussed here is based on the ability to shape the spectrum 

of a signal with a realizable filter so that the output of the filter is almost 

white and consequently has a constant sampled power spectrum. A 

block diagram of the shaping operation is shown in Fig. 10.7. The pulse 

transfer function D(z) is assumed to be chosen such that the sampled 

power spectrum of the signal p(¢) is unity. This shaping operation is 

possible with a realizable discrete filter if the original signal, r(¢), has a 
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spectrum which is rational in the frequency s (or w). If the optimum 
transfer function between r*(t) and c(t) is H(s), then the optimum trans- 

fer function between p*(t) and c(t) must be 

H(s) 

D*(s) 

If (10.68) represents a realizable transfer function, the output, c(é), is 

the same for the two cases. That is, if G(s) in Fig. 10.7 satisfies (10.68), 

then the output c(t) shown in Fig. 10.7 would be the same as the output 

c(t) shown in Fig. 10.6 in the presence of identical inputs. This transfer 

function G(s) is then optimum in the same sense that H(s) is optimum. 

Conversely, if G(s) is realized as the optimum filter with the input 

p*(t), then the optimum filter with input r*(¢) has the transfer function. 

H(s) = D*(s)G(s) (10.69) 

if this is realizable. If both (10.68) and (10.69) are to be the transfer 

functions of realizable filters, then D*(s) must have neither poles nor 

zeros in the right half plane. Equivalently, D(z) must have neither poles 

nor zeros outside the unit circle. The conditions that D(z) have neither 

poles nor zeros outside the unit circle and that the sampled power spec- 

trum of p*(t) be constant are sufficient to determine D(z). 

From (10.53) the sampled power spectrum of p*(é) is 

G(s) = (10.68) 

S222) = DE) DE)s,,©@) (10.70) 

If S,,(z) is to be unity then 

D(2) D(z) = sO (10.71) 

From (10.71) and the conditions that D(z) have neither poles nor zeros 

outside the unit circle, it is clear that 

DE) (10.72) whe 
[S--(2)]* 

where the superscript + indicates that factor of S,,(z) whose poles and 
zeros lie inside the unit circle. The optimum form for the transfer func- 

tion between p*(t) and c(t) will, by (10.69), complete the design. 

From (10.66), if the mean-square value of p(t) is unity, the optimum 

impulse response of the filter from p*(t) to c(t) is 

The cross-correlation ®,.,(t) may be determined by the average 

N 
ik 

=) im Gees 10.74 Spall) = lim pe) PieMe(eP +) (0.78 
n=—N 
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and, by convolution, the output of the shaping filter at sampling instants 

is given by 
i-} 

p(nT) = » d(kT)r(nT — kT) (10.75) 
k=0 

Substitution of (10.75) in (10.74) yields, after some rearrangement, 

N e) 

®,,,() = lim al » » d(kT)r(nT — kT)c,(nT + 1) (10.76) 1 
N- «© 

n=—N k=0 

The system function of the optimum filter is implicit in (10.69), (10.72), 

(10.73), and (10.76). This transfer function H(s) may be made explicit 

by expressing all these equations in their equivalent frequency-domain 

forms. 
The cross power spectrum of the signal p(t) and the desired output 

ca(t) is the transform of (10.76): 

Spea(s) = [", Breelterme at 

= [7 Y ahyg,.(kT 44+ at (10.77) 
k=0 

Integrating term by term and substituting x = t + kT, 

Syea(8) = » d(kT)ek?s sla &,.,(x)e-* dx 
k=0 

= DGS) Src (S) 

ea Srea(S) 

USF (8) J- 

where, in the last step, use has been made of (10.71) and (10.72) and the 

symmetry of the sampled power spectrum about the imaginary axis of 

the s plane. 

From (10.78) and (10.73), the optimum transfer function between 

»*(t) and c(¢) in Fig. 10.7 is 

(10.78) 

) oi) 

G(s) = i dt os | _ D*(=2)Srea(d)O™ OD (10.79) 
a 

* i >? SL Oee 
= —st | dt € Sn} ie S=A)E dy (10.80) 

The superscript — in (10.78) and (10.80) indicates the factor of the input 

sampled power spectrum whose poles and zeros lie in the right half plane. 
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The entire optimum filter transfer function can be written from (10.80), 
(10.72), and (10.69) in two parts: 

1 5 

H(s) = exiop y(t)e-* dt 

Je At 

where v(t) = Taj = | ee dd (10.81) 

It is frequently convenient to express the desired output as the result 

of passing the message through an ideal filter, as shown in Fig. 10.6. If 

the ideal filter is linear and has the impulse response ha(t), then cross- 

correlating the total input of message and noise [m(t) + n(¢t)] and the 

desired output ca(t) expressed in terms of its convolution integral, the cross- 

correlation function ®,,,(7) 1s 

To C) 

o.(7) = ae a Cs Limo + n(t)] A ha(x)m(t +7— 2) dz; dt 

Wy ha(2)®mm(r — x) dx + ih ha(x)Pnam(r — x) dx (10.82) 

The cross power spectrum between input and desired output on the 

assumption (10.59) is given by the transform of (10.82), which is 

Sra) = Ha) [SnmQ)' + San) (10.83) 

which may be substituted in (10.81) for calculation of the optimum trans- 

fer function, if desired. 
Before working out an example of optimum least-squares filtering, it is 

instructive to determine an expression for the mean-square value of the 

error between the desired output and the output of the optimum filter. 

The mean-square value of the error in terms of an internal signal p(¢) 

whose mean-square value as expressed by ®,,(0) is unity may be obtained 

by a substitution of p for r and the optimum impulsive response for A(z), 

which causes the first integral of (10.65) to be zero. Thus, 

(2(0) = Beal) = 7 i © [Byee) de (10.84) 
However, ®,.,(x) is simply the inverse transform of 10.78, which is the 

y(t) defined in (10.81), so that, 

(2() = Peued(0) = 7 i} “WOR at (10.85) 
The transfer function for the optimum filter given in (10.81) is identical 

in form to the corresponding Wiener filter, but in the case of the sampled- 
data filter the factor 1/[S*.(s)]* eonregnonel to the transfer function of a 
discrete filter or digital controller of the type described in previous chap- 
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ters. It is also possible to realize a transfer function of the type required 
here with a tapped delay line, under certain circumstances. 

EXAMPLE 

A block diagram of an illustrative problem is shown in Fig. 10.8. 

The objective of the problem is to design a linear filter which will pre- 

mit) 

Fia. 10.8. Error formation of example problem. 

dict or delay in the absence of noise a message whose spectrum is given 

by 

iG) = a w1 
5 (10.86) 

From the results of Sec. 10.4 the sampled power spectrum of this signal is 

1 es e7 2Te: 

(1 — e-T12-1)(1 — e712) 
Srr(z) = (10.87) 

The factors of this sampled power spectrum having zeros and poles 

inside and outside the unit circle respectively, are 

(1 — eaTy1/2 

1 — e-f*iz71 
(1 — e-2aT) V2 

1 — e feizg 

[S,-(z)]* I (10.88) 

For prediction or delay the ideal transfer function is e%*, which, when 

substituted in (10.83) with (10.86) gives the cross-correlation between 

the input and the desired output as 

20 1e% 5.6) = : (10.90) 
@1 — § 

where positive values of a correspond to prediction and negative values 
of a correspond to delay. The substitution of (10.90) and (10.89) in 

(10.81) gives 

ae ( — ea?) V2 o 204 an TrXp—Tw ) pdt 
v(t) a Oni De ean? (1 oh Cams C; Je dn (10.91) 

The integral (10.91) can be evaluated over three ranges of time, depend- 

ing on the values of a and T. The evaluation, which is relatively 
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simple, leads to the result that 

Teale Mabe hese ecu. (10.92a) 

= ele — mtn] G+ 1) StS a 
(10.920) 

Se ee i on —ax<t<o (10.92c) 

A sketch of y(t) is shown in Fig. 10.9 with no designation of the time 

origin since this depends on the particular value of a. From (10.81) it 

is noted that the optimum transfer function contains the unilateral 

Laplace transform of y¥/(¢) so that only the portion of the function over 

positive time is of interest. 

For positive a, the ideal operation is one of prediction and, in this 

case, the entire positive time axis is contained in (10.92c). Substitu- 

tion of this expression in (10.81) gives the optimum transfer function 

1 — eof e—sT 

HENS) = = enti e7eie(1 im e— 2:7) vf evite—st dt 

1s — eel e—sT 

It is interesting to compare the optimum filter whose transfer function 

is given by (10.93) with the transfer function of the optimum filter for 

the prediction (without sampling) of the signal whose spectrum is given 

by (10.86). In the absence of sampling, the Wiener theory gives 

H,,.(s) = ea (10.94) 

At sampling instants, the operation of the filter whose transfer function 

is given by (10.93) is expressed by the z transform of this transfer func- 

tion; that is, by 
ACG) enc (10.95) 

Comparison of (10.95) with (10.94) indicates at once that the outputs 

of the two filters at sampling instants are identical. Between sampling 

instants, the output of the filter whose input is sampled is an exponen- 

tial decay of time constant 1/w1. 
The mean-square error of prediction of the sampled-data filter 

calculated from (10.92c) and (10.85) is 

(e?(t)) je al e214 (1 — e217) e—2e1t dt 

0 

= e7 wT 

201T 

it! nae e7 2414 

Darrel (2w1T)? 

Dine wtot 1 — e212 + cme spo | (10.96) 
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The mean-square value of the error of prediction for the filter whose 

transfer function is given by (10.94) is 

(22(f)) = 1 — ea (10.97) 

The expression for the error of the sampled-data filter is written deliber- 

ately as the sum of three terms. The first two of these terms are inde- 

pendent of the sampling period 7 and, furthermore, are identical to the 
error of prediction of the filter whose input is not sampled. It is 

reasonable, then, to describe these error terms as the error of prediction, 
as contrasted to the error due to sampling, which is termed ripple. The 

ripple is the third term of (10.96) and is an always positive quantity 

which increases monotonically with the sampling period 7 and vanishes 

as T’ approaches zero. 

For negative values of a the ideal operation is one of delay, and the 

physical system is trying to reproduce the message continuously with a 

delay of a sec. In the absence 

of noise, a filter operating on the 

continuous signal can obviously 

perform this function exactly, and 

no error results. With sampled- 

data inputs, however, the ripple 

effect remains, and for a specified 

sampling rate 7 there is a specific 
as —(a+T) —a =a minimum value of mean-square Time (t) 

error in the reproduction despite Fic. 10.9. Sketch showing general shape 
the fact that no noise is present of y(t) function for example problem. 

with the signal. A calculation of this minimum error will permit the 

designer to select the lowest sampling rate possible for a given specifica- 

tion of error. 

From an inspection of the expression for the minimum mean-square 

value of the error given in (10.85), it is clear that the error will decrease 

as long as the area under [y(¢)]? for £ > 0 increases, which usually con- 

tinues as the delay time isincreased. The y(t) function for the example 

problem is sketched in Fig. 10.9, which shows clearly that if a = —T 

all of the nonzero portion of y(t) is included in positive time and no 

further reduction in error may be realized by longer delays. This 

result merely expresses the well-known fact that two samples from a 

first-order Markov process supply all the information that is useful for 

the extrapolation of the process. A delay of one sampling period 

permits these two samples to be collected, and a longer delay, which 

would introduce more samples, would not reduce the error of extrapola- 

tion. This situation only applies to the particular problem chosen for 
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this example of course, and for another problem the error will normally 

decrease as the delay is increased. 

The minimum mean-square error for all delay less than —T is given 

by the substitution of (10.92) in (10.85) 

—a 
et1 

(e?(~) min = 1 mom ‘ G — ery etal) V7? [ew? oe FCB sd tent) dt 

—a—T rs 

aes ih [1 a er) W/2g— sine eine dt (10.98) 

After some simplification, (10.98) reduces to 

; seo 1 
2 =S—- —_-—« (e?(t))min ncaa (10.99) 

The mean-square error given by (10.99) is independent of the actual 

value of delay a, as was expected, and represents the absolute minimum 

error for this particular example. That is, no value of a outside the 

Mean square error <«* > 

oO [o>) 

4 — Optimum filter 

--- Clamp 

0 ana | 
0.1 1 10 100 

Normalized sampling period, wT 

Fic. 10.10. Plot of normalized mean-square error for optimum filter and for clamp for 
illustrative example. 

range a < —T will result in an error as small as that given by (10.99). 

A plot of this error as a function of w;7' is given in Fig. 10.10, which 

could be used to select the sampling period T for the reproduction after 
sampling, with specified error, and at least 7’ sec delay of some process 

whose spectrum is given by (10.86). For values of w:7' outside the 

range of the plot in Fig. 10.10, the asymptotic behavior of the error is 
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given by 

(e2(t))min © ke oT K1 (10.100) 

(e7(t) min © asia! GALS 1 (10.101) 
wT" 1 

It is interesting to work out a numerical example using (10.100). Sup- 

pose one is required to reproduce from samples a signal whose spectrum 

is given by (10.86) with a bandwidth w;/2m of 1 eps to an accuracy of 

1 per cent, that is, it is necessary to maintain the rms error of the repro- 

duction less than or equal to 10-?.. The mean-square error must then 

be equal to or less than 10-4. Substitution of these values in (10.100) 

gives 

2rT ay pee ae 10 ; 
— 4 

iP = ee = DOG S< 10 gee 

1/T = f. ~ 20,000 cps 

In words, to be able to reproduce a signal described by the spectrum of 

(10.86) with an rms error of 1 per zent, it is necessary to sample approxi- 

mately 20,000 times the bandwidth frequency of the signal! Later 

calculation will show how a simple clamp compares with the optimum 

filter on a mean-square-error basis. 

The simplest filter which will realize the absolute minimum error 

given by (10.99) is that designed for a delay of one sampling period. 

The optimum transfer function could be obtained for arbitrary delays, 

of course, but the case of an ideal delay of exactly one sampling period 

illustrates clearly all the important details with a minimum of unneces- 

sary mathematics. Fora = —T, (10.92) reduces to 

y(t) = 0 = 28 SiS 

= (a — oa (eet — ee) Davern 
= (Ul = eae) ug om ri acon en (iO 102) 

substitution of (10.102) and (10.88) in (10.81) leads to the optimum 
transfer function 

2w eit Gl poe Cuomo) alt eis Gmc) 

Ele ®) = ae raya (10.103) 

The z transform of (10.103) reveals 

Te) em ; (10.104) 

which indicates that this filter delays each sample by one sampling 

period, as indicated by the design requirement that the output equal 
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the input delayed by one period. Between sampling periods, however, 
the continuous signal output is composed of a combination of a growing 

and a decaying exponential. The unstable plant or continuous portion 

of the filter is kept under control by the digital controller which pre- 

cedes it, but this control depends upon the exact cancellation of a pole 
outside the unit circle, which is not physically possible. A solution to 

ye 17,1 c(t) 

e“1lr_ er 

Fia. 10.11. Block diagram of stabilized optimum filter. 

the problem may be obtained by realizing the filter as a closed-loop 

error-sampled system which has been adjusted to avoid the unstable 

cancellation, as discussed in Chap. 7. In the case of a filter such as is 

being discussed here, the system must be designed so as to maintain the 
transfer function given by (10.103). In this situation the necessary 

degree of freedom for avoiding the unstable cancellation is introduced 
by the addition of a feedback constant in the system. This additional 

constant is selected in such a manner that the digital controller in the 

closed loop is not required to cancel the unstable pole of the plant trans- 

fer function. A block diagram of the stabilized system is shown in 

Fig. 10.11. 

The example problem which has been worked out consists essentially of 

the design of a data hold or extrapolator for random data. It is instruc- 

tive to compare the operation of the optimum filter with that of a simpler 

and more common device. For example, how does the mean-square error 

of the optimum system compare with that of a clamp, or zero-order hold? 

This question can be answered simply by calculating the mean-square 

value of the difference between the output of the zero-order hold and the 

ideal output. As discussed in Chap. 6, the zero-order hold closely 
resembles a delay of half a sampling period, so that the error will be calcu- 

lated based on an ideal system of a half-period delay. A block diagram 

of the situation is shown in Fig. 10.12. For the configuration shown in 

Fig. 10.12, 

(e?(é)) = (fet) — ea()]?) 
(c?(t)) — 2(c(t)ca(t)) + (ca?(t)) 

= &..(0) — 28..,(0) + Besez(0) (10.105) 

where ca(t) equals r[é — (7/2)]. If r(t) is a stationary random signal, 
then the mean-square value of r(¢) delayed by half a sampling period, 
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(r2{t — (T'/2)]), is the same as the mean-square value of r(¢). Also, from 
the results of Sec. 10.4, it is clear that the mean-square value of the out- 

Fig. 10.12. Error formulation for evaluation of clamp as a filter. 

put of a zero-order hold equals the mean-square value of the unsampled 

input as shown in (10.47). Therefore, 

pea) oO) aes (0) (10.106) 

If the input is assumed to have the spectrum of (10.86) then ©,,(0) equals 

unity. Also 

®..,(0) = (e(t)ca(t)) 

= (c()r[é — (1'/2)]) 
= ©,,(T/2) (10.107) 

From (10.59) 

ON, 1 ae 1 2041 1 — es 
Se) a= 7 S,(s)H(s) = pn Bea ge FT gr (10.108) 

and, by definition, 

1 je F 

— 8T/2 (YD) om (ee S,-(s)e*?/? ds 

atl SO | Bey sT/2 
nj jae RE Gye = SF Cae 

1 gee (8/1) (@1T/2) _ g—(8/;) (w,T/2) 2 ds 
= = ss ———., — (10.109 

21) —jeo w1T (s/w1) 1 — (s/w)? W1 ( ) 

With the substitutions s/w; = \ and w,7' = a, (10.109) becomes 

Ik J° gad/2 _ p-ad/2 9 
EAE) = 5 ie Tae ea 

1 — ew? 
= 2 z (10.110) 

The mean-square value of the error is found by the substitution of 

(10.106) and (10.110) in (10.105): 
1 me e7eir/2 

(2(t)) = 2-4 Sar Nas (10.111) 

The expression (10.111) is plotted in Fig. 10.10 for comparison with 

(10.99). For small values of w:7, (10.111) is approximately 

(e(t)) = Be (10.112) 
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The asymptotic expression given by 10.112 should be compared with 

(10.99), which gives the absolute minimum mean-square value of the 
error that can be obtained by the use of a linear filter to reconstruct the 

particular random signal under consideration. In the case being con- 
sidered, the zero-order hold has an error which is at least 50 per cent 
greater than the optimum. To reconstruct a signal with a bandwidth of 

1 cps with a zero-order hold one needs 30,000 samples/sec instead of the 
20,000 samples required by the optimum filter. In many cases this 

increase in sampling rate is not a severe price to pay for the great reduc- 

tion in complexity of the zero-order hold as compared with the optimum 
filter. Asis the case in continuous filter theory, the optimum filter repre- 

sents a standard for comparison and not a very practical filter design. 

10.6 Summary 

The analysis of random signals in linear sampled-data systems can be as 

easily performed as the analysis of random signals in linear continuous 

systems. The use of the sampled power spectrum to describe impulse- 
modulated random signals permits the immediate extension of ideas from 

continuous systems to sampled systems in much the same way that the 

z transform and the pulse transfer function carry over familiar relations 

from continuous to sampled-data systems. A method is given for the 

calculation of the sampled power spectrum which corresponds to a given 

continuous signal spectrum if the given spectrum is a rational function 

of frequency s. This method shows that the sampled power spectrum is 

a rational function of z if the power spectrum of the continuous signal is 

a rational function of s. The mean-square value of a continuous signal 

can be calculated from the sampled power spectrum, and formulas are 

given for this purpose. 

The relation between the spectra of the signals at the input and the 

output of a sampler-and-filter combination is not obviously related to the 

continuous case, and a table of formulas is given as (10.59) to facilitate 

the use of the sampled power spectrum. The technique for calculating 

the spectra is straightforward, and additional relations are readily 

determined. 
It is possible to apply the theory of linear time-varying networks to the 

analysis of random signals in sampled-data systems, but this technique 
does not add any particular insight into the problem. The special 
character of the time variation in sampled-data systems permits the use 

of specialized formulas and techniques which lead quickly to the answers 
most generally required. It is obvious, of course, that the special tech- 

niques used for sampled-data systems do not apply to as broad a class of 
problems as do the methods of variable network theory. 
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One example of system synthesis has been given, that of the Wiener 

filter for sampled data. This synthesis technique leads to the transfer 
function of the linear filter which will minimize the mean-square error of 

prediction or smoothing. An example which is worked out shows that 
under certain circumstances a simpler filter, such as a zero-order hold, 
may be more desirable than the optimum filter. The optimum filter 

always remains as a guide, however, to indicate how well the practical 

filter performs. 



CHAPTER 11 

MISCELLANEOUS APPLICATIONS 

OF SAMPLED-DATA THEORY 

The theory which has been developed in previous chapters was applied 

specifically to linear dynamical systems containing one or more samplers 

operating periodically. Taken more abstractly, however, the z trans- 

formation bears the same relation to linear difference equations as does 
the Laplace transformation to linear differential equations. For this 

reason, sampled-data theory can serve to solve any problem which is 

represented exactly by a linear difference equation, as is the case in 

sampled-data systems, or approximately, as in other cases, where the 

difference equation is only an approximation to a differential equation. 

An advantage of the linear difference equation is that it can be integrated 
directly by use of desk calculators or digital computers. 

Linear continuous dynamical systems are described approximately by 

means of linear difference equations. The error which is incurred can 

be controlled by choice of quadrature interval and interpolation tech- 

nique employed. The former corresponds to the sampling interval and 

the latter to the form of data hold in a sampled-data system. For 

instance, a polygonal approximation, while physically unrealizable, serves 

as a good means of improving the computational accuracy, as contrasted 

to the use of a zero-order data-hold approximation. 

Methods of adapting sampled-data theory to the numerical solution of 

systems which can be approximated by difference equations will be con- 

sidered. There are a number of approaches to this problem, each having 

certain advantages and disadvantages. The use of a sampled-data model 

which bears topological similarity to the actual continuous system has the 

advantage of making possible a direct relation between the location of the 

samplers and the frequency content of the signal at those points. On the 

other hand, a direct approximation of the inverse Laplace transform of 

the variable of interest is convenient because it takes into account some 

initial conditions. In addition, this approach can be applied to time- 

varying systems. It will also be shown that sampled-data theory can 

also be used to evaluate certain infinite summations by application of the 

Poisson summation rule. Generally, this chapter will deal with some of 
282 
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the uses of sampled-data theory as applied to continuous systems which 

do not include a sampler but which can be so approximated. 

11.1 Approximation of Open-loop Continuous Systems by a Sampled 

Model 

Continuous dynamical systems are characterized by a set of differ- 

ential equations containing derivatives with respect to time. The 

response in the time domain to a test input is studied by integrating the 

differential equations and plotting the resultant solution. An alternative 

is the experimental approach, using an analogue computer which is so 

programmed that its describing equations are identical to those of the 

actual system, except for scale factors. Still another alternative is to 
program a digital computer or to use manual computation, employing 

desk calculators, which solves an acceptably accurate difference equation 

derived from the differential equation. This section deals with tech- 

niques adapted from the theory of sampled-data systems which can be 

used to set up numerical routines for solving the continuous differential 

equations of linear systems. 

If the system is linear, the solution of the differential equations describ- 
ing it can be carried out in a straightforward manner. The Laplace 
transform of the output variable is obtained analytically and is inverted 

into the time domain by the use of tables or by contour integration. The 

resultant analytical expression is not readily interpreted and is generally 

plotted in order to obtain significant information required by the designer. 

The plotting is done by computing the value of the output variable at 

selected instants of time, plotting the points on a graph, and fitting a 

smooth curve connecting these points. It is noted that, in spite of the 

analytic nature of the solution, the final graph is obtained by employing 

some form of numerical computation at the selected time instants. 

The alternate approach to the problem is to convert the differential 

equations into difference equations that can be solved numerically by the 

application of a recursion formula. There are well-known techniques for 

accomplishing this, but it so happens that, for linear systems, sampled- 

data theory can be applied directly.°°?!7 The technique is to replace the 

continuous system with an acceptably accurate sampled-data model. 

The z transform of the output sequence is readily obtained by the usual 

methods and its inversion accomplished either by contour integration or 

by the process of long division, easily implemented by digital-computer 

programming or by means of desk calculators. 

To describe the technique, a simple open-cycle system will be used. 

Referring to Fig. 11.1a, it is desired to obtain the response of the linear 

system whose transfer function is G,(s) to an input function whose 
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Laplace transform is R(s). In this case, the problem can be solved by 

computing the Laplace transform of the output, C(s), from the simple: 

relation 
C(s) = G,(s) R(s) (11.1) 

The time-domain expression for the output c(t) is obtained exactly from 

the inverse Laplace transformation, 

c(t) = £-(C(s)] (11.2) 

The output c(t) is then sketched by substituting a sequence of values of 

time ¢ into the expression and plotting the result point by point. 

nares Giz) 7 

po? ----08als) 
\ cqlt) 

Ris) Cis) Rls) * R,(s) ! 

r({t) elt) r(t) rt) Lhold | r,t) alt) 

(a) (b) 
Fic. 11.1. Open-cycle approximate sampled model. 

The other approach is that of constructing the equivalent approximate 

sampled model shown in Fig. 11.16. Here the continuous input r(¢) is 

applied to the system through a sampler which closes every T sec. A 

data hold reconstructs the function as 7,(t), which is an acceptably 

accurate reproduction of the continuous function r(t), and applies it to 

the system whose transfer function is G,(s). The output of this element 
is Ca(#), which is an approximation of c(¢). The errors in c,(¢) are caused 

by the imperfect reproduction of the function r(t), in other words, by the 
difference between r(t) and r,(t). The approximate output function ca(¢) 

is then sampled synchronously, as shown in Fig. 11.16, to produce a pulse 

sequence c*(t). 
The advantage of the simulation of the continuous system by this 

equivalent sampled-data system is that the relation between C*(s) and 

R*(s) can be obtained by the application of sampled-data theory. The 

variable s is replaced by z to give the generating function for the output 

C(z) as follows: 
C(z) = G(z) R(z) (1a) 

where G(z) is the z transform corresponding to the Laplace transform of 
the process G,(s) and the data hold in cascade. The pulse sequence 

obtained by the inversion of C(z) will give a sequence of numbers repre- 

senting the output values at sampling instants. If the sampling interval 

T and the form of the data hold are judiciously chosen, the output will be 
acceptably accurate. In mathematical terms, what has been done is the 
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replacement of the linear differential equation implied by G,(s) by the 

difference equation implied by G(z) with a quadrature interval of T. 

The accuracy of the output sequence obtained from the sampled model 

depends on the sophistication of the data-hold element in conjunction 
with the sampling interval T. The selection of this element is analogous 

to the selection of an interpolation technique in numerical methods for 

the integration of differential equations. In relating the choice of this 

element as well as the sampling interval, the use of a sampled model is 

generally clearer to the engineer and designer. For instance, if the input 

as expressed by r(t) contains significant spectral components up to some 

frequency F’, the sampling frequency should be high enough to pass them 

all, which means a sampling frequency more than 27. The combined 

data hold and G,(s) also enter into the choice of sampling frequency. If 

their combined frequency response effectively filters out high-frequency 

components of r(¢), the sampling frequency can be chosen with this in 

mind. Relating the numerical method to the physical problem in this 

manner has advantages. The application of the method can be shown 

by means of an example. 

EXAMPLE 

The response of a simple system whose transfer function G,(s) is 

1 
G,(s) = S25 Tl 

to a unit step function is to befound. The data hold which is selected 

is a zero-order hold whose transfer function is 

The sampling interval T is chosen to be 1| sec, resulting in a sampling 

frequency of 1 cps. This frequency is approximately six times the 

half-energy frequency of the system. 

If the input function is a unit step, it is evident from physical 

reasoning that the reconstructed function 7;(¢) is perfect, so that it is 

anticipated that the output obtained from the sampled model is perfect. 

The z transform of the input A(z) is 

1 
RG) ae 

The z transform of the process, G(z), is 

La Ge 
s(s + 1) 

0.632271 
1 — 0.368271 

G(z) =Z 
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The z transform of the output C(z) is thus 

Ca(z) = G(z) R(z) 
ty 0.63227} 

~ 1 — 1,3682-1 + 0.3682-2 

This transform is inverted numerically by use of long division to yield 

the sequence 

C.(z) = 0.63221 + 0.8652-2 + 0.95023 + - - - 

A check will show that the values of the samples obtained from this 

sequence are exact, as expected. 
For purposes of comparison, the response of the system to a unit 

ramp will be obtained, using the same sampled model and interval. It 

is immediately evident that the reconstructed input will be a “‘stair- 

case’’ which differs considerably from the actual input. It is expected 

that the output from the sampled model will be in error. For this 

input, R(z) is 
gol 

DNS ey 
The z transform of the output C(z), using G(z) obtained previously, is 

Ee 0.6322-1 

PES. S72 Vey de aes 

Inverting this transform by the method of long division, 

C.(z) = 0.6322-2 + 1.52-3 + 2.442-4 + 3.422-5 4+ 4.522% + - += 

The exact solution obtained by inversion of C(s) gives the following 

values at the same sampling instants: 

C(z) = 0.3682-! + 1.1352-2 + 2.052-* + 3.002-4 + +: - 
Comparison of the approximate and exact solutions shows that the former 

is always smaller than the latter at comparable sampling instants. This 

is due to the “staircase” approximation of the ramp produced by the 

zero-order hold which, aside from ripple, produces a time delay equal to 

T/2. Advancing the approximate solution by 14 sec in this example 

improves the accuracy of the resultant points. 

The illustrative example points up the fact that the data hold which is 

used to obtain a numerical solution must be chosen with care and with 

some regard as to the character of the input function r(¢) and the transfer 

function G(s). In view of the fact that the problem at hand is to compute 
and not to implement physically, there is no reason why a desirable data 

hold which is not physically realizable should not be used. In this cate- 



MISCELLANEOUS APPLICATIONS OF SAMPLED-DATA THEORY 287 

gory, one of the more useful data-interpolation formulas is the one leading 
to a polygonal approximation of the continuous function. This approxi- 

mation is shown in Fig. 11.2, where it is seen that the reconstructed func- 

tion 7,(¢) is obtained by connecting the sample values r(nT’) by means of 

straight lines. The approximation is better than the one produced by 

Time 

Fig. 11.2. Polygonal approximation of continuous time function. 

either the zero-order or first-order data holds under the same conditions. 

The difficulty that would be experienced in attempting to construct 

physical devices embodying this form of data hold is that one would 
require physically unrealizable elements, as will be shown. For purposes 

of computation, however, this is of no consequence. 

ZA 
Time 

Fia. 11.3. Generating triangles for polygonal approximation. 

i AS 

In order to utilize the polygonal approximation in sampled-data models 

of continuous systems, it is necessary to derive the transfer function for 

the process. Referring to Fig. 11.3, it is seen that the polygonal approxi- 

mation can be obtained by means of a sequence of generating triangles so 

constructed that their altitudes are equal to the value of the ordinate at 

the sampling instant and their bases are twice the sampling interval. <A 

particular generating triangle at the third sampling instant is shown 

shaded in Fig. 11.3. Using the impulse approximation, a system must 

be found whose impulsive response is a generating triangle of the form 

shown here. 
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Referring to Fig. 11.4, the impulsive response b(¢) of a data hold of this 
type is a triangle-shaped function whose apex is at zero, its altitude equal 
to unity, and its base equal to 27. It is clear that this is the impulsive 
response of a physically unrealizable system since an output is produced 
before the application of the impulse att = 0. To find the transfer func- 

B(é) 

(a) 
Fia. 11.4. (a) Impulsive response of generating triangle for polygonal approximation. 
(b) Decomposition of generating triangle into ramp functions. 

tion, the impulsive response is decomposed into three elementary ramp 

functions, as shown in Fig. 11.4b, the sum of which is the triangle of Fig. 

11.4a. The Laplace transform of these three components is 

1 a 1 

Tet aT Age cr a’) 
Combining these terms and simplifying, 

Bg) = eet (11.5) 
Sats? 

The use of the polygonal or “‘triangle”’ hold having the transfer function 
given in (11.5) results in increased accuracy of computation in most cases. 

To illustrate the point, the same illustrative example considered pre- 
viously will be repeated with the triangle hold in place of the simple data 

clamp. 

EXAMPLE 

The transfer functions of the data hold B(s) and the continuous ele- 

ment G,(s) are as follows 
8 —s)\2 B(s) a é (1 a ) 

tt 

1+és 
and G,(s) = 
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for a sampling interval T of unity. The pulse transfer function of the 
combination is 

2. o@ =e 

ea oem 
which simplifies to 

_ 0.368 + 0.26427} 
Oe) = ae 

If the input is a unit ramp function as previously, the z transform of the 
output C(z) becomes 

BO) = 0.3682-!(1 + 0.722—1) 
1 — 2.372! + 1.7422 — 0137228 

Inverting C(z) by the method of long division, there results the sequence 

C(z) = 0.3682-! + 1.142-? + 2.052-* + 3.0024 + 4.0025 + -- - 

As expected, this sequence is exact because the polygonal approxima- 

tion reproduces the ramp function perfectly before it is applied to the 

G(z) 

T T 

1 
rt rt c a ares 

r,(t) cq it) 

Fic. 11.5. Integration process using polygonal approximation. 

continuous element. This demonstrates the effectiveness of relating 

the numerical method used to integrate the differential equation to 

the sampled-data model. 

In Sec. 4.6, it was shown how the pulse transfer function can be used to 

describe a numerical process and, by example, a number of well-known 
numerical integration formulas were so expressed. The physical interpre- 

tation of these numerical processes can further be clarified by considering 

them in terms of the preceding discussions. For instance, if the poly- 

gonal approximation is used, the process of integration can be repre- 

sented by the block diagram of Fig. 11.5, where B(s) represents a triangle 

data hold. The over-all pulse transfer function of the operation is given 

by 
eTs(1 od GONE 

GOl——Z Ts (11.6) 

which, by reference to the table in Appendix I, is found to be 

—1 

@@) = 4 ee (11.7) 
21—27} 
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This is the same formula which was derived in the example in Sec. 4.6 

from purely mathematical considerations. 

The advantage of viewing the numerical integration process from the 

physical properties described in this section is that it is possible to relate 

the accuracy of the process to the properties of the function being inte- 

grated. In the case of this particular integration formula using the poly- 

gonal data hold, the error is caused by the difference between the actual 
function to be integrated, r(t), and the reconstructed function, r;(é), 

ee) rit) 

(a) (0) 

Fic. 11.6. Sampled model of continuous feedback system. 

actually applied to the filter, in this case, a pure integrator. The differ- 

ence function is “‘scalloped”’ in shape, as can be seen from Fig. 11.2, and 

contains periodic components having a fundamental frequency equal to 

the sampling frequency. If the filter which follows the data hold has a 

frequency response which is well below the sampling frequency, the error 

in the sampled model is not excessive. In the case of pure integration, 

the error is the area contained between the actual function and the poly- 

gonal approximation. It is evident that the error can be reduced by 

sampling more frequently, which is equivalent to stating that in a 

numerical process the quadrature error is reduced by reducing the quad- 

rature interval. Some measure of the error can be obtained in more com- 

plex cases by integrating in the frequency domain the power contained in 

the error components, although an exact interpretation of the result is not 

always clear. 

11.2 Approximation of Closed-loop Continuous Systems by a Sampled 

Model 

The same general procedure which is applied to open-loop continuous 

systems can be used for closed-loop systems as well. The block diagram 

of such a system is shown in Fig. 11.6a, where G(s) is the feedforward and 

H(s) the feedback transfer functions, respectively. In converting the 

system to a sampled model, it is assumed that polygonal data reconstruc- 

tion is adequate.*° An important consideration is the location of these 

fictitious elements in the loop. As contrasted to the open-cycle case, 

where the sampler and data hold had to be placed in cascade with the con- 
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tinuous element, a number of locations are possible in the closed-loop case. 

For instance, the sampler could be placed in the error line, in the feedback 

line, or at some intermediate point in G(s) or H(s). In view of the fact 

that the sampler and data hold are most accurate for the lower-frequency 

components of a signal, it follows that the best location is always at that 

point where the frequency content of the signal is lowest. 

Assuming that the feedforward component of the system, G(s), is low- 

pass, it is evident that the most restricted bandwidth for the signal will be 
found at the output of this element. If H(s) is also low-pass, then the 

bandwidth at the output of this element is even more restricted. Figure 
11.66 shows the sampler and data-hold elements placed at the output of 

G(s), on the assumption that G(s) is low-pass and that H(s) is not. The 

accuracy of the computations based on this sampled model depends on 

the accuracy with which c;(t) is reproduced from a sequence of samples 

derived from c(t) by the triangle data hold. To compute the output 

c*(t), the z transform of the output C.(z) is found from the expression 

RG(z) 
CAO) = Te AO 

(11.8) 

Inversion of C,(z) by one of the standard methods will yield the desired 

output sequence c*(t) of the sampled model at sampling instants. To 

illustrate the technique, an example will be given. 

EXAMPLE 

The simple feedback system shown in Fig. 11.7a has a unit step r(¢) 

applied to its input. It is desired to compute the output c(t). As an 

arbitrary practical rule, the bandwidth of the system will be assumed 

to extend from zero frequency to an upper frequency at which the out- 

put is down 30 to 40 db below this level. It is assumed, therefore, that 

all components above this value are not significant. For the system 

used in the example, this frequency is 1 eps, at which frequency the 

response is down 32 db. The sampling frequency will be chosen at 

1 eps mainly for convenience, even though a higher frequency should 

have been chosen on the basis of using twice the frequency of the 

highest significant frequency component to be passed. 

The sampled model which will be used is shown in Fig. 11.7b, where 

it is seen that the triangle hold is placed in the feedback path to be con- 

sistent with the requirement that sampling take place at the point 

where the most restricted spectrum isfound. If the input r(¢) is a unit 

step function, then the elements to be substituted in (11.8) become 

1 

RO) Th ee aT 
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which is, from the table in Appendix I, 

ay be ih 0.3679 + 0.264227} 

BO aae (ochre 

The term HBG(z) is given by 

ie a eee 

which is, from the table in Appendix I, 

O32) 4 OAI9Sz5 0080225" HBG(z) = (= 06) 

Substituting the component terms in (11.8), Ca(z) becomes 

0.36792-! + 0.26422-? 
1.1821 — 2.08022—! + 1.39622-? — 0.44812 

This z transform is inverted by the method of long division, using a 

desk calculator, resulting in the sequence 

C.(z) = 0.382502-1 +- 0.83052-? + 1.12523 + 1.17212-* + 1.09425 
+ 1.0ll2—° -- 0.971825 

The coefficients of the various z~! terms are the values of the output at 

the sampling instants corresponding to the powers of z~!. The result- 

Ca(z) = 

Pa cn l(t) 

(pS SSse 

' so ee 
s(s+1) c(t) rit) calf) 

(a) (b) 

Fig. 11.7. (a) Closed-loop system used in example. (b) Sampled model of closed-loop 
system. 

ing points are plotted in Fig. 11.8a on the same graph with the continu- 

ous curve obtained from the direct inversion of C(s). The errors are 

not large, as is seen from this curve and from the error plot shown in 

Fig. 11.8b. The maximum error is 2 per cent, which is within the 

required accuracy for most engineering computations. 

One of the usual problems in the application of numerical methods to 

the solution of continuous systems lies in an estimation of the errors which 

are incurred. In the context of this discussion, it is desirable to obtain 
an estimate or possibly an upper bound to the error in the output at 
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sampling instants produced by the sampled model. For engineering 

approximations, maximum advantage can be taken of the relationship 

which is established between the sampled model and the actual physical 

system. The definition of the computational error can best be under- 

stood by referring to Fig. 11.9, where the difference between the output 

Approximate solution c(t) 

Exact solution c(t) 

e(t) 0.6 

0.02 04 Exact error e(£) 

0.01 0.2 ‘o<— Approximate error e,(¢) 

Fic. 11.8. Exact and approximate response of system to unit step function. 

of the actual system c(¢) and the sampled model output c,(¢) is e(¢). For 

the linear system, the Laplace transform of the error e(s) is given by 

e(s) = C(s) — Ca(s) (11.9) 

The problem is to evaluate or approximate this transform. 

To approximate e(s), a number of steps are taken, the first of which is to 

Fic. 11.9. Block diagram for determination of computational error. 

note that the Laplace transform of the output C*(s) is given by the 

summation 
-) 

4 
if 

n=-—@2 

CAS) = Ca(s + njwo) (11.10) 

Taking only the central term of the summation as being an adequate 
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approximation depends on the contributions of the sidebands being small, 
a condition which will be true if the sampling frequency is chosen high 

enough. Thus, 

uence 7 C(s) (11.11) 

Substituting the central term only in (11.9), the Laplace transform of the 
system error becomes 

_ G(s)R(s) G(s) R(s) 
(9) =TFE@ ~ TFId/MBWOCO oa 

Simplifying this expression and making use of the fact that G(s) and 

B(s)G(s)/T are approximately equal, the approximate expression for e(s) 

becomes 

_ [C1/T)B(s) — 11G(s)?R(s) e(s) = [i + Gs) 2 (11.13) 

It is noted that if B(s)/T were exactly equal to unity, a situation which 

would obtain if the data reconstruction were perfect, there would be no 

computational error. In order to make (11.13) more tractable, B(s), 

Pe €q(2) 
Pp Seo) 

(s) 7 C's) C),(s) 2.2 
=; z we Kis) : 

ie (t) c,(t) Eq(s) 

Fic. 11.10. Reduced sampled model for determination of computational error. 

which is given in (11.5) in terms of exponential operators, can be expanded 
into a power series in s._ If this is done by expanding each exponential 

into its power series and if the terms of the series so obtained are substi- 

tuted in (11.13), the sees transform of the error becomes 

eo)— TS K(s)C(s) Poe lrs 360 s” K(s)C(s) +: (11.14) 

where K(s) is defined by 

by niGAs) 
EAS) 7 T4466) 

For the likely case that the sampling interval is small, and consistent 
with the approximation made in (11.11), only the first term of (11.14) 

need be considered to obtain an estimate of error. Even with these 

simplifications, the inversion of the first term of (11.14) involves the 

same difficulties as the main problem itself. Applying the same tech- 

niques, the sampled error may be obtained from the model shown in Fig. 

11.10. Cy(s) is the Laplace transform of the reconstructed output func- 

tion, using the polygonal approximation. For purposes of error compu- 
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tation, c,(t) differs only slightly from the actual output c(t). Thus, it 

may be stated that 

CAS) C26) BG GG) (11.15) 

From which it follows that the Laplace transform of the error function 

€,(s) may be represented with reasonable accuracy by 

a{@) = TS Bis) K(s)C*(8) (11.16) 

Taking the z transform of both sides of (11.16), 

al) = 75 @-2- = )K@C®) (11.17) 

where B(s) is taken as the transfer function of the triangle hold. 
If the original solution being computed was the response of the system 

to a unit step function, K(z) can be approximated by obtaining the first 

back difference of the approximate output already computed. This 

introduces a delay of one-half a sampling interval, but this is readily 

eliminated by shifting forward the first difference by one-half a sampling 

interval. Thus, 

iO) = ae F Gee cu) | (11.18) 

where the term z’”” is used loosely to indicate the advance of the resultant 

sample points by one-half a sampling interval. 

If this technique is applied to the illustrative example worked out pre- 

viously, the resultant error samples result in the points shown in Fig. 

11.86. The dashed line is an exact computation of the error. It is seen 

that a remarkable accuracy in error computation exists in this case. The 

procedure used to evaluate the computational error was related closely to 
the physical properties of the system. It would have been much more 

difficult for the engineer to arrive at these results had only pips 

mathematical procedures been employed. 

11.3 Approximation of the Inverse Laplace Transform 

In the previous sections, the numerical process was correlated with a 

sampled physical system which simulates the mathematical operation. 

It has been shown?!” that numerical computation methods can also be 

related to the approximate evaluation of the inverse Laplace transform 

without using a physical model. The inverse Laplace transform is given 

by 
c+jw 

f® = =i ‘ F(s)e* ds (11.19) 
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For practical stable systems, the poles of F(s) are contained within the 
left half plane so that the path of integration can be the imaginary axis, 
which means that c is equal to zero. The integral (11.19) can be sepa- 

rated into two component integrals 

il +74/T 1 je 

a st wee, st ek, —st f(t) Daj ee F(s)e* ds + oe; i F(s)e* + F(—s)e* ds (11.20) 

The path of integration for the first integral of (11.20) is shown in Fig. 

11.11a, where the heavy line on the jw axis represents this portion of the 

Im 
Im 

ju /T 

s-plane z-plane 

Poles of 

pe al 
—ju/T 

(a) (6) 

Fig. 11.11. (a) Truncated integration path for inversion of Laplace transform. (6) 
Map of truncated integration path on z plane. 

path. If 1/7 is chosen sufficiently large so that the limit of integration 

jr/T is well-removed from the location of the poles of F(s), the contribu- 

tion of the second integral of (11.20) may be discarded. 

Assuming that the error produced by the omission of the second integral 

of (11.20) is acceptable, then f.(£), an approximation of f(¢), is given by 

1 Hi +in/T 

a(t) = == F(s)e* ds 11.21 fall) = 55 J, FC) (11.21) 
If the output at sampling instants only is desired, then ¢ = nT in (11.21) 

and 
fl +ix/T 

—— nTs fa(nT) Oa / Eee F(s)e"T* ds (11.22) 

A change of variable from s to z is made, where z is defined by the usual 

expression, 2 = e’7. Replacing s by 1/T Inz in (11.22), 

fa(nT) = 5 | F G In :) ent(T) nz d(1/T In z) (11.23) F 

which simplifies to 

= ee i es n—1 fa(nT) = [ 7 fi G In 2) 2"! dz (11.24) | 
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The contour I is the map of the truncated imaginary axis shown in Fig. 

11.11la on thez plane. The map is the unit circle on the z plane, as shown 
in Fig. 11.116. The poles of F(s) are shown to lie on the left half of the s 

plane, and these map inside of the unit circle of the z plane. The integral 
of (11.24) is recognized to be the standard inversion integral for a pulse 
transfer function M(z) given by 

WAG) = ae ( in 2) (11.25) 

It is relatively difficult to evaluate (11.24) because M(z) is a transcen- 

dental function rather than the ratio of polynomials in z which permits 

numerical inversion by the method of long division. 

To facilitate the inversion of M(z), In z will be approximated by a con- 

venient series as follows: 

Inz = 2(u + du? + du®+ -- -) (11.26) 
h See 

where WS a 

This particular series converges rapidly for regions of the z plane where z 

is large. To apply this approximation, the Laplace transform will be 

expressed as a polynomial in s“!, the latter variable peing more desirable, 

as will be seen. From the denntten B= Bh 

si silj/se = Time (C277) 

Substituting the series expression for In z from (11.26) into (11.27), 

g T/2 
ut u3/8 + u2/5 + + -: 

Expanding (11.28) into powers of u by the simple process of long division, 

st = T/2(1/u — u/3 — 4u3/45 — 44u5/945 — -- -) (11.29) 

To obtain the general term s~*, (11.29) is raised to the power k and is 

expanded by means of the binomial theorem, where 1/u is considered the 

first term and the remainder of the expression the second term. For 

instance, taking k = 2, 

s (11.28) 

s-? = T?/4[(1/u) — (u/3 + 4u?/45 + - - -))? (11.30) 

which expands to 

s-? = T?/4[(1/u)? — (2/u)(w/3 + 4u3/45 — ---) +--+] (11.31) 

Taking only the first term of the series contained in the third parenthesis 

of (11.31) and ignoring all other terms, 

s-? = T?/4[(1/u?) — (2/3)] (11.32) 
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Substituting the expression for u from (11.26), there results the so-called 
z form 

RPA Oza en 
~ 12° GQ =27) 

Higher orders of s~! may be similarly evaluated, leading to a table of z 

forms given in Table 11.1. It is seen that the expression for s~* will con- 

—2 (11.33) 

TasBLeE 11.1* 

Ti+e2z 
svi — 

2m 

i; JP 1+ 1027! + 2-2 

12 (1 — 2712 

T3 gl + 22 

s—3 —— 

2) =e) 

Li T4271 + 42-2 + 273 T* i ae ele Shey 

6 (1 = 27)4 720 

ze T®z-) + llz-2 + 1lz-3 + 274 
8 een a OS ee 

24 (— 2) 

* Reproduced in part from R. Boxer and 8. Thaler, A Simplified Method of Solving 

Linear and Nonlinear Systems, Proc. IRE, vol. 44, no. 1, pp. 89-101, January, 1956. 

tain a pole of order k at zg = 1 in the z plane and at s = 0 in the s plane. 

Since the unit circle represents the other periodic strips of the s plane as 

well as the first strip, there are additional poles displaced by jkr/T as well 

on the corresponding map on the s plane. If the sampling period T is 

small enough, the additional poles on the s plane are sufficiently removed 

from the region of interest extending from —7z/T to 7/T to introduce 

negligible errors so long as 7/T is considerably greater than the highest 

frequency of interest in the system. It might appear that the inclusion 

of additional terms from (11.31) would improve the accuracy of the 

approximation. However, this would introduce additional poles in the z 

form, which would lead to increased rather than decreased errors. To 

make the approximation accurate, it is necessary to use a sampling fre- 

quency sufficiently higher than the maximum significant frequency passed 

by the system and then to employ the simpler forms. In the context of 

this discussion, this means that the frequency 7/7 must be high enough 

to place the spurious poles introduced by the periodicity of (11.25), when 
plotted in the s plane, far away from the region of interest. By doing so, 

the approximation to the exact Laplace transform is adequate. 
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A property of the z forms which are listed in Table 11.1 is that the 

expressions obtained by replacing z by e’? have the same initial terms 

when expanded into a power series in s about zero. For instance, con- 
sidering the z form for the second integral given by (11.33), an error 

transform can be formed 
—s3T —2sT 

e(s) = ue Ural Men inate ents il (11.34) 

If e(s) is differentiated twice, it will be found that the first two derivatives 

are zero for s=0. Higher-order z forms have this property also, 

except that more derivatives are 

involved. The significance of this R 

result is that, in the frequency do- 

main, there will be a close coincidence 

in frequency response between the 

p/P RONAN and exact forms in the Fig. 11.12. Feedback system used in 
region of zerofrequency. Asthefre- example. 
quencies under consideration become 

higher, there will be more and more deviation between the frequency- 

response characteristics of the exact and approximate forms. This is 

another manifestation of the fact that sampled models are most accurate 

at frequencies which are well below the sampling frequency. 

Application of the z forms listed in Table 11.1 is fairly simple. The 

Laplace transform of the desired variable, including initial conditions, is 

obtained and is expressed in terms of powers of s~! as follows: 

CT ae Ce SIN ae eae 0 
BOYS Tes tt eo SEG (11.35) 

The significance of (11.35) in the time domain is that an equality is estab- 

lished between the weighted sum of the time integrals of the input and 

output variables. The approach is to approximate each of these integrals 

by azform from Table 11.1 and to invert the resultant z transform. This 

is done directly by substituting for each of the terms in (11.35) the 

appropriate z form obtained from Table 11.1, as illustrated by means of an 

example. 

EXAMPLE 

A simple type I servomechanism is represented by the block diagram 

shown in Fig. 11.12. The input to the system r(¢) is a unit step func- 

tion. The over-all transfer function K(s) is given by 

Com 1 

Eg) = R(s) y Cea eag 

and R(s) = 1/s 
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The Laplace transform of the output C(s) is thus 

1 
OOS Sato 

Following the procedure which permits the use of the z forms given in 
Table 11.1, both numerator and denominator are divided by the highest 
order of s, resulting in 

g73 

C8) = Tari 
Substituting for each term the z form from Table 11.1, there results the 

equivalent z transform of the output C(z): 

C(z) 
J 6T2(2-1 + 2-2) 
~ G2 + 6r + 1) — G6 + 6T — 9TDz 

+ (36 — 6T — 9T2)z? — (12 — 6T + TAZ 

The sampling interval 7 is chosen on the basis of frequency-response 

considerations similar to those used in previous sections. In this case, 
T is chosen as 1 sec, based on the criterion that frequency components 

below —30 db are negligible. If 7 is taken as 1 sec, then 

a) Ogg em 
OO) Se eens eae 

Inverting C(z) by the process of long division there results the 

sequence 

Ce) = 0:3162-! + 0.864¢ + 1.152-* + 1.1'62-* + 1 0Gze" 
+ 0.9872-§ + -- - 

The computed response at sampling instants is given by the coefficients 

of the terms of this sequence. These are plotted as the marked points 

cm Huge eS. 
To show how a reduction of sampling interval can improve accuracy, 

a sampling interval 7 of 0.5 sec is used in the expression for C(z). The 

result is 

Go = ethan ibe 

15125 = 36) (be5 S80 bees 02a 

which, upon expansion by long division, becomes 

C(z) = 0.09842-! + 0.3352-? + 0.610z2—* + 0.85324 + = == 

It is noted that every second term in this expression corresponds to 

that of the sequence obtained for a 1-sec sampling interval. These 
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points are plotted on Fig. 11.13, where it is seen that the accuracy is 
improved over that obtained with the 1-sec interval. This is especially 
true in those regions where the second and higher-order derivatives of 
the output are high. 

11.4 Equations with Time-varying Coefficients 

The techniques used in the previous section can be adapted to the case 
of time-varying systems.®!7 These systems are described by differential 

equations containing coefficients which are functions of time. One form 
of equation is 

d7—1 

oe + Gn—1 = + +++ + goy = f(t) (11.36) 

where the various g; are functions of time. If the g; are slowly varying 

c(t) 

1.2 

9 

1.0 »~ 

o= 

0.6 a x T=1/2 sec. 

o T=1 sec. 
—— Exact 

0 1 2 3 4 5 6 7 

Time. sec. 
Fra. 11.13, Exact and approximate response of system in example. 

with time, (11.36) can be expressed in terms of an approximation. In 
general, it is readily shown that the nth derivative d(g,) /dé” is given by 

ga) Son ie ae dt” dt® dt»—* 

where the various C;, are the binomial coefficients. If g, is slowly varying, 
the contributions of the derivatives of gn are negligible, so that the 
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approximation can be made that 

ACEI oe 
dt” Or 

(11.38) 

If this approximation is acceptable, then (11.36) can be expressed as 

n n—1 

d ee: ae et +--+ + gy = fi) (11.39) 

Equations of the form in (11.39) can be solved by numerical methods 

which are set up using z forms. The procedure is to take the Laplace 

transform of both sides of (11.39) 

8’Gn(s) + s™7G,ai(s) + - - + + G(s) = F(s) (11.40) 

where G(s) is L(gny). It is assumed here that all initial conditions on 

gny are zero. If this does not obtain, the initial conditions can be inserted 
in the usual manner. Dividing (11.40) through by s”, 

Gone Gn(8) Shi ext < G(s) zs + Fs) (11.41) 

This relation can be interpreted as being an equality between various 

integrals on the left side of the equation and integrals on the right side. 

The various 1/s* terms can be approximated by the z forms of Table 11.1. 

Clarification of the approximation of the various G;(s) is required. 

It is recalled that G;(s) is the Laplace transform of the time function 

gi(t)y(t), which has been abbreviated in this development as g,y. The 

Laplace transform is, by definition, 

Gia i * a(t)y(t)e-* dt (11.42) 

The integral can be approximated by the summation 

Gi(s) = > gi(nT)y(n Tye"? T (11.43) 
n=0 

This summation is recognized as 

and, similarly, 

F(s) = TF(z) (11.45) 

The procedure is to replace the various 1/s* terms by the z forms and the 
Laplace transforms by the approximate z transforms. Abbreviating the 

symbol for the z forms as ZF; to represent the z form corresponding to 

1/s*, (11.41) becomes, after dividing through by T, 

Gn(z) + ZPiGra(z) + + + * + ZF.Go(z) = ZF.F(z) (11.46) 
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(11.46) is interpreted as a z transform relation which is directly converted 

to a recursion formula between the variables. This is best shown by 
means of an example. 

EXAMPLE 

The time-varying differential equation of first order is expressed as 

follows: 

d?y d 
de ap di (ty) = u(t) 

_ where u(t) is the unit step function. The equation is reduced to the 

form of (11.40): 

¥(s) +2 Gils) = 5 UUs) 

where G(s) is £[ty(t)] and U(s) is the Laplace transform of the unit 

step function. Since the Laplace transform of the independent vari- 

able is, in this case, in the form of 1/s*, it is possible to apply the 

z forms directly to the right side of the equation. Reducing the equa- 

tion to the form of (11.45) with the slight change that the z form 1/s* is 

used on the right side, the relation is obtained that 

Ta + 27) 

2(1 — 27) 

ee (Cau + ome) 

Cues ae TGi(z) = 

This relation represents a difference equation or recursion formula 

between samples. To obtain this relation, both sides of the equation 

are multiplied by (1 — 27)’, and, canceling out 7’, there results 

@ — 2-})*Y(z) + T/20 +29) — 2 )Gi(z) = T?/2(21 + 2”) 

The recursion relationship represented by this equation is, after com- 

bination of terms, 

Baia Lonnl)) — (oy yi rain — 1) 2] 
s> [(GN@ = AYP = We = 2) 20) = [Pale = 8) = TMG == 3) 0) 

= T’u(n — 1)T + T?u(n — 2)T 

where gi(nT’) is from the definition of Gi(s) given by 

gi(nT) = nTly(nT)] 

Thus, the recursion relation can be written 

ase LCI) GOLD) — (0 > IG ae ey ele 
+ [6 — T(n — 2)Tly(n — 2)T — [2 — Tir — 3)Tly(n — 3)T 

= T’u(n — 1)T + T?u(n — 2)T 

For instance, if 7 is unity, the first ordinate y(0) is zero and the other 
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terms are 

y(1) =4 
y(2) = 73 

ete. 

11.5 Problems Involving Initial Conditions 

In the developments of the previous sections, the systems were gen- 

erally considered to be initially relaxed so that initial values and deriva- 
tives of the variables were assumed to be zero. Techniques for inserting 
initial conditions in the problem will now be considered. In the first 

place, the use of z forms described in Sec. 11.3 permits the insertion of 
initial conditions readily because the technique consists of approximating 

the Laplace transform of the variable of interest with a z transform. 

This means that, if initial conditions are nonzero, they may be inserted 

directly into the Laplace transform by the standard methods and then 
conversion into a z transform carried out. In the approach which 

replaces the continuous system with a sampled model a general technique 

will be developed which permits the application of initial conditions 

directly into the model rather than into the Laplace transform. 

A typical element of the system represents a process given by the 

exact integral 

y(t) = [s. a(t) dt (11.47) 

This integral is approximated by considering values at every T sec, as 

described in Chap. 4. Thus, (11.47) can be written 

‘ace b= ina x(t) dt + aay x(t) dt (11.48) 
This simplifies to 

ln + 1) T] = yt) + [PP 2 at (11.49) 
The integral in (11.49) is approximated by means of the polygonal 

approximation to produce an approximate value of y[(n + 1)T] as 

follows: 

yal(n + 1)T] = ya(nT) + T/2{x(nT) + 2[(n + 1)T]} (11.50) 
To obtain the z transform of (11,50), both sides are multiplied by z~ and 

summed over all positive values of n 

» yal(n + 1)T]z7 = 2, yo(nT)e-* + T/2 y a
(nT)z-" 

0 n= n=0 
--) 

+ 7/2 > al(n + 1)T]e (11.51) 
n=O 
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Substituting k = n + 1 in the first and last sums, 

» YalkT)2-*z > ya(nT)z—" + T/2 » a(nT)2-" 
k=1 n=0 n=0 

i} 

+ 7/2 » a(kT)e-ke (11.52) 
k=1 

By adding and subtracting the initial terms in the first and last sums in 
(11.52), this equation can be written in terms of the z transforms of y(nT) 

and z(nT) 

aYa(z) — y(O)] = Ya(z) + T/2[X(z)] + T/2{a[X(z) — x(0)]} (11.58) 

Simplifying this expression, Y.(z) becomes 

_ RO see Wee) 40) eee) VA@) = SS oo Vee Se) (11.54) 

In this manner, the z transform is corrected for the initial values of the 

independent and dependent variables. 
The operations indicated by (11.54) are shown schematically in Fig. 

11.14. The input or independent variable x(t) is applied at the input, 

(0) z x(0) 

Fig. 11.14. Sampled model of integration process with initial conditions. 

while the initial conditions are inserted as inputs at the intermediate 

summing point, as shown. This equivalent system suggests the tech- 
nique which is used to insert initial conditions in problem solutions. The 

system equations are written in terms of Laplace transforms, and a sys- 

tem block diagram is drawn containing only elementary integration oper- 

ations. This type of reduction is much the same as that which would be 
applied if the problem were to be set up on an analogue computer contain- 

ing only summers and integrators. Each integrator is then replaced by 

the sampled equivalent circuit shown in Fig. 11.14 and the initial condi- 

tions inserted. ‘The sampled model which results can be solved by the 
usual z-transform inversion methods. This is best illustrated by means 

of a simple example. 

EXAMPLE 

The resistance-inductance circuit shown in Fig. 11.15 is subjected 

to a unit step voltage applied at time ¢ = 0. It is desired to set up a 

computational model which permits the insertion of an initial current 
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condition. The differential equation for the system is 

a(t) = LS + Ri 

Taking the Laplace transform of both sides, there results 

E,(s) = L{sI(s) — 7(0)] + RI(s) 

where i(0) is the initial value of the current. Solving for /(s), 

E\(s) Ti(0) 

Ls -b R Ls + R 
iG = 

If the output voltage e,(¢) is desired, 

RE;\(s) zs RLi(0) 

L+kR Ls+R 

It is readily ascertained that the model shown in Fig. 11.16a has an 

over-all relationship between E,(s) and E;(s) given by this expression. 

It is seen that the only dynamical 

element is a perfect integrator, which 

can be replaced by a sampled approxi- 

mant. The initial condition 7(0) is 

inserted as an impulse applied as 
shown. 

Figure 11.166 shows the integration 
process replaced by a numerical 

equivalent using the polygonal approximation. The initial conditions 

are applied at the intermediate point, and it is noted that not only 

must the initial condition 7(0) be inserted but also 7/2 times the 

derivative of the current 2’(0). This corresponds to the quantity «(0) 

in Fig. 11.14 and Eq. (11.54), which, being the integrand in the integra- 

tion process, is also the derivative of the integral y(¢). Thus, to solve 

the problem by numerical methods with an initial condition of cur- 

rent, the initial rate change of current must also be ascertained. In 

this simple problem, this rate change is easily shown to be ez(0)/L, 
where ez,(0) is the initial value of the voltage across the inductance. 

In this problem, this initial voltage is the entire voltage e1(0). 

If, for this problem, it is assumed that the input e:(¢) is a unit step 

and the initial current 7(0) (but not the initial rate change of current) is 

zero, then the z transform of the output voltage H,(z) is 

Fed Nel ea Dred Rey oo)! 

He (3)e— es) 

Fig. 11.15. Resistance-capacitance cir- 
cuit used in example. 

2L (1 — 27})? 2h lisler 

DO 
1 OE Wea 
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If the sampling period is chosen to be half the time constant of the 

circuit so that RT/L = i, then the relation for H,(z) reduces to 

0.460271 
KO) = Gaye = er 

The output sequence can be obtained by a process of long division and 

the results are found to agree to within better than 1 per cent of the 

exact solution. 

It is evident that the procedure used in the illustrative example is far 

too complex to be used to solve problems of this simplicity. The fact of 

Fig. 11.16. (a) Continuous model giving exact input-output relations for circuit. (6) 
Sampled model which replaces continuous model. 

the matter is that the problem is actually made to seem more difficult than 

is warranted but, for that matter, so does any method of numerical 

analysis. The true test of the method is how well it provides organiza- 

tion of complicated problems, and on that basis, the procedure does offer 

significant advantages. So long as in the analysis of networks the block 

diagram is set up with all the condenser voltages and all the inductor cur- 

rents as unknown variables, the initial conditions can readily be inserted. 

This can be shown more readily by a more complex example. 

EXAMPLE 

An RLC network is shown in Fig. 11.17. There is no forcing voltage 

applied to the input to the network, but the initial conditions determine 

the response of the network after the initial instant. In this case, it is 
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assumed that the voltage across the condenser is zero and the current 
through the inductor is unity. Thus, e.(0) = 0,7(0) = 1. The block 

diagram for the system is obtained as shown in Fig. 11.184. This dia- 

gram can be obtained step by step 

from the relationships between the 

transforms of the variables. Re- 

placing the integration operations by 

the numerical equivalent as expressed 

Fie. 11.17. Resistance-capacitance-in- by the sampled elements using the 
ductance network used in example. polygonal approximation of Fig. 

11.14, a sampled model shown in 
Fig. 11.186 is obtained. From the original assumptions and the differ- 

ential equations for the system are obtained the following series of 

relationships: 

é-O)s— 0 

CAD) See 
a0) al 

(0) = —2 

These constitute the inputs to the sampled model in Fig. 11.185. The 

z transform of the output H,(z) is obtained directly from this model and 

is found to be 

p= Ur eS Se 
~ OE) C2 = 2) Te 

If T is chosen to be 0.314, then E,(z) is found to be 

1 — 0.96421 
SOO) Sera pies oer 

Inversion of this expression by the method of long division generates a 

sequence of sample values which differ from the exact solution by no 

more than | per cent. 

11.6 Evaluation of Infinite Series 

One of the relationships developed in connection with the Laplace 

transform of an impulse-modulated sequence is useful in the evaluation of 

infinite series. It has been shown in Chap. 2 that the Laplace transform 

F*(s) of an impulse-modulated signal whose continuous Laplace trans- 

form is F'(s) can be expressed in the form of two different infinite series. 

This relation expressed in (2.27) was stated to be equivalent to the Poisson 

summation rule and was used as the basis of alternate forms of expression 
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for impulse-modulated sequences. This expression is 

+0 +0 

F*(s) =a » F(s + njwo) = Y feete Ges 5) 

n=0 n=—0 

This equivalence can be useful in the evaluation in closed form of some 

infinite series. For instance, if the series can be closed more readily in 

e,(0) 

Fig. 11.18. (2) Continuous model giving exact input-output relations for circuit. (6) 
Sampled model which replaces continuous model. 

one of the alternate forms of (11.55) than the other, conversion of the 

series into the preferred form by means of (11.55) is useful. 

The steps in adapting the summation rule consist of first setting 7’, the 

sampling interval, equal to unity. Doing so, 

+ 0 +c 

» f(nyem" = ) F(s + jn2n) (11.56) 
n=0 n=—2 

where it will be recalled that wo is equal to 27/T. Selecting a particular 

value of s equal to zero, (11.56) becomes 

+a +0 

> Fm) = » F(jn2r) (11.57) 
n=0 nrn=—e 
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The technique used in the evaluation of an infinite sum is to express it 
in terms of one of the forms of (11.57), usually the right-hand term. 

Working backwards, the equivalent Laplace transform F(s + jn2r) is 

found and from this F(s). The z transform corresponding to F(s) is 
obtained from the table and stated in terms of e7*, where both T and s are 

set equal to unity. The resultant closed form is that corresponding to 

the left-hand side of (11.57). This is best illustrated by means of an 
example. 

EXAMPLE 

It is desired to evaluate the following infinite series: 

+ 

1 

s= ) are 
n=— 0 

The general term in the summation is expressed as 

1 1 

n? + a? oe (a + jn)(a — jn) 

which is identical to 

Ar? 

(27a + j2rn)(2ra — j2rn) 

This, in turn, is equal to 
Aq? 

[2ra + s + (920/T)n\[2ra — s — (720/T)n] \n=0 

The summation of terms of the latter type constitutes the right-hand 

side of (11.56). This latter expression stems from a Laplace transform 

F(s), given by 
Arr? 

ES) Fon ara (ea ae) 
which can be expanded into partial fractions 

ea ee a 
F(s) SG: eer 

The z transform corresponding to F(s), setting 7 to unity and s to zero 

after replacing z by e”*, is 

3) eI I a ea Eo oe 
Ce a ee ee pte 

This is the value of the summation of the form on the left-hand side of 

(11.57), which is equal to the desired summation. 

F(e?*) 
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For instance, if the constant a were unity, then the value of the sum- 

’ mation is 

T 1 il s=1( 2-7) 
which is equal closely to 7. On the other hand, if a were 0.1, the sum 

would be equal to 34r. 

11.7 Summary 

Theory which was developed for sampled-data systems has been 

adapted to other uses. Most important among these is the orderly 

approach to the setting up of a difference equation which approximates 

the differential equation of a system. If the system is linear, this differ- 

ence equation can be solved by means of a recursion formula. The 

interpretation of the process of numerical approximation by a physical 

sampled equivalent model assists considerably in setting up the numerical 

technique. For instance, the selection of quadrature interval is related 

to the choice of sampling interval in the physical model. Considerations 

of frequency response of the various elements and input functions affect 

the choice of sampling interval directly. The use of polygonal approxi- 

mations is equivalent to insertion of the triangle hold, which, though 

physically unrealizable, is useful for purposes of computation. 

The approach to the numerical solution of linear dynamical systems 

can take one of several forms. The first one replaces the continuous 

system with a sampled model containing samplers and data holds in 

carefully chosen places. This method is most closely related to the 

physical system itself. The next method approximates the Laplace 

transform of the desired variable, including all initial conditions. The 

use of z forms to approximate this transform makes possible its numerical 

inversion, but the relationship to the actual physical system is not so 

clear. Finally, for systems, particularly networks, where the initial 

conditions are associated with initial voltages across condensers or cur- 

rents in inductances, a technique which reduces the actual system to a set 

of interconnected integrators and summers is employed. Each of the 

integrators is then replaced by an approximate integration process with 

initial conditions introduced. This approach makes it relatively simple 

to apply initial conditions of the type mentioned. 

Linear systems with time-varying coefficients can also be solved by 
methods related to the theory of sampled-data systems. The setting up 
of a recursion formula in which the coefficients take on different values at 

each sampling instant is a relatively straightforward procedure. Finally, 

the evaluation of certain forms of infinite series, particularly those which 
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are even rational polynomials of the index, can be evaluated by applying 
the Poisson summation rule. The theory of sampled-data systems in 

which two alternate forms of the transform of a sampled variable is useful 

in this case. These applications of sampled-data theory all arise because 
sampled-data systems are described by difference equations and z trans- 

forms are applicable to the solution of these equations. 
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APPENDIX II 

TABLE OF ADVANCED Z TRANSFORMS 

Note: F;(s) is the Laplace transform of the time function and F,(s)e47* is the Laplace 

transform of the same time function advanced by a time AT. F,(z,A) is the z trans- 

form of the pulse sequence resulting from sampling the advanced time function with a 

period T. This table was constructed by drawing from references 1, 3, and 20. 

No. F,(s)eATs F(z,A) 

il 
a SA Te ee ee 

: s _ 1 —2! 

9 is | AT + T(1 — A)z7! 

s? | (1— 271)? 

3 il gas r ean a (1 + 2A)z7} cn A? 

33 (1 — 27})3 20 — ze)? 20a) 

—aAT 
4 1 eATs eee 

sta iL = Gey" 

—aA —a(1+A) T,— 
Pu eetaaneas Vt ics Oi Le 

(s + a)? teat  @ Sa 

—aT — 

6 ‘ eATs [%e-aAT A* (1 + 2A)e"*Te™ 
(s + a)’ 2( Ui —tenttes)) 1) 20 eee 

| e72aTz-2 

at (1 — e-eTz71)3 

—aAT 

7 ee eewATIs JOD He eB eae 
s(s + a) 1—21 1 —e 9Tz 

a ee | Tz7} aAT —1 e~oAT 

s2(s + a) : CUS iC Sy) ah a ee) 
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No. F,(s)e4T® F(z,A) 

5 a? ee 1 (1 — aAT)e~*4T = qTe~21-A)Tz-1 

S(s)-- a)? 4 IL = i Get (Ql = Getz Se 

0 a Nee sin aAT + sin (1 — A)aTz27} 

s? + a? " 1 — 2 cos aTz! + 27 

tl Ss jas cos aAT’ + cos (1 — A)aTz7! 

s? + a? 1 — 2(cos aT)z7! + 272 

48 b pats e@4T sin DAT + [e~2Ut4)T sin (1 —-A)bT]ze7} 

(@ SP OH =R & = BeOS WIM)A ap Geet e 

13 sta ey e24T cos DAT — [e720t4T cos (1 — A)bT]z7 

Chop ln 1 — 2e~T (cos bT)2—=1 + e-247z~? 



APPENDIX III 

OUTPUT TRANSFORMS FOR BASIC 

SAMPLED-DATA SYSTEMS* 

Laplace transform 
of output C(s) 

z2-Transform of 
output Cz) 

G(s)R*(s) 

G(s) R*(s) 
1+HG*(s) 

G*(s)R*(s) 
1+H*(s)G*(s) 

Gis\| Ris ORES 

Gp (s)RG{(s) 

1-+HG,Gi(s) 

Go(s)Gf(s)R*(s) 
1+Gj(s)G,H*(s) 

G(z)R(z) 

G(z) R(z) 

1+HG(z) 

G(z)R(z) 

1+H(z)G(2) 

RG(zy 

1+ HG(z) 

G2(z)RGi(z) 

G, (2)Go(z)R(z) 

1+ G,(2)G2H@) 

* Reproduced from J. R. Ragazzini and L. A. Zadeh, The Analysis of Sampled-data Systems, Trans, 
AIEE, vol. 71, pt. II, pp. 225-234, November, 1952, 

320 
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INDEX 

Advanced z transform (see z transform) 

Approximation of continuous systems 

by sampled models, 283-301, 304— 

308 
estimation of errors, 293-295 

insertion of initial conditions, 304— 

308 

use of z forms, 295-301 

Auxiliary variable z, 53-54 

Boxcar data hold (see Zero-order data 

hold) 
Bypass digital controllers, 186-192 

design of, rules for, 189 

Cancellation of poles and zeros outside 

of unit circle, 156-157 

Cardinal data hold, 30-31 

Carrier modulation systems, 26—27 

Cascaded continuous elements, 87-90 

Chopper-bar galvanometer, 7 

Clamp circuit, 5, 34 

(See also Zero-order data hold) 

Closed-loop sampled-data systems, 

compensation of, 155-163 

rules and restrictions for, 158 

Compensation of sampled systems, 

feedback configuration, 155-163 

rules and restrictions, 158 

by use, of bypass digital con- 

trollers, 186-192 
of digital controllers, 147-148 

-, of pulsed networks, 136-143 
open-loop configuration, 153-155 

327 

Complex convolution, use of, to derive 

z transform, 54-55 

Continuous systems, approximation by 

sampled model, closed-loop, 290— 

295 

estimation of errors in, 292-295 

open-loop, 283-290 

with initial conditions, 304-308 

method of approximation by z forms, 

295-301 

with time-varying coefficients, 301— 

304 

Controller, digital (see Digital con- 

troller) 

Convolution summation, 66-67 

Data hold, 4, 23, 29-51, 287-288 

cardinal, 30-31 

first-order (see First-order data hold) 

higher-order, 42—43 

implementation of, 43-49 

polygonal, 287-288 

transfer function of, 288 

zero-order (see Zero-order data hold) 

Data links, 3 

Data reconstruction, 3, 29-51 

(See also Data hold; Extrapolation) 

Delayed z transform, 64-66 

Desampling filter (see Data hold) 

Digital controller, 6, 92, 145-197, 244— 

248 
bypass type, 186-192 

equivalent, 173-178 

implementation of, laboratory, 195- 

197 
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Digital controller, multirate (see Multi- 
rate digital controller) 

sampled-data, 3 
speed-up with multirate techniques, 

244-248 

Digitally controlled systems, effect of 

disturbances on, 192-195 

Dominant poles in sampled-data sys- 

tems, 109-110 

Double-rate sampling, 203-206 

Early feedback sampled-data systems, 

equivalent digital controller, 173— 

178 
state variable, 173 

Error-sampled feedback systems, 5-7, 

90-105 
Extrapolation, exponential, 49-50 

Gregory-Newton formula, 32 

polynomial, 31-34 

(See also Data hold) 

Extrapolator, data (see Data hold) 

polynomial, 43-49 

Porter-Stoneman, 44—49 

Fail-safe systems (see Bypass digital 

controllers) 

Feedback sampled-data systems, 5-7, 

90-105 
with digital element, 92-93 

error-sampled, 90-91 

stability of, 93-105 

(See also Sampled-data-system de- 

sign; Sampled-data systems) 

Final-value theorem, 61-63 

Finite pulse-width sampling, 14, 21-23, 

255-256 
Finite settling-time systems, 178-181 

(See also Minimal prototype response 

functions; Minimum prototype 

response functions; Ripple-free 

sampled-data systems) 

First-order data hold, 37-44, 127-129 

approximation by continuous ele- 

ment, 127-129 

SAMPLED-DATA CONTROL SYSTEMS 

First-order data hold, frequency re- 
sponse of, 38-39 

open-cycle implementation of, 43-44 

partial-velocity (see Partial-velocity 

first-order data hold) 

partial-velocity correction, 40-42 

transfer function of, 38 

Frequency response of sampled-data 

systems, 110-115 

periodicity of, 111-112 

relation to pulse transfer locus, 114— 

115 

Generating function (see z transform) 

Generating triangle for polygonal ap- 

proximation, 287-288 

Gregory-Newton extrapolation for- 

mula, 32 

Hidden oscillations in sampled-data 

systems, 93-94, 136, 199, 217-218 
Higher-order data hold (see Data hold) 

Implementation of pulse transfer func- 
tions, 75-77, 1389-148, 195-197 

of digital controllers, 195-197 

using pulsed networks, 139-1438 

Impulse modulation, 19 

Impulse sampling, 19-23 

Impulse sequence, frequency spectrum 

of, 20 

Laplace transform of, 23-26 

Infinite series, evaluation by sampling 

techniques, 308-311 

Initial-value theorem, 61-62 

Integrated-square error, minimization 

of, in sampled-data systems, 179-— 

181 
Inverse Laplace transform, approxima- 

tion by sampling techniques, 295- 

301 
table of z forms, 298 

Inversion of z transforms (see z trans- 

form) 
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Laplace transform, approximation 

using 2 forms, 295-301 

of impulse sequence, 23-26 

inverse (see Inverse Laplace trans- 

form) 

Minimal prototype response functions, 

148-153 
requirements for, 148 

table of, 151 

Minimum prototype response func- 

tions, 162 

Miscellaneous applications of sampled- 

data theory, 10-11, 282-312 
Modified z transforms (see z transform, 

advanced) 
Multirate digital controller, design of, 

basic requirements for, 235-238 
using single-rate techniques, 244— 

248 
properties of, 232 

pulse transfer function of, 234 

synthesis of, 232-234 

Multirate sampled-data systems, 9, 

220-249 

analysis by phantom output sam- 

pling, 227-229 
closed-loop systems, 229-232 

fast input, slow output sampling, 

222-229 

open-loop, 221-229 

pulse transfer function of, 222 

slow input, fast output sampling, 

221-222 
switch decomposition technique, 

223-226 
Multirate sampling, applied to com- 

putation of ripple, 202-206 

of feedback systems, 205-206 

of open-loop systems, 202-205 

Numerical integration process, pulse 

transfer function of, 73-75, 305 

Open-loop sampled-data systems (see 

Sampled-data systems) 

329 

Partial-fraction technique for deter- 
mination of ripple, 206-212 

Partial-velocity first-order data hold, 

40-42 

frequency response of, 41-42 

transfer function of, 40—41 

Phase shift, of first-order data hold, 38— 

39 

of zero-order data hold, 36 

Poisson summation rule, 25 

applied to evaluation of infinite 

series, 308-311 

Polygonal data hold (see Data hold) 

Polynomial extrapolation, 31-34 

Polynomial extrapolators, 43-49 

Porter-Stoneman extrapolator, 44-49 

Pulse transfer function, 8-9, 66-77, 

139-148 

of digital system, 70-75 

implementation of, 75-77 

by pulsed networks, 139-143 

of pulsed continuous system, 68-69 

Pulse transfer locus, use of, to deter- 

mine stability, 100-105 

Pulsed networks, for compensation of 

sampled-data systems, 136-143 

phase lag, 137 

phase lead, 137 

synthesis of pulse transfer function, 

139-143 

Pulsed transfer function (see Pulse 

transfer function) 

Radar, scanning search, 3 
Random signals, autocorrelation func- 

tion, 251-254 

cross-correlation function, 252-253 

expected value, 251 

first-order probability density func- 

tion, 250-251 

mean-square value, 251 

power spectrum of, 259-267 

sampled (see Sampled random sig- 

nals) 

in sampled-data systems, 261—267 
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Random signals, second-order proba- 
bility density function, 251 

spectral density function, 254-255 

Regulator systems, 192 

Ripple, 6, 18, 199-219 

approximation of, in feedback sys- 

tems, 202 

using infinite summation, 199-202 

determination of, by use, of advanced 

z transforms, 212-217 

of multirate sampling technique, 

202-206 
of partial fraction summation, 

206-212 

Ripple-free sampled-data systems, 

169-173 

design of, rules for, 170 
using state variable feedback, 173- 

178 

Root locus for sampled-data systems, 

105-110 

Routh-Hurwitz stability criterion for 

sampled-data systems, 98-100 

Sample sequence, sum of squares of, 

78-79 
Sampled-data processing unit, 92 

(See also Digital controller) 

Sampled-data system design, equiva- 

lent digital controller, 173-178 
minimal prototype, 148-153 

minimizing integrated square error, 

178-181 

with plant saturation, 181-186 

ripple-free, 169-173 

by use, of continuous networks, 

117-136 

of digital controllers, 145-173, 

186-192 

(See also Digital controller) 

of pulsed networks, 136-143 

of root locus, 138-139 

Sampled-data systems, 4-5, 86-116, 

130-133, 153-155, 181-186, 192- 

195, 320 

SAMPLED-DATA CONTROL SYSTEMS 

Sampled-data systems, approximation 
by use of most important side- 
bands, 130-133 

behavior between sampling instants 
(see Ripple) 

closed-loop, 155-163 

compensation of (see Compensation 

of sampled systems) 

digital controllers for (see Digital 

controller) 

dominant poles of, 109-110 

effect of disturbances on, 192-195 

feedback, 5-7, 90-105 

frequency response of (see Frequency 

response of sampled-data sys- 

tems) 

hidden oscillations in, 93-94, 136, 

199, 217-218 

minimization of integrated square 
error in, 179-181 

multirate (see Multirate sampled- 

data systems) 

open-loop, 4-5 

compensation of, 153-155 

random signals in, 261—267 

(See also Random signals) 

root locus, 105-110 

saturation in, 181-186 

stability of (see Stability of sampled- 

data systems) 

table of basic relationships, 320 

Sampled-data theory, miscellaneous 

applications of, 10-11, 282-312 

Sampled elements in cascade, 86-90 

Sampled random signals, 255-258 
optimum linear filtering of, 267-280 

comparison to zero-order data 

hold, 278-280 
feedback implementation, 277-278 

mean-square error, 272 

transfer function of optimum filter, 

272 
(See also Random signals) 

Sampling, approximation by most im- 

portant sidebands, 130-133 

double-rate, 203-206 



INDEX 

Sampling, finite pulse width, 14, 21-23, 

255-256 

impulse approximation, 19-23 

Sampling instant, 1, 13 

Sampling interval, 12 

Sampling operation, 1 

Sampling process, 12-28 

mathematical description of, 13-16 

Sampling theorem, 16-19 

Saturation, design of sampled-data sys- 

tems with, 181-186 

Sidebands, most important, design of 

systems using, 130-133 

Spectra of sampled signals, 20 

Spectrum, power, of random signal, 

259-267 

of sampled signal, 15 

Stability of sampled-data systems, 93- 

105 
definition of, 94 

modified Routh-Hurwitz criterion, 

98-100 
necessary and sufficient conditions 

for, 95 
use of transfer locus to determine, 

100-105 
Staircase data hold (see Zero-order data 

hold) 
Staleness factor, implementation of 

systems using, 163-169 

value minimizing integrated-square 

error, 167-169 

State variable, 173 

Sum of squares of sample sequence, 

78-79 
Systems, analogue, 1 

continuous, 1 

sampled-data (see Sampled-data 

systems) 

Tables, of advanced z transforms, 318- 

319 

331 

Tables, of integrated-square error se- 

quences, 180 

of minimal prototype response func- 

tions, 151 

of output transforms of basic sam- 

pled-data systems, 320 

of z forms, 298 

of z transforms, 314-317 

Time-varying continuous systems, ap- 

proximation using sampling tech- 

niques, 301-304 

Transfer locus, pulse, 100-105 

Two-sided z transform, 79-83 

z, auxiliary variable, 538-54 

definition of, 53 

z plane, definition of, 53 

relation to s plane, 53-54 

z transform, 52-83 

advanced, 64-66 

table of, 318-319 

use of, to determine ripple, 212- 

217 
closed form, 57 

delayed, 64 

inversion of, 57-61 

by contour integration, 58 

by long division, 60-61 

mathematical derivation, 54-57 

modified (see advanced, above) 

table of, 314-317 

two-sided, 79-83 

Z transformation, 7—10 

Zero-order data hold, 34-37, 49-50, 

123-124 

approximation by continuous ele- 

ment, 123-124 

frequency response of, 36 

network representation of, 49-50 

transfer function of, 35 
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